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PKKFACE 


Although thhi Ixiok b iiitetifittd for stiidentx who have 
acquin^d lioine fcnowk'dgt^ of the clemcttte of the cal- 
t-nliiR. it must; Iw ri^giiided merely an aii introdiKition to the 
fiHito aflvnrin'd purta of the soliject. The scope of modem 
jiTiiilyAiB is iso wide tuitl its raiiiihcAtions are so numerous that, 
it is not fpossilde vvitluii tin* Itinila of one volume to give even 
ti short acffiiint i>f llm more important developinents that lie 
lieyond the d- nieiUiiy stage, I have tharofore eonfintHl my- 
hi(dt‘ to that part ol' tlio Hiitlrijliis that does not involve the 
i hi^ory of difthreutiiil fqmitioM or of the functions that arise 
directly from these equatians. My aim lias Ix'cn not only to 
cover a tairly wide field, keeping in view the possible applica¬ 
tions of muthematical kicim, but it has alai) Wui in give a 
reasonably rigorouii accoimt of the principal linutitig proot aa™ 
t hat are chamet-eriatie of ino<lerii analytical methmls. But in 
view of the rlittcrent requironicntfi of atudents of viirici] interpats^ 
it is not easy either to make an appropriate choice of aubject 
nwtter or to decide how deeply U) prolte the foundations of 
iinalyaU. The introduction that the nonnal stmient receives 
to the calculus is usually one in which mapv rcqnlfp tuay lep- 
timatclv hf riLrurded as intuitive ly olivious. an auoexd lieiiig 
hiade to gi':oiiii'tr3" or ph)^ic3; and such an introduction is 
good, up to a point, if the sidijert Htimulatcs interest not only 
for its intrmHKi iiuTits but ubtt ff>r its practical ^'aliie. It b 
i^swseutinb liowitvcr. at sonic stEige which should not he tcwi long 
deferred, to re-c.'Jiitiiiiic the conwpta that have been mtroducc<i 
and to place them on a more satisfactory baab ; for otherwbe 
it b not iws-fiblu to aiiprccbtf: the more iidviiuccd parts of 
the subject, especially in thosii problems where intuithm fails 
to give correct, naufta. Any attempt, however, to give an 
exhaustive t ffydmunt of llu' fouiidationfl of analysis ia beyond 
the scojKi! of a work, whose object b to cover the field that 
is clmscn litre ; and i huvi* therefore confined rny^iriu general 
to those fuiulmneiita! tlivorent^ that prove useful in subsequent 
developnicids or are likely to arbe in appUcation-f. Never¬ 
theless, 1 have tJikiui the opiioHunity, when it occurred, of 
introducing such important tapirs as Theory of Sets, Lebe^c 
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liit<*|^fltion, Aipebmb Fimctlonfi. Finitu Diilbrcncce, 'IViisorfs, 
Dnf'OQp rorreapoiitlence. Analytic ('oiitlmuition, Ac., cvrn 
althongb it haa bnacn pnt^lhle to deal only with llio sin^plri^l 
theorems that relate ti) ihese topics or in some oasn's Ut give 
only siicb u deacriptive uccuutit us to indicaU their InifKirtiuice 
in nnalysis. 

The subject has iicen ffevelopcd frnrii tin! bepinniiig in 
order that the reader may revise his previous knowledge 1'rriiii 
)L more maturt? standiHtifU. and at the aanie time ftave a surei 
foimflation on w'hicli to l»ase the subsequent dcvplojmient, 
With few exceptions, the examplits may be solved dirci^llv 
from the text; ,ind in smy eusr’ siifTicietit indications have 
been given to enable ( lie rearler to make satislactory j>rogrusH, 
with out supervision- 

floine importance lias Iwen attachfid to approxiiTiatioiis. 
not only to the appruxiniate forms of functions but also To 
a|iproximHtc integration and siinmiatioii of serii's. altlimigh 
lack of apHCf has prevented tho inclusion of other than ijte 
more outstanding rpsiilts. It is su^ested by tim iluit tin- 
tlu'ory of Unite differences, itilerpolation fariinike iind ajiprosi- 
Inntc integration niiglit well replace much of the ► lalHinito 
diM^ail that is often associated with induffuite intcgriktion- 

It. is hoficfl that the laiok will prove helpful not only (;o 
those whose bterests aro purdy mathematical bnl also to 
tho^ whose niab interests lie in same related field. All tlie 
topics introiluced are ajipriipriatc to the curricnluin of an 
Honours Mathematics coiir.ie ; at Hut sumo time, nitich of tlu- 
1 look is suitable for a student tpiking a ffeneral Flonmirs eourst' 
tliai iru'iiiiltiB Mathomaticfl and also to a student in any other 
Honours eottrse, tike Physics. In which Mathemsitica is iiirlis. 
pensable, Wliilst it may be too tnuch to c.vpect that tt fihysicist 
should he conversant with the rij^rons fori^ proofs of gmenil 
tbeorenis in I’lire MatheniaticSj it is itnportii.nt that In^ slmuld 
know Biifficient conditiona for llic validity of those limiting 
jnt>ce^es he niav encounter in his mvesti^tions, 

Wliere tlicrc so much variety b t he nature of t he 
diacuasei;! at id where most of the work miiBt now' lie retpintted 
as welbbnowu, if not availiilile in a abgb t^ext-bnok, I hji-vr 
not attempt+^il to give dctailerj tr’fcriiniies, exctqit in those 
special cafMvi that apjx'artid to warrant them, ( if tlie uiaTiy 
works 1 have wifisulted in the prepamtion nf ttie hook, I iiiiisi. 
however, acknowledge tin- help I have obtained from (hr 
following ; 
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Bromwich. Infinite Series j Hardy, Pnre Miahematies * 
(louraat, Cojtrs d'Antd^se Mathenutlique, J-~IIT ; Hobeoti, 
f uitriwn;« of a Pent Variable, / 1 Ktiopp, Theorie uad And- 
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OHAPTEU I 


REAL VARIABLES* SEQUENCES. LIMITS. 

RATIONAL FUNCTIONS. 

I. Futicrions pf One Variable. When two vaikhlc^a y me no 
rdate<l thfit. y ii determined when s in giv^ y (the df.pp^idsnt variabkf 
ifl eallpd n. fimdwn of jjs (ihe variable). The set of valiiea 

that aj may take m eddied tlia of at; and the functipnal relation- 

tshlp tlien determinea a domniti for y. Fmietiorm umj l>a expressed in 
variant ways, some of which are illuitratod in the follow'ing cJEiunptea: 

(1) y - af/(r^ + lb Mil ^ - I), (lii) S' ^ 

(it) y - 4®V (0 < 4f < S) ^ if = 4), {2 < a < 3) ? 

- aja - (Si* + 03V(S* - 

Hor^^ Si tba ¥<4iimEi oF oForflrjT^ wSlon a iiphtnv (»r Twiiua 3r 1* low^urud iiito 
4 □ylimlrital vos^l full of Ijqiiiil, llw bc>ij;liL of (Ijp ryliojkr lKin{§ 4 aad it* radiiiB 3. 

(v) ii ihM Hum uf tcjirni ef K^rrea j(H-4-|-2 — - ■ ■ 

{vi) if — — — i*J*. Here ^ w the tte^wtiDu fTOm llio kofttorKal of 

h Dif Laiti lieam nf unit Inni^k, x bomg Lbe diitan^e from iHEw cud. 

(vU) ;^ = {* ratioruklj; 1, (sf irTAtlouifclb 

(viSi) if =/(^) +/itHl - wliun- fix) = mn s^. (0 < x < ItKl), ncd /(a:) -- 0 
for utber vuluea, 

{ijc) Ifl given a|>pru^hualiily hy ttiv finlloH^fri^ 
z 0 1 2 3 4 o 0 7 a tJ Jrt 

^ ii im Mi iwfi Sio a.v^ 3iP 34o 4iy u 

tiiid {iy ja tha hui^lil in ffn>T of lui aimJfJAn?^ x milillta* rTIaT the tHjmfflRUDBiniMit of * 
tcm^miuufu Ej|;hL 

y ia ihu imrumotrik! twu^hi at a cartaiEi plara x hourtfl noon oil ft 
rLalf<, the fiinjutiQn bolitj^ ^Ivdh itiqiniiTimHtDiy by ft rluifi whlDll id autonifttlPally 
r4M2iaioTiBd. by hji inatmtuCiEit. 

The mm\ grnphsmd rcpra'Seiitatiu-n of ffuch functiona aa ahown in 
Fi^f. I is, of cGUfiic, appruxiiiiate and incty, na In £m)t be decef^ 

f ive. The ttomnin of x. if not atntod nor implied, c^oniwata of those values 
for whioh the fiinetion Iut* n raenniii^. Tliis domain mny^ l^owover, be 
esplieltly restricted, or ita Uroitations may tw det-ermiii-ed by the contexli 
in which the fanction <H 5 eiira. TIiua in FJxamji^Js (f). (iii), x nos-y be any 
real ntmiber^ but in Kxjimp!^ {uj^ cfitissut bn less tluiQ 1^ In npplica-A*#44 
l.iuiiB, y may bn given only fur a cortain domain of whilfit the formula 
for if it may have aignificaiice onkitie that domain. For 

examplo, the dofleotion of the unit beam in Brnm-ple fei) applies only to 
the range ii < 3 r <1. A functiun may l*e known only approadmAtely 
03 in (ij:). (a:), bull it may b4? snbjKit to an appmpriata auEdyaia 

from which apprf> 3 rimate or prolMihk properties may be oBtabEEhed, 







r 



jf.fl/, Imptmi fn th^. chomn slicivi!, ^ 

l^icMi/ (fivun, Ijirt tliom arc numy way& in wJtich a fijfic^tifm um k' iiu- 
plickl^ expr?E^(1. [t will uftcin l>e fi^^und that implicit rclutiiiriH ilcU^rniiiic 
rlasse^^ of fiin<'tif>i3a rnthcr thao par^icitkr funsitioii^ and thnl tb> di^nmina 
of bath £ aiid y arc i^strict^l. 

L If N TDni iuhI ii grvmi by l^ba irJ&licMi 
- liisi* -h l)y + JT + ft =* 0 

jn/ = £jr -h l -\- y/ H^ — J)(a* — i] j, jjs ^OH y ^4, (j- 
Thus y 4 m fiiit tixiflt if ) < ific oml, Eichurww^ axEi^pt far ^ |»rM iN'it 

inlcMiH, When th? q^aiutratjft JMeinia m a. probfapi^ il ia cifttui fpirtlt um 

nf tha Botutionfl wtvan tijfl pcobloni m mcib a w^y na tjD wlmil of iinn HcklyUmi lifily- 
If y Wi gjvaii by thti nNtli^ y"' = It for i4l v^ilopa laf wfi 4'»l>l4bl iW y t.lii« 

rIw Ilf ILiiflflr fiioiriicm* ux 4- whfsrp Ap b are arbitrary fnitiatanta. A iMkriitniW 
rniiriiiTO may br* apiwfUjiJ by ini^)>’ing tuklitiFinal eLat* that ilrtikrmiiiri n jiiul k 

1/1. The Real Variable. An es^ntial tiAeis for the <lo¥ckipiiii'nt, 
of Aiialyssb h a comet tlefiiiitioii of rcttl oumbet. It will luoiiiniod 
here that raf.ionat numbeiH hftvo oiroAdy beem definMl and their propertiM 
efttablifihed, Although for complcteoeaa tbe^e duintjem alito recfitlre 
definitions in terens of more elementary ideas. In iiKjdcni analvHLK 
continuaUy meet with limiting processes and a correct interpretAtion 
of these processes demuDds, as a foimdatioji, a knowiedge of I her ciuir- 
acterifttic properties of a properly deSned real rinmber ayjit^ni, 










































REAL VARIABLES 
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Tbo murlcquucy of rationni ntitnlwtT^ for analytic procwwes is mofft 
Kimplv illujjtnitrr) by fhu rf|QuUan _ 2. for tii» eqiiatir>o is^ tiiflily 
fthouii to liav-P mo niUomcil ^□liitu'jnr Alt^iougb it him no rational solu¬ 
tion. wc t:an^ however^ find mtij^nal npprTjxiinatiaiiJs (e.g. dociinal approri- 
Tuaticnis) » EHilation, Thus, by a dofiint^ pro<‘^fl 9 ; eon form tb* 
soqu^noo of nuiiibcra: 

I. L4t LIL L4H, . . . 

who^ «ijLUin>j from 2 by KnialIrr nnil HmaIkT numbers ih^ 

.iiequem^o procenxia. 

This tjmt tin? rlGfiiijt.ian mu\ this prii|ierti&^ of irmtioiuil 

iMindiorfl can IkfuU'i] ii|hjo the conaidfirntiQn of suet Rcqu^nci'^i. 

tJL iScr/tfraoes. A R^t. of iniiiihers Jof ftny bmiij li^Tiircn iu 

oTflor T 

0 |h 03 , * < 1 ^, ftp^i . . t. 

Is nitliiil ii Njinplii tmty hcjlcnotol by orjiSinply by ft„ , 

l.t2. (httiwrffiJmv ijf If by l.aking n large rnipiigji, ihr! 

iliffnrpiitin liotwsH!ii ovary iwo of the i^nm ii, n, j, , , „ win hr miud^^ 

aa nmall as wc |iina»B, I li e ai^qijcncn is aaii j t^» lir 

More iimewciy: The f^oqut'incfr Jy saiii ta tse t^nvorgent \f, given r, 
flny positive mini her, however suiaW, we van liud ft a. Huvh that 

i^p - ^ 

for ail integers /j, Uy^. 

For Minplioity wc AhaJJ say ilmt for eanv^^rgi-nEHo tifec iJilTiaviivc hetwemn 
every two uf the Is * thia phraao Idling iisetl in 

the Kt.rict Hcrnse of ttkc above lielkiitjon- 


Kjnwjjit, The pm| twime 7/3,1>: -J,. , 

lnu-tiLHO 


.^(2i 4 - + St. . .»iii!^)7iver^eiit 


I"' ~ ''*1' \f~ri ~ 


9’+ 1 


^ml 


p ^ r 9 -■ 1 


(.an \nt\h Ih.' iiMile 44 iiii>iJI jib wd |kkia«n ih‘hpii y > tr, un^i in mkm iinfja^h, 

JJ3, iiiwiV of ii A jsaijuanoii is said to tand tn n limit / 

when ft tendB to iiiilnitj% if |( — aj is ultimati?ly small. 

By * ik!t.ifnataJy Ktiiiill *. wo ntcan iiere that given any fMisitive 
number, however sihjiUi wc can iind Wh Budi that (/ - «„f <e for all 
n ^ fty. 

Wo thrO wriui Itiii -- i or simply liniri^ = L 


"I'he jiyiniiol Ht nnlusa (aherii^isc 4f4^TitiEd, will be uised <-q (Lucte an 
JirbitrsTy pnaiilva number. 

24 :i 
1 


l^ncyo 




i , i. . ^ ii. 

^ iko iiMit i£ ^ ^ ji oqual Oj 3- 


1.14, Nidi If limo^ = 0, o, is calied a ttHll 

Tt follows from the deHnition uf lluiit that if is not nuti. n pwitiv^ 
number A' (indepomlont of ?i) can be found such that |«J > K for till 
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4 AllVANrKI) CAU’lTLrs 

I Jff y Tfie Fumkwfrnlal Theutepm m Comierg^nce. If ck»q verge» 
thou tbe seqiienceJi -h 6^, e« — converge {ese<>pt 

the IsiiJt when lini = 0)- 

It foUowii &Qra the dcfinitiDfi uf eonvorgenec thsitp glveQ r {> 0]p we 
ciui iind sudi that both inequalitieA 

|o^ — Bpl < #r. - iftfl < 

ilfe satisfied for all ^ ^ ri^ 

Tberofoio (i) f (tf, + 6 ,) — (a, + ft,)| < — «,| + I i-e. 

the tsequciico «„ + coDTerges. 

(ii) The convergence of bf^ implies tlmt of — A,, and th^rcrore l>y 
(i) On — convergo«t. 

(iiij I Bj/i, - = j (i - a'Ki^ + ift- + ^ - iy\, 

(where k — /Ip — a' = Bp — rtj^, ft— tip — ft‘ = Ap — A*,) 

<S^(|6.j+ |aj ■4-^} 

i.c. (wrivoTjimB* 

jiv] If is not a niilJ tiCciucticc, a poidtive cuMiunt K lain lit! riHiiiul 
Biieh that |h*| > A' for ail »j. n„ being auJhcien% large. Tliiis 
can be iict^cTmmeii bo that all the incqiialitieu 

|AJ > if, |tt, - rtpl < c, |fi, - Apl < « 
ran he einmitatieouBiy Batialied fur all n>. a. 

Thro N <■ V 

ih, ^rr ■' f>A I 

fc} 

i,i!. a^/b^ cii)nvcrgett» 

1 I^}6^ liial Nmnit^r {Carder], A Itnl liunifci^r ^ Ujil^V ili'lil]>i.iJ 

** lu rcmvHii^iti h'«|aiiuu4t fan } uf rtitiffWii ilujiLfA^. 

(i) numbcTTH (a^ ], t said to ho if it liilli lKW|Liojit<v, 

□rileriiHi \a ikEtneaBikry hIimn! jl ^vim iLuiiiliGr emy bn dnliiiod in oji Eidluitn 
nuillW of wnji u 4 ■fjqiicfvo, 

(ii} Thi^ nmnbur |i u solil tu Ijv (ftstj tiuui ijiu uiyubor J if 

(^n — [Huitiva (iruHiitlTojK 

(iii) Tho Aum, prod'fi^^ HnrJ id thii EiunibcirH iBn]* An» dnbKud to 

Ym ih# Ifljnvif^eait. wqueilusB [STp + (whwn, ifk tltc iiunt-lnEit, 

6,1 iR not ny life 

Tim numlwr — (4^) *h*^£lnKl l^s (— «*} iuilI tbu 4lilFDniiiui4i — fu, | h* 
Iw t%} +L- E&« —“xh 

^oUf.- It i* niwDtEmry, for to tlum- tbat thm imur ]m4ti'.'t, uinl 

quuiieut is indepcmltint of tlK!i iequciimeR ih^t dkilum {4nl {6a}^ 

Thus if [tfn'l =* loaj. [6|,"1 -= i6p), wo rQswt »W that |V + } = {«„ Hh 6^1* 

fa,. V) - - i^/Ky 

Now flitKw — (fliv), {ft/t - (64 S, A Jiuflts Ha f^mh tluit i^f 

tbs iu«<)Uiilitic9 

- fltrtl < e. IV — fcfti --■• ^ ^ J"ii 

ThsTOf^m.' \a/ y -ipf <t |V - + \^m — ^i[ < 

Lal -f ^ * frtu + ^ )- 

''Hh! proofrf of Lbr dtbor eiqiuditiE34 {V^h') ~ 1 ^ 

t0 Lhn i^itir. 
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(ivj Jf {Ji^} hj\x ^ JimiiJ^ ihcfH fdlfi} - |(() by ibe cfitcrion of cqniilii.yr 

h'ht^ nusnbcir ta,e.) 19 in tbii caiHi cinUtHl nititiHal. It ehoiild bo rmtjEaniLl-^ 

rtd, but jun-Ngnhy it may bw dcnotcjcl hj th^aynitKil I (of tbo paraly mtioQfil 

domotin) flJid imll$d rfltVMul, dUibuugb it ii nnt Eogi^Oy idrntlDal witb it The 
lutipcrtiDi of tJw v^yoiinl rmi tnunbcjis oto inohunFc- of thoBo of tbfl m%\ nuinber«K 
HiDCD Lhe cieELnitirm* of lllo OfwhathSnfi on rwil numliH^ ttfO obTioosly DuiiaiiEflrit with 
ihi}^ till tbt» imrnly mtioilal titUDbera. Fur rrATTlflfr, if tho MjquDimfi of purely 
niLiobal: nuQ’kl>or9 iA 43 diivof:}i^iil 4 it is ahvioua t.biit tluo Bequcoce of ratitmitl- 

nml riiiuil>ftpi ftf,} in aW.i tcm^nari^ni, 

If ft P^ycIlA'iO of mtioiiAi numbflrft ooi |.io™m a ffttioFiAl limit, thv 

rt^ rmmfHt^r Lbnt it dobiu’a is caIIikJ urntiomt. 


(f) a rtttkmrd Husnbef (and. conis&quHitly fin ioGnilv nuinbor of rAt 4 onal nujnboraj 
i^jin hrt iletflnniritMi hot.wBoo two onrwiiml risal numboja fi. 

I^t a = fJ ” f&nlt whorp ra^ jir? mtioiial and (for deJinltrtiJisa) ^ 

Riu'f — hn id ><J nltixnat^^y and dotfl nut tood to mro^ mid au3€o |k — Oji], 

jfl ^ fiii| ftra ulUmaLcily dmf^LI, a fiOQitlFP rtjcidUli-L if exiBts and a foMrBporabns 
iruln.l rr, dUrh Ihat all the inequfdiUM ri» -• (tn -• A'p |-a — fir.j < J (/? — < jjlf 

are f*liiiuiteUQOLi»]y aat.uiJifHJ for aN > nJ^, 

Tlllllf — Kffa 4 bn) {[ifn - \ (a — *«) - (i - vJ > lA 

flnd i{«ft I -h (^v : *(*Ti - - |A* fll :- ]K 

i‘f- ‘V '■- flf- 

Cvi) af /frali yamhirA UmU iv ci Litnti^ m fl 

firal ^YuJTsbcr. Lrft he a OOftVOTgciut, HLH|ueni’n of rtml ilunibnrS. Then^ giVMl r, 
we Oati And Ilf EULili l 1 .ial. 


\^i " ^ ^ aU N > df,. 

(it) SuppoRfi that nu Lcifiu uf (o^l id k|ua1 to Ihw pitoupdoig iann, TbuH by 

I v) eboFe^ A Tftt4i:)nftl numhisr uan idw-aj-i bodoteninnerl lymg botwoeoj ttuft- 

Sow jiiiK ^ a,| < |a,» - a*,| + |i„ — «,] + |a« - iHhI 

< |»«M — «*pE + |«ia — i^bI H‘ [«• — ««,+ j[ 

< 3f if ntn H > Pkg4 

'I'herufore Tendit to a limit vra. the real numticr ikttned by the ounvergeot 

noquerwe {o^}. But aU itidm: orm be |'o«lnJ iUDh that both of the mpquuJItiM 

1 ^ — 'ijil < i, 1^+1 «jif < f simultaneeuily ftatiiSad for > Wh 

i-p, \t — < |f — Up,] \a^ — < [/ — rtp] -I- _ .a^l ^ 2i 

ifT i^nl toiJiiB abo to ibffi limit 

fft) fi^uppoee that I'njin and after dome tb.ed le™ *p, jlH thi- lotmad ate 
tP ^ 

Tbrai [ikI— flinoB ]atn,^ap| fur ift> p, 

(qJ If {fi} or 0) is Tint t.nie, we naB femo an iitfiniif ^uonuo ifia] by i>mittFji« 
WL^Ey term from (On l tiutt ia equal to the priKiffdiri^ term. 

Tliia feequEiogn \fi^ ] m uuFivt^onT,, flioiw jSj* = . 5 ^, fpr fleme vidue of m 
— ^^1 = |af - e^\ < t- fur ail |i, V> aiciwj r> i?, ^ > p. 

By [rij, iiin s«|iqeuf^i [/?p,} toniU Eo a limit 1 j and if J: IB im iiuies fl| t'ftrt 

Im.i fomad aoDb tlml — (y C r iur all a> 

Bul if JI^ kgiFnfi4 thflreeJEidtd liu indini uiaO iucb Eiuit-j^H^ = mid thetL'fore 

K - a^l < ^ fnr all n > Ld. (ip^} IrnrJfl lu tllti ifmlt f. 


/Jr* rAfl tf/ Cmv^rg^tce. It foMoww from iiie praviuuA 

puraf^phs that, the net^eiSMj and aaflidont oondition that the sequence 
{a^} nf real nuinbcira should poeeege a limit h thatp given ef>Dh it 
should be possible to find an inilex stieli that 


[a^ — 0^1 < £ for all n > n*. 

1’ltlp is know n jta the * /’njidyjfe &f Cmverffnio^ *, That the condition 
ifl ii&xsmrtf foliows from the definition of a limit; for tf the numbera 
ultimately Bumll. so also is |fl{^ — 0,1- TI 1 & proof 









« AJiVANf’J-n) ('ALC.WTS 

of it/i jtufiioleitcv, «(Ub{i»1]«(l in tie pteWous pAiagrivph, depeiirlfl od n 
coiTcot- (lefinitiDb of real nurohHr. 

Ottirr dEfljiiLifirH fif pmU nuttibpr lm¥i5 tmtsn ilmt aiv f.bf*(irnlMnlly 
to itiAt of Cimtar. Tilt' tiMt- kcFi^-Ji af thRfw is thni l>ii' f Jfiiiunkitui, 

wbrt ilefln^(t nil ittitl IoimI laTuiklucf ii sirftVm rif roitifvnAil unnibcrit. 

c/ a R^tii IWi^c. /.) 

i./S. The fHntlii'ffwnlid Thmrems m &/ ikqucfiteft IT 

Jim o(* = «, wc may pniva by a tnethod vesy aiiuikf to tiiut 

used for the TOrrespoudinji theoreuLs on convci^jeijcc that 

llm (** + = « + /I; lirji (a^,l — ; lim ^ <>>■ 

P* P 

For ejuunple, if * ~ at, = p. ^ = ,t, wc riiia finit ar, fhoIi tluil {fi|, 

|oj lire nltiinat^ly Hruiiil and therefore 

, I - «gi,r= [«„tr + -H pra| < faj Ioj ^ !^,| \(.\ 4 Ipl Ioj 
i.c. bs ultiiiiiitcly mnnll hikJ The reader sliunlil 

have no lUIBiinlty in estublifihing tin? other two linut tieoreiiiH iti n 
simihir way, 

- -JS _ t _ LJl _ i _ i _ i- - 

A' O A P A 

rr<!j. it 

1.19, Hrp/vinitalitut nf ficdl Number, |*fiinm ii, .1 ure 

clioBen on a Htraight line A’'jY to represent lh<^ titiHiboffi <>, 1 rea/n'etively 
{Fi^, 2). It ia then aasuiried that to every real minilwr X there I’orre- 
sjtomlj! 11 eFin|ii;le |wLnt P and eonversely r the order of the points mrfi- 
apnndji to the order of the niintlrera jif,i t-liAt if ^ 3fi-i ift t‘'ii t I'n^ 
uf /’j, Yat pructicid piirpwwi wv. ^uitiaUy take |ir, — gej m Mit- iiiriHifei- 
t.iido csf thfi diAplac&me>ELt oltiiou^h in Bpeciail it nmy Ihi mum 

convenicrtt to take aonw wthel function uf ar,, afj. 

Scijiioncw of niunbera sc,, art, . , , convcr^siim to 9 t tioriw- 

apond to soqnmti^ of points 1*^, Pg, * . , fionverpins 

the point that iiomeiRptinda Ui ^ S). When ^ is a vaidahlc taking 


R R R Pn il R R 

A' n X 


all mi.1 nmiiUrrH m il^ vulu^ itiid any ^ la rcgardeH: m the eqmmon \innt 
of the inhnite nEiniber of equivalent ranvergent !wr|tieiK!ea that Nusrl io 
we chU iE the reel/ cofii/tn-jiof/jr 

Thu msl of oH ml nuiabm that wtMy tlio mlEithjfi « ^ h is unlkiil & rm- 
iivauan, ^nd ihu nrt af n/l rnj pamhetM in i.'ritled ihr /InVAi^'raf mtttffmtm. 
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.SEQrENTK8 

In ihf» cKmMnuuni h < x c h, thn Wmii nf ni.^H¥ri;^TOt m^innrK^ k'locwH 

to tlm ilnitiBiQ, whifJi jfl (hcirefiMti aaIJ to bo rbw^.. Th(^ interr^ila ■pf^nfiptl by 
n sv, i* ■ X A. ft - X -. 6 fiPB not olcifnl. 

J J. Simpte Seq:uences in Gencrol. Wt* frwiupntly nii'ct with 
MiqucnacK that tiff Uut ^•tlllv^!^;gent, iiml it U noDvcmcnt iit thid utimtu Ui 
flpecify the vuriniifl poasikiilities that urim, 

t.Sl. JtounM Sajuetices. A aim pie swtiupncc is luiifi to tx: 
if a pi^sitive hUtnlier K exinta* jndepewlent of h, xuch that |fi„| K for 
off vjiltiea of n. Otherwise it ia uf^unilcd. 

For tgrtmplr '. RiilxJt; {isiii l ure htmntleJ 

■pqurtieua, »iiif«We I'lUinw of K bon^ 1, )J8i 2 rwjiwtiTHy* Hiit 
j— I)w I . *(; iji OTO iintwniniiffli. 

Jl m tint Ijoliiiviiiiir of wh^^n jt nf Ihi^l m inilWifEATH, Tbuit ii' a-m 

wpn* HitTili by KMrh ■ ftiFimilft an f(#i- — iiHf — *innFi 1*6' 

shmilJ finiil iY F>p N lb or <viriinn'fn'n ik\i^ noqui^nit* nl n - !L 

7.2!?. A U finmtibA. lAjr if I in t\w. limiln, nHi- 

matflly lim botwiwn i i; nnd i \ r whort* e w rmy [xinitivc iiiiiiilinn 
(}»rilffifmu. tf n Kioiiiiil^l ift no1 cimvrrgnbl:, 

it. in m\ii t4i cwriiirii^^ jfutMy. 

Kxamptf. V2(Ain|FLT I JiwnimM I'nw-li r^f tbo vmlnm \ V2, 

2, — ATI mlinlt-n ntPmlnT ot tiirnw. It (jeriMittpa finitely 

i.24^ Sfqvntirt'n kmUnq M or NfffaiiiJr Infinkt/. If ill <in 

iinhuittiiici;! ^If^, the tenim ere ultintittA^ly lurge fHrrtitivc, the 

i3Ct[lteilC4>. is Haid to ictid io 'pOiiim injiniifj aiirf we ^Titfl Hin 
Mure precisely : if* given fr* a positive numlier, however large, we -fftn 
iiiuJ n, &ncli ^l^at fij, > for till n .-• Vn fhrfb litb ^ ® 1^ 

LTI thin HPHise that t.hv fjliram* * iiltiTiintr-lv lar^^i- Jiml pfjsitEve ' in iinei]. 
If a„ —► r oE/, fill'll tH JMliil tn ttitd !t> m'qfifiVr irLftmttj niul write 
lim ffp = — GO, 

ti{u^ : |j—► i I !W“—+ Od. 

/.2J. Injiinii€ f All iiiil:H>iJDilefl BefpieiLce that iloen bi>t U'litl 
to + 00 nor to "cc t& said to ewciifAi/e ioliiiitcly. 

EjcrmplfJf* ntfoa Ptf* a + (— IJ^^a* nSci]lAt«» inllnilply^ 

7^. SiOMtmtff of o/ fUmjAii There are tliercforo 

five tyiKHS of simple aseijnencen! 

(i) Jitii -f ( l)"/^0 — 

(ii) Einiif'hj: Eii. t)" 

(ill) iEtvfqiyiq /n * oo; 

(iv) Diverffiftff in - j» : ^iif. 

(v) Oitf-iUaiinii Bx, h{1 + (— 

1,3* Mothods of estabJishidg Coftvi^rgence of Sequences, For 
oniiiblistnug eonv^t^ence at thin ElEa|ji!i it will foiiml RuflieJoDt tti lli3e— 

(i) the chsidu-teriatic property a certain type of gequenec Cftllad a 

(ii) the fimdELEUEriital fih^rettiA on liniita, 


J 







r 


8 ADVANCED aUX^UUttS 

. Mtinofimes, If (all s)* m {galled tin 

moTwlotu^ I and if >- ^ (all n)^ m talleJ a tfecr^^sr^i^jr 

(i) 1, 2p 2p 3p 3 n 4| 4, 4r r . . Is on inctfiaziiiLit mimotimh. 

(irl} % 2|, 31, . . :2 -|- l/H, , , , i# a ticcmaMtb;;' m-ciiiiitunc]. 

{i) TJi 0 tcrriQH *mcETL(unn^ ^ luid * djDCEtmditif^ ^ iltq iu»d liMfl in I hrt Imiftii 
•HEiw- If o-fl >=*11 (jiil »)i All inpneftiHi In t■[l^^3 tirtrro«i msino, 

(si) It ;i« t»UiJiy BnJiitrtflot fciT tho of iLn pmppKj.^ ^rl iiioiinUpr^^ 

tlvAt tbe naquntMMa BhcmliJI vltirataH^ niotvot^nic. 

L32. A Bounded Monn^me is Comsr^jL Tiiis h the iiban^U^risiiu 
property. Tf a monotone wnre not coiivtstgent it wonJd bo poii^ible t-o 

find on um^uiling iiet of increasing . . . . hurK 

thfttp given ir (> 0)* 

I fill, "if. f >ep to»* — fl.i* I >fft . . . 

and so, if tile monotone wore iiicmiisiEig^ >®*ni "I" 
inonot[»nc werft det;rdasing mp* But vu :—^ + oo whf ti 

in —>■ oo Bjwl tlierefore an iinfHjiimled inorea&iijg inunotone tends to f- oo 
wbilat an unhiiunded docmujing monotone tends U} — asy: anti if (he 
mom done m boundoil it mnst converge. 

Nfift*. TibD mcinutonfi is impofti^al- livi i:itily 'bomiiBci nf Itfi fiioquinjt m'liinrrr’rn^s 
hut Jlku ImcEitiHL' It i.*^ be bIihwti thlif L-4iiiv€ii)^fiEit BisL^uonoQ in. i 5 r|i 3 iva(htit 1o 
llW motiiitunes* one inrcrfigflillg up Ui tlrnltmll nlHJ tbo otbor jlofm'iafna itown to I lie 
Lkldlt. IRpfidT ^erir-M^ Lt 

L33, Ap}dimt'tO}% <*/ fAc Fundatncuioi /AmU-Theorenuf. 'fhis ai’iplieji' 
tion tuay he sumnaarS^ii in the following form: 

Tf lim dpt — ^ip Iimft„ = 6, lim?, =^?, - . - , there being a finite 
numbor of soqucncea ti^, ft,,* tfn?n 

lim ^ *(". ft, . 0 

whcm /^ denotea a finite iiumticr of the futidamental opomtions [jjl'i'v- 
vided there is no di^'iSiEjn by Eerti), 

This result foltowj hy repeated applicrations of the fundaitiC’iUdl 
lirnit-theoreins. 

Ua. Tht' Sequence ai*. When 0 < ir < 1, x® > 0 aad is iniinoii^niEi 
der^rofeing. Therefore j* tends to n limit f; but x liin a:'*, 

i.fii, i^ri Hud therefore i = 0 winec «?^l. When x^l* x* I, 
limx” — 1 ; whvn s = 0+ — bi liinx^ ^ 0, By wTithig a? ^ l .^ 

when a? > 1, and x = — tf when x < i) w^e may imm^iately ilHlufie thi^ 
natum of the i^squence x** for valuE^t of * outside the Ltiteri?ul D < x r I. 
Thus I x** —► 0 wlienl xl <1 s ai" ^ I when i = 1 ; af ^ -h wlieai 
af > 1: X* osoillates finitely between — 1 and — 1 when j = — | ; ^ 
oeciiUtea mfinitely when x < — 1, 

Non. TliL* nniiur may auiiiy pruvc ibrtt- if Kh in im incrt:iiiimj|> (dfcmnAinKf 
mcmottmo wliiuh la auch ttmt o*. < K £> for nil n, thnii nini tr.niU Ut a (imit 
I < K f> jff), 

EjlamjiltJt. (i| The* fl«qaf^noe^ jf**/jl! --Ml (irr idt (inllt jf. 

Let j: > ((; tbwi |b uUimfttdy monotcnio dotviuaainjp* Le. nff^r n > x — 1, 
Therofore tarnifl t* n liiHit- U). 

\ Bur / = Uhj (4C"+*/(ti + 1)1} tf lita lira (I :•(« H-1) = n 
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AlAd aifloe it fo]^ow^l iJiftt lipi{af«/wU in sei* for iiU 

filuta welllTO r^F TH?gntivii. 

(li) FJjIrl iimta - 1P[1 - Si*)*] 

ri 4 !rfi ~ — vkh\:cU ^ (a/®) Kni Jt" if Jim f'lrirtE. 

Tlsiia Lhjfr limit li « whf-n r ^ U jwid 3,'2 wImsii # = L F^>r iHHht vbIpbi qC j* ibu 
Hcqiionrti hfti ttlfl tlirtTjict.fir of ac^. 

(Lli) Prove thftt if i = j a + 2rt„V(S + tft,) wiiefft Hi - 1, tb^n Mm a* = Va. 

Ill Llaifi BMiiitmoo {uu + i^ — JV)[an H- 2P — — 3 j but 3 ikT\d thprefare 

«„■< 3, nU fl. 

Alm> (etpH-i = SrtK'Tji + = (3 — a^^ir i-n. li Jiu iiboHEnaii^i^ iru’irKfl'imfl| ftiid 

Jt ifl ‘bcmiijdDd ^aii 3 1 . TN:rofcnrs- -Qb toncL^ ta a limit. L 

I => (3 a2Ji/(3 -f |)i Let ^ -» Vs (lJii.i pofl^tive 

J. 35 . The O- mat o- SimjAa Sequemiee. If t,, arc supU 

that |a^6,| ia ultimately buouded^ we say tlaat are of the jqifw 

tjrefer when fi is lafge and write = 0{6t,)^ 

Fqt aumplt ! ta» + l)/(2 + t of twil = 0(a*). 

In [jartioular 

(i) if lim ;= 0(6^*) 

(ii) if hm = 0* we writf! ^ although it is Etill correct 

to E«!iy = 0(i>„) 

(iii) if b bounded, we rari write — f^(t) 

jffjKW/ife, +/11 -h =-Otl/ti) nnd ifl eJbo ^?(Jb 

lp4, Lliuita of fci Ftinetion of the lieol Variable, Huppo^c for 
hiiinplicity that, u fimctioM f{x} is i.loKill'll for all rejil vulnea of x. Then 
it la found convenient to ujw tbo temis * H^fihboHrhufMl *| ' itrtjr % * * 

and ' vmaii ‘ in a pretriae (ienae like that In whirh the i^rm * ultiTnntely ’ 
has been used. 

1,41. The Ttrm ' 'Large \ ' HmaU\ A pTuperty ia oaid to 

f>e true near x — it or in tfie neighbimrixtod ofiir = if an interval can be 
found with a on intermt point, tfiToughtmt which the property ia true. Tlie 
(Hroperty muy or niny not true si the point a. If o is an ^uid- 
(loint of tho inten'olt the property applies only to the ncighbourliuud mi 
the fe/J (or tigfd) of ci. 

Again, if (1 (oni Iso foimd such timt tlie proiierty b tnac for atl valuta 
i^r x>Qt it ift ^id to be true for x krge iiod j}osUii^ ; and if it is tnio 
for till as < 6f it ifl Inio for ^ l^firge ntul negatm^ 

Finally the phnujo * neJir 0 * may be rcplaeed by ‘ for small x h 

1 , 42 ^ LimitM of a Faiehciwn. Ijet^, ^ ^ ♦ bean^Bequence 

whose limit is a. Then if the acquoace /(jjfp /(aJi), - ^ /(^i ■ ■ - 

tennis to a limit I which is ivtdependeni of the p^icukr sequence 
tending to a, I is called the limit of f[x) when x tends to a and we 
write liin/(3r) = I 4 [dj). 

a—a 

Kow tho number s may be regarded as the common limit of two 
it^onotoncs the former iucnaaamg up te a and the latter deereasing 

down to It (Fig. 4 (^)). 










li:» advanced CAU'l'MIlS 

If ftir «tff Budi moiuiti(»nH$ [tThore a), is CAlk'd 

tlie tijuit (jr /(x) ojn the of a and we wiite ~/(it — 0). 

Siinilarfy if Iiin/{6„) oxiets {fli„ and is uqtioJ l» 1^, llieii wp 
write = /(a ^ ti) 



If i, ^ tlicTi /(rt -t- uj =./(,! - (tj ^ Uti]/{j;)* 

#— 

It foliowj] fmnj the above timt tf/(^}—»■ I l.liwi |I —i* nmr 
* = a, ami a flimjljir intetjuetation may be giviin to 1,. I* ia (ertiw uf tlie. 
appropnate iieighbonrhood. This Inst resull. limy, ill fact. In* utietl hh a 
new definition of 

L4yi. The h'unthintenial Tiwvretm ^w^ Limits tj/" Futu'tiimt. ll is rtii 
inirnfsUate eonsequoqee of the liriiit-theorenis fe* aeqiienBos lluit if 
litii/(z) = L lim - f' when x —»■ a then Uiti f/+ i)l) - f ± f' I 
= /I'; tini{//^) = hut these nsult^ emi In* provtsl 

directly from the ahcivp altctfuative didinitiort of Iijn/(z), Again, if tt 
denotcB a Unit# niiiiil>eT of upplicHtiona of the rundarniMiUil opcml^jiitiH, 
then 

mUxlfM . Ux))-> !i{l„ h -ij 

wLeuyji*)—► f,. f,(x) —► fj.All®) '■‘lol there is tiu diviHtoii 

hy aem, 

/.iJ. TheO- auii o~,\’ot»titHifur Fimtiitits. If |/(x][;4ix)J ■ /i, where 
K 3s iodepundent ijf x iiint x in near a; i.e, if f/ ’^| U iH'.rjiided nojir a, 
we write/(i) . A situilar notatwii muj' Iw lined fot x lt*fgc 

or aniall. 

In partiouJar (i) if luu(//^) existe, / * 

fii) if = 0, we may write / = o(^), but it » COiuiMtctit tn 

write / = 0 (^}, 

KiMimjAe. + x krar: ittwl 

= 0{I/(je — 1)} nnftr r = 1 

1.46, VtiMimitt/. A function/(z) in said to he at x — n 

if/{i) ^/(a) i» small near x ^ q (CuwtAy), Le. if Riven n( > Of. liow'rvrr 
«n^t, Ji uiunber d{ > 0) tan he found such that |/(x) /(a]| < * fur ittl 

paints in the interval jz - ti[ < t. This luiplictt tlial iiiii/(xj =/(»), 
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N^oioi. (1) dcdidilaon or onuiiniiity I'^aieta in ■u.pni; 

lintPHi**! if fh Sf 3ijn/(.^) whi^n r —►*# wiitspn n ifl Ibc^ Ibriil of iiny ftcw of 

i tu? ilililiiti^ Ifiitt Ic^nd to Tv UHluoit ftanuli^'^n dEtinUioii firiJii thb 

ix^EiiM ihr iiASiiiii|htfr»n of Jt I'^juri Jirin^i|kk^ klkou il »b thv Miiliipftfmtii'ti 

-Ltjoth “ •(/fw6#^^P+, * Htni J’iiW«iMi!\ i, 

(ii) LT/ifrj — U} ' /(«)♦ thf fuin'l infi ih mad to In' I'oiiUniMniN qm fhr. h/t of o; 
njitl if/(M I Uf H ifl oi>fttinuf)uii m ikr rrghi ijf a, 

t.4tk lUnjdrfiiiim tjf Co^iiinuity, Let /{£) Iw ct^ntifiiidu^ 

lit X — fi, Dmw tlw (p), t/ ^/(e) + ■: itfh it —fi^) 



Ccititbmity iiiiplies that wc ritn find a. iioififJiltaurlirjod within 

whith the I'lirve ^ =■/(:!!) eiifcipeljr between the linen p, tj {Fig. 5), 

1.47, TIfn Poh/mifniid Ufid iht' Ruiimmi Fundirmy A fiinctii>n 
of the funn given Isy 

+ ^1*^" ^ + ■ ■ ■ + i^r pEMitive 
tn imlled tv Ptdfpmmial (of dejgfW tt). 

A fuiiidioii fctlMoilsle to ilit* form whei^ 4^(w 

iLm polynonvifilH is a linfhnal Fun^^lion, It follrji^Ti ffuin the ftindii- 

iLientnl lirEiit-thEUFemB tlint the polyilotniivt is eontInyouB for all valtled 
i>f JT u/id tliut the rtitiollftl funetirm h <1011111 IUouh for all values of ar, 
4‘7Er')<tpt thii^^ thni THokt^ the denoniimitor voninh. 

I . 5 ^ Limits ut Infinity oni] Jtiflnite Limits. l( in 11 fM)K|yeri4je 

of rttiin}it'n!i b'luliitg to s;ero, then liiEi (l.^Pf^n) is -I- ® thure- 

i'ure if/(I /{) I0 f when £ fceudH Ki zem fnm iht^ nfffth we my that. 
f{jc) —► if wlieit [- 00 mil] wiit^ 

tllJI /M I nr /(+ 00 ) — I, 

]Siintlarly, if/(J |)—when f —+-(> /rt*m lAe It/i, we write 
lim /(r) ^ f or /(— Qo) = T* 

JT- 

lij some oases i! =3: T and then we may write lim /(y:) = L 

J. 5J. Limits, l^t \w ntiy monotone ineremimg to the 

limit a. + 00 for i*very sndi jimniskme we say that 

/(ar) — + 00 

un LLe* left til X — a and writ** f (tt — (}) =: -]- <0i j^iiiiilurly mL<Euiiuj(H: 


J 
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Al>VANt!ED CALCT;™ 


may be given Ui the relaHons /{a — 0) = — oo; ftn + 0) = + ®; 
/(a + 0) = — OD, 

III these caiies, /(i) is iluKOUtiiiuoue at ar n. 

I* - Hi* + lif - rt 


Examjirjt. (,i) Piiul I fill 


ili?* ^ - r 


4 A 

* = 1 + A Mid tbr ruurtiniEi ie ^ ^ (A ^01; f.liiui thfl IJiiiU k I. wLtin 

1 + nn 

A —►O, ipP, ulmn ]. 

(ii) Fimi flMi diflfii'jntiiiiJitli'rt cir llaiJ grnLiaC inlLffjz*^ r. 

AV _ 0 ) = n — I ; JJfn) =iL » ^(n -|- 

(iii) FiTiil liT[n{;T — a)-^ lA hcn jt —^ a, (r > 0). 

Hen -5- 0) = + «,/(« ^ 0} = - dj (j- odtl) i /(a H [J) =f{it - 0) - * M 
(j* flVCn^r 


(IV) 


DiBi'uHii lita 



5^ + -k . . . + Aft 


(»E, n poftEllfp 


ir m ^ nu limit to ; if ™< limit ii 

ff jn ft, limit to i ajp Ltifi mfult clpjn^mlill^ cm tfir fliKn, of erj/Aj ftHirl ^)n Trt )irllirr 
(m -- w) in evpii im? chM. 

1 - X* 


'lljliv liiQ 
— Oft. 


.1 


= — 05? 


^ J + I 


lim - _ 

-k 


^ k iO ; Hill 


-h I 


tfiS. As^mjmv. Appnmmaiwn$. If f{^) ^ }, wli^m 

% is larg^j i& called an (nnt lliei Olilv iiUcJ 

to/fj;), It inay B4'jiaet.Hue£$ bo necofiaptiy to specjify tha of 

Ill aonifi caHCR. m fyr in tfic^ case nf tlie rutromil function, 

it inay hn {HK^i.blG to c^xp^^?fta /{jr) in tliG form 


f{x) = + ci.z--! + _, + «, I 0(1), 

wharw n m u pordtiw mtogor, Tim\ - * * + L'i-! 

called the polynonnal asymptotic t-p/Csefand giv*s a ciow* nppmxiritcit.inii 
to f[x), where x ia larger, since lim (f{x) /%(iE)^ i\ 

When M = 1* the palynoiiiinl is linear itiid the cjorrenpoiidii]^ liiu* 
J5f — Om^c + ti, uicalJ^l H riMiLiliiieiir fifiyoipi^tecjrsimplyIt 
\ti Lii^aally p^jsaihle In this iNwe rpbtniii a cloRcr appn'pxiniiitinn iIlili 
tltk<^s the form 


J{^i = -f wnj^ 1 1 k iiidKpeiiLlDqt of j‘), 

so that if m ia the curve y = f{x} is abofie (bdw] tlie mEymptote ut 
(jo/A ends when i > 0 (t < 0) ? hut if m ia odd!^ the eiirvo is ahnve at 
Qiiie end and below at the other* 

If Ofl ^ 0, the asymptote is parallel to the ^-axisy ami if, in EwlilitiL>iip 
fJi = 0, the ap&ymptote is y = 0* 

Again, near x=a, a fujictioji/{ sj) umy be cxpte&dbie in the furm 
/(ar) = i{x — o:)“" + &{(3r {m > 0]j and dneo in this mne 

f{x) i 00 aa X —► we call x — ti an aaymptote of the enn'e. 

Ejampit. LBt/(x) = y 

x^J " i) 
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IfitilUj ihjp Kttulr. (1 — = 1 + -*+»• + . .,+J'' + Ttrlion » 

IK liuct 

/(») = »' *{ I + + * + (J(x'» = x-s + 0(x-e), X Kmdl j 

/(x) = — 3 (» - I)r-‘ + <J( 1 ) fwnr X = 1 ; 

«tkeJ /(ar) - - x-S( I + r-i%\ + »-' + 0(x-£)J = - x-a + 0(x-4) 
ivhm [xj in' iiiKc. 

I.b, DerivuUveH. If /(in) k (li-linetl lut all K in thi; interval 
II < n < 6 juiJ if iA II value in the interval, the fiuietion 
l>y 

F(ji) = (/(a) - /(ari) }/{j- »,) 

b Ltt'iined for nil jKnntti of iiit«rv»l exi'«pt £ = 

If F(j?) U'ir II Ikiiil. when -a —► r,, t\mt limit Is callwl the flerivaiiee 
(op tUJfirrmiiiil ftt x Whoo tlie durivAtive exists 

for a tTf^rtJiiii iloiujiiri* it iif it fiiiii:tiQa of i, fltld is icHlJully ikmotcrl l>y/'(jr) 
or ttti'th; wherf> ij 

Till' liniit if it ■e’^nKte, U riillml tliF on the righf 

nf (or priff^rraxir^ k4'Ti^Til»iy); zlllil /’’[/j — is m iht'- 

Iflft (or 

I t is iiior^ iionvenient m pniLutlee to Uik^ the deUdilion of/'(n^) ill the 
fonii 1 



/( 3 ! + A) —/(af)l 

.... „ ._._j 


to wilieji tliF above js obvickuidy eqtiivnJeiit. 


fll c.'bnlinmfcy uT/^-e) in for tlie pjciatm™ of/'(>3:f- fpr pbvfoufljy 

lb- h>nik ojuiniiL ex-bt iiiittiiui/(x ^ k) U'IhIn U^/(^) ab h Uii-dH wo, fonilnuity 
ii iiiif^ h«:iwiivi'c, Mifjiri^fd iib ettuy ixt Hhcpwn by tlii.^ hplli>^1ii^ e^AiiipIcfl. 

{ei| IjH- /(licj IitI, Thm b ruintiiuHKiH fup hII jpj iiot/^(4-iP)-= 1, whiljH 
/-(. oj ^ ^ L 

Jilin (l/j) (wlicn* b Ibiit iomI ill uiimr fpr illtifl* 

traljVQ |Pur|iCB^ lln*' pni|rfirt.t£« uf 4^kMiiE<iitrLry runiiUnria). BIikh^ |/(Ji^)j ^ |^t« 
I'uncitUpo in i^iiit.Unj^iMN rtt J iK if/(b) is j/i^n Iaj iw IP, 

'Uut liiji [i^siii (l/M ^ o}/^ ili^ nrjEi eiial tiinfli/A) osellUtci t'j4!tweeu 

h^>ir 

I ftfld H- I HH A —1\ 

(ii) A iTioTi* pt'jipriii d(.4mitton uf the ilcrirtttive I* given hv 
lini |/(J + Ai) /fit + MlA*!-A|) 
wlkrn? A I, A*—► IP iTniofh^oik>jil]y. 

Tllii tuny e^lni 'n ten Ihe cKniinnxy cli^rivELtive not. 

For h^jinnipb (A^ == - A) Jim (/(j ^ A) /{x - A) i/SA* (.Aftlled 

k —►-rj 

drflvftlive) PKieLpfc wheo /(jej - |j|» Itn Viilup ftl JC — 0 being Uin ||A| ^ | — A[ JSA, 
tjp. ]u>m 

ijSl, UiQhef If/'( j) has a derivative, this is ileuotod 

by or d^/dx^ {if y — /[x)) and is called the Bimi- 

lariy /(oc) may have third and liif^her order dmyatvv«a, the derivative of 
the nth order being denoted by 

tar 


3 





u 


ADVANCED CALCITLUS 


1.G2. Ride* for eoJculating DeriviUivcs^ If AVc ktitiwii, k 

ie etuiy to eAtablisli the rortuutae : 

It will Lh msuTiieil that thcsti re«ulti$ nri’ fannllar Ui the tuttcirr- 

L63. The Drriealise of Vf. u. , , , u„ (Ur u funetioi) uf j;), If 

= ti,, u* . . . then Pf = -I- u/P^, 

i,e. Pf/P, = «:/«« + P..x’/P.-, 

and by repeated applicatioan of thia resnlt we Hod 

Pf = £«,, M* , . . • • * + «//«.)• 

jVnfc. TBin fi^rmuln bt^ nf euurvor obtainENJ by dlfTmintiaLiii^ 

P„ - X lott 

f.fH. Tht^ of ^ {n. being n i>osif,ive negftt.tvi' sntrgejrJ. 

In g IJh^ takp ii, — ^ = fj^ = tfiiin 


fiir 


(iT*) — •= ‘ {>i |Kmitivfi) 


If ji =1 — m {ni pofiiti%'e)y hy ilu? qijutient 

fomiiilB, ^ that alfto wheo -a Ib 

ax 


1£6^ Ldbni^‘s Th&yf&ii for the nilt Dertmhi^e of a Prod net. If ir 
are fuiidioii^ cJif ;j;, then 


iP . , J"u , 


u rif r 

“<'<K 


-I-,. - + -tv 


•*- H 




Thin inay be pmvofl ooi^ily by iuduutioiii with the iiJw of the pilpntity 

“C, -r =5= f*fire A/fifAfrnrfi/Wj /j, PU). 


1M6, /^niia/jVw Fiindmu if fi Fmtr.tion, it f{x) i:< ecpiilimuiiifl* 
onJ Lf for the valuea of :{—/(.f)) f (:) ia a eoiitiiiiioiis fiiant iiJ^ti of r, t hi!n 
/(s) is tt eantiniioiis fiiiaction of f{^) ^ fi^i) -r— ►x, iiiH l 

P i[[T) \ P l/f«:.)} whBO fit) 

Ako HiippuHv that is a point where /{t) k nol e-ijULil fU'\) ^ 

BufEeientJy tiTiiall JieighlHiiirhiMifl nf jr,; Le, fnipinsHi* that d{:- 1>) r-roi i>e 
fouTiil fiucb timt f{x} - f{x^) vnnklicfl ^nily At j: => in i ln- mirrvpLl 
(^ —3f,]<^p Ihea 




X ^ Xg 


2 — Zl 


S — X 


- (except at t « wince z - --i it 


Le. ^F{z} exists at Xi and is equal to A''(j,),r(jr,), if tht^ dtirivatived 
dx 
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J,G7. Dmvf^ives of ifi€ tiaiionol Fundmn. The above resolta are 
obviously aileqimtv for iliti determiiiatiqii of the derivatives of any 
oMler of 


R{f) = {it^ + U,f" ’+... + + 6*37“-* + . . . + 

KxampUa^ ti) FiniJ tho dtirivarivp of ^ ^ Op whefV 


ttrp P| SW fklia'ttiiJ:l<H of s, U-t P = UUf, il iv /li.p Lbuu 

I t 

±(t 

dx\Q 


\_P'Q - PQ’ 

.fi 



_ '''^1' **l ■ 



Cl' 


(f) 


' ■ >'mVi»tr T'V^ 


(ilie result beiupt idm* obluliuni by ti# tvte of %hf^ Ivfiiiritlamirc rnet^ifie)^ 
(CiJ The dedvfttivr (x\ar — }/{rM^ -\- a}* i* by (i) 

i 10 \ _ 2x^ +1 KRi:- S) 

{fijf 4 * a]*U - 3 Rr + 2 / (fix -I- 

(iiij Prni^e I bill f[x" — t)»l = wbee ^ = L 


By iif-ilvvitst'iTh^i>rr'rii [(sf — + 1)") 


» It + \}**M + bCi + I)- - l.iif{x - I) 4 , * * , »3[j - Iff 
« wlit?n X = t. 


1,7* Graphs of Functions of the Real Variable. It is aasLimec] 
at this Ktafio that we are dojiling with e^lhrit- (one-valued) fuiiotiona of 
4Pp althuiij^b later wo hIiuU oonaider graphs that correapoivd to implicit 
relationship lietwci^t twc* variitl>k'!a. lu order that the graph shoukl 
hrinjff into ovicjeiiei' thi^ salinTit featiirea of (he ruiietional relaHoo^ it 
aliould at leaat Ladicuto 

( 1 ) where the function y k incrmmiff (or ; 

(ii) the ^idloHm'if valmsip if any, includhig the relative yaurima and 
mimTna i 

(iu) the iwighbourhoiMk, if any. where f/ is larije (or imiafl} or haa a 
value oofujciiate^l wit.h a [lartiealm' pTohleiu ; 

(iv) the hehavitiur of »/ when jr fx hirgf^; 

(v) the Ijehiivioinr of at. any est^ptiolml points peeidiar to l|j4* 
function. 


IJL TJm fiiafitmiiTjf If /(ij ^KKKfisflea a ileTlvatlve/'(rt) at 

j? — n, we iriay WTtto 

/(« -f. h) -f{a) = hfid] + 

juid t-hetefons it f {a) is /(j:) in ifttreasint) {iiectetuiiig) 

near a. 

The line g —/(fi) — (;r — a)f*{u) is the tangenl at /(«)) to the 
curve i/ =/(®), ainoe tliis line ia easily sliown to be the hniitiug position 
of PQ when Q —P along the curve. 

If ~ tip tAe tangent is pfiraiM to the x-axis, and the function is 
therefore xaid to have there w lulw /(o). 

Jfow when /'(a) = 0, it is usually possible to write f(i^) in ilie form 
{x — ay^tfk^x) where (^{(s] ^ Oi iw is an integer >- 1 and is bonuded 

and of Constant sign near x ^ 
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16 ADVjVXCED CALCITLUS 


If m ia mu, the curve the tangent, Rjnce/'fsc) d<K?» not flienge 

sign m it increjisaH thmugh the value a. Such n tjiageriti in celled m- 
Jferih^wi/. and it i» uaual to iefet to the jHjlut (it,/( of) as an 

If ?w is oddp /'^f^) c^haiagesi eigfi m x increeae^ thfuiigli tlir‘ vehic tK 
that/(a) h a. mimmwn when ^u) > 0 and n niarnimm wlieu ^u) < 0. 


Uipflnaa Hup vdiMS of j?*!! — ^)/(5r -f- it)". 


Near * = i>, ft*) -• 
Nottr » = - u m 

NisM * = 


dg _ + i>(r»: - fl) 

rli (Btf + 2)* 

*‘< + X-)/( + )? Viufraiou. 

JB (f ij('i-) I tui'ntiNiiitn. 

(Stf — GXd-J i 


JJ2. Oraph <j/ Polgmmial, Let 

y P{x) a -I + . . . + 

If = P(fi)^ then y — A ia of the farm where ^fl) t' 

end I <x <n [iso that in a piilytiomiel of degiw a - n). 

If jf = Ip ib« tangent ia (y — //) = (iE — «>Qi(a), 

If # > U tiiogent is ^ — f*t and the shape of the curve at b) 
ift up[»raxiiTiJitely that of (y — (a — 

Thift iii the aame as that ofy — Jsc* at (Or ^ Wnl)' Hhn|a* 
of y i= ic*’ b reotliijr seen by pblt iTig a few pqinta on it in ihv firiti i|i|jylraiit 
and coinplptiug it by ayrmnetrj^ The nliape of y = tan be ikHlnvAwl 
from that of y af. 

Thufl fi) y i» a* ii i^awtrieid kbout O ifn in or^d and it m nyiiini0H%uil ftbowt 
the ^'BLEifl If ^ ±§ 

(ii) When A > ij* the ounrfl y = jLt* In ubtAkKni from y = J>y InvnMiwIiig itnf 

Oldlll^tni in tlm ratio d ; K v, 

(iii) WlkPn d < a, jr = tilittmacil fronj g •► — As* hy l^kiius ihv rdlcibo 

of iho liiltor 111 iho 


XftUs- fi) Fifp a tairvfr to Iw? of praelioal vi&Iup^ [I may IkP l»i havy 

dlfTifent u'^ilra ijei the 

(ii) It iih<HitLt Iw ll 1 ^iai eIiaI if m "> Sn (d,. B 

\Axf»\ > ^ Uuigef |dj»"[ < 3f imftlli 

( 1 ) y - 3^/10 5 (li) y = lisj;" s tiij) y ^ - ae»/ 0 M (Fpy- fiK 

The s^apli of the polynommi is Hufhcdenlily inrlicatal by e bimwlf^Iga 
of the statinaary vidues. of i ho (Hunla whew y 1 ) {oi" otta^r nii stable 



rtu. 0 














V 


RATIONAL FIWTIONH II 

vhIiio c) iUMl thn flliiipnj therp \ luiil finally of thp Bhjipp x (and 

in t.hU taae. j/) is Iniflc. 

The titationary valuer r>f y i=. 1\/] Are given liy f«hp oqiintion ?'(»■) = 0 
ftinl if tlift rfwl rwffl of thiK PC|iJJit!on lua known it lh il simple matter to 
complete the praph and to cleduoej if required, the rexl root* of the 
eqiintiQt] = c. If, however, the rrjot^ of = (I are not ohvioiiji, 
it Timy lie pfiHfiibhi to ilraw' the gmph of y — /"'(ic) by the uncthoda cnig- 
pewtetl for ^ — Pfa*} ; and w^s ahoiili] iittl-iiraliy ivvftil oiifHelv^si of Iho 
results that, uecmr in the llieory of equatibriH If thene are more: readily 
applicfthle than pa i rely gfMiiietritml inethcHlK, 

Wlii-«n/£TS in Kivni hyy[j) = + f^[^[x 3 l) rmr (ri+fc)* H'lruhiqM' of t 3 io 

4 'iirvii in A|?|ini )£jirMii''ly I tint nf y = ; if ^ ^ m whf»ii x —► it is coTi.vpiiipiit 

0.1 frfer Oi thirt ]jr4ihlMiurltih'Hl liy Owi gyjnlM^ («» wK HimitriTly tlip flyTiilx?l aoj 
n'frnu lci t.hp [H^iplilHiiirhiH^I in whiidi ^ »rtr brith 

(i) y - ^ 3)^ (t#r^EhJn.i 4 jVi|ynioriiii!il 

HvimjK^try JtLiul ;c'j|)ti 9 - y — 0 wh^n ? — Ji itso, ^ O-ItS, At ( E* <eJ, 
8y - STh^. At ( 1 , 1 ), y' - JO 

y — El 4 iL (0, I) Lilli); niid at (i: IteTj, — (iiiliiiniA) (FeV. 7 (a)i]. 




y-tliilx-1113(^x4^ 
FlU. 7 


In tcl 



(iij ff = nix — i)(x — 3 Kx“ — I - ih {Btirutndliiiu Pulyuireiiuil 

SiiTiimotrv Jirbinit ^-Ji y =» 0 wlu-ui * O^ O-o. J, 1-204^ — i>204. At (3.1, 0}^ 
y = - x/rt ;' At (L ^ =• [® “ 13 a 0)* y = (U aE))(r 

y' =— Sj^ — j. aivina (J'lOr — O-ttliK (miniinuiii) s p>-23, — (mini^ 

inumlit El'OIi). (iiiAKimiim); (— 0*lfi, (uiiixiinuni). At cc ), ff ^ 

(iti) if = + ih At [0* 0), y = - jJ; (L Oj. y 2(x - 1}« ; 

£[£?, si\ ^ =rK 

St*tifjnAry \alyni (nther tbitn aImiv-oJ, given Ky -h jir — ii = ti, 

Since 3|jr^ — Hx + a == 0 Jiah iwj rwil nrHTiit*, tlm Atjove nutwo has only ene ivai 
nxrt (i =» iH4j, giving y « — El fW (maninnim) [Fi^, 7 (s)}* 

i.?3. The Grfiftii the lioliotHil Fwicltoji. Ijct the function be 
y = P(jn)/Q(^) where P{^\, aire polynoTiiiak. Hie approiimation? 

hi tlio following nrighlioiirlifWHlj^ shnnltt Ik^ lietonninef]; 

(i) At («, 0) when': u m a rml rewit of P(j!) — 0, The ahnpe there la 
given by un eqiiatioji itf the form ]/ = --J (:r — uY (r inte^il arni ijonitiviO* 

(ii) At (ft, cb) wheri^ h ia a mot of Q{x) 0. Hem t.he iLp[iroxima- 

tion of the form if — — fi)% (where j! ia a positive integer > Lj. 

(lii} When X ie large whcie the upproxiniation may take the forin 
ff =i AjX + B + (where Au B nmy be /.ero). 













ADVANCED tlAUJlFLUB 


le 

(iv) At the &t*tionRry valuer tletermiued by P'Q ^ A know- 
lodpe of (i), (ii), (iii) often enablca m to state the numfier anrl appm^tm/ite 
position of the fitationiiry S'aluca. 

The approxiniAtioria are therefore of two kixnifl (o) y = wlnuh 

lias fdready occurred in the polynomial dxkI (6) j a A which iA now 

(#>!>.' 

The graph of l/ae" is readily drawn in the first fjiiwireFit.; ff 
denreaaes as m increases and the airea are a^yinptQtej, The ciirvc iimy 
be completed by Hymmotry, 

Thn oun^o ^ = ~ ^ this rvUBJcirsn rf ^ J/j:^ [q thn x-ujEia 

The ™ns y = |a hhe y = wHeii -■! ‘>11 bjiiI IfliE y = I Ai'* liiiLtt 
A< 0* 

ALhi It IS iHipfjrtAut rui-to that 

>■ IJT HinjUI j liu^e « (m Xi > S)) 

Extwi-jits. (i) y “ — ifia) y ^ 1 /x^ 




/;71. TAr BiitfwM E^pomtm for h Jo flnding 

appreximationii to the ratjonaJ function it will be fonml neceaaary lo um 
the expansion for (1 — when ft ia n pci^tive integer and x la smalt. 
This may be obtained as follows: 

The identitv ^-r—-— ^ I + x-^ + . . . + ia tnie if 

1 ^ a? 


X fti f* being pEiaitive integers. 

The (n — Ijth derivative of I ^ ffeiontinumis only 

when ar — 1 and is ob^'ioualy of the form when x is aiutkl!. Thus 

hy differentiating the identity (n — 1) tiinea we find 


i n~l)\ 

(1-xY 




^ 2! 


+ ■ - * -f 


(«+/-!)] 




i.e. 


( 1 —a?)" 1.2 Ti 

















EX.1MPLE8 ! 


L9 


Ulmmplfss. fi) S -n}/ (f± 4- t^t* - h 

At (0, 0), S' - — j*/4; (1, 0), s ■= {» — 0/* 1 (— 1* soil =* |(* + 1) -*i 

(3* f S(je — ; (oo^ eol, ^ = I + I /i -j- e(J/#), v^ittai whtm 

4 - 7 * — fl — U, {-fl'TTp “ (utinimimi]; (— 7 T 7 i O'Si), (Tflinimiim], 



(iiKv = ix- isvc^^^' + s^n. 

At <u, «>J, ^ {I. 0), v = f0C^. «lip y - 1/^ Only 

<t+.hnr BtAtionJwy vftlLi<h (ll, (niumLiuiiii). (J^^. ^ 

(iii) y = af^(jr 4 . S)/(* - 1 )*, 

At [0, i-2^ as, ^ = ,1(4: + 3} * (1, m% ^ - 1J-*; (cO. ® J, 

y = itr -h li + B\/x* BtftticKruiry Tuluei ( 4 , {iBUUiicmitl ; ( — 1 ^ &’ 75 )i fnjMh 
muniy. i? (isj-n) 

(iT) y = + 1 )- 

At (a. 0), y =S&?rV; (5, UK y -26 {jj - Sp/Si (- 1. oi), y = 1), 

At (m, cn), y « _ 2)ix — 3)(i — 6) + (?(V/*K Sifl-tlQiwiy vwJaw (f> ISK 

^mdi^iinuiD) $ l*fl7t — ISSj, (ninxiniiiiii). Tba iiLnoui iipprD7iin4ticiTia nt 

{□p* a))i 3 ^, X* — 11^*, rgft - lit" + gfli, {a ^ 2X* — fl) w #iwwit in 

lh« figure, {/tp* 9 ((j).) 

KxsmiptCB I 


I)citcTmin«^ thp rhflnLoU>r of tbn B^iiAnr>p& whi?™? nih tt-rmfl ftiv gfvraill 


t. 


4b* -|- 71 -|- 4 

(1 - ftJfZ + 


I. 


+ H* + I 


3. 




_ iKw - 3) 


4i -M* 4 - n 


I _ fti 6 H- 3*1 ^ 1111 tiiJt -K gft* ^ 


iiEi* 4 " ^ 
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ADVAKCET) CAU'ULITR 


n Bin 

12 , ow" llivr) 

I5l Hvn Jitqnflos Jklt 

tS. n* -h ti* cui(J h^) 


10 . ” ~ ^ ora" (iair) 


it + 


n. 


jt* + 






19. 


a^^^■ -1 
^ -f w * ™ ciy^) 
a + iJT" 

l«H> 

li! 


30. «*jr" 




14, — 

17. fi* I n* CKm 


24. Jn -fliAl wbcifF /(i) iili tha y;rEal-DBt InU^pf < 


36. 


3L. 


(if -h + *) 

nss^^-xt^-l + 1 


27. 


(#1 + IJl 


28 , 


2 ^" 

111 




2 «' 


33, 


39. ~- 

■l'^ 


i5, 

JO. 


n* 4* + I 


fil 
3f" + n 

^-i- r -f. 4 j 


+1 «i 

J4. IVjtq that i]3 tlua &oqmqK2« U 6^ » . .» . * + wlipPo | |(i + -=* 

q^.|-:i Jin infr^iuiin^ mnn^Jt^’iu^T b I| rlctinMusln^ inunciiUjiir hehI tiiiit (Th —X 

JS. ^how tlwt tlw aeiqiMrnij^i 1,14,.. . ^ ill wlikJi ^ = 4 

ii numoljnntn iinH tnwii U> >^2* 

36, If t^n^i = Vf^ H- «! = fh“w SwDiwLMw dl^i^Nly mii4 hjia 

Tihc limit 3. 

37^ Pmvf e,h4l if nH+ifcr* + = 4 4*rHi a, = 1, ihxm Un —> ^ 1- 

is, If aii^^i{ff„* 4- 4) = fji» nbw thHt ► L 

30* If - 2< «!■< L Aod ;^+i = 2 jwimh iJjJit —>■ L 

40* If d] H 1 Hud 2nH+](afi* + 4) 4- i^yvti tliAt i«m ih fiitHkukrtiif 

alhl Icmlft tu 2. 

4], If di K 2 KUd dp-i-dd + ihnf. Irlhb tjj £ht- 

fifth POnl of 3. 

41. If «! » i* — I *iid rNft “ |a*i + —► |- 

43. If d > 0, > Uh bhow LkRrIj Lha wfiiicatqi A, £, 

te v^(nn dp -1) taods ta 61. 

44. In the BDqocnca 2, B, * « n,, , . the Lkw ttf formnllrrti ii hy 

^ -h ^ it 0M-I-] <^rt + SE -* “2B-1* Ptuvo Ihit 4X, —4. 

45. If a„ le A munutemD^ niiDw thitt -|~ °i “h b a iiiiJliEjIiuin fd 

Lhe anniD kind. 

FiibfL the linat dErtFmliTva nf thn fmvrtkwia ^ri;n in Kxfxmflf^ 4d—42. 

jp* 4‘ 1 (1* - 1)’’ ^ + ;tj7 + I 

(jc -I- 3K^ t Ij 


4b. 


40* 

51. 


(;e ^ - 2 )^ 

^r> -h t 


47* 


(4J - 2 )rifa + aj* 
iio 

' ■ ~ 2^ + S 

C-T)' 


- I 

Find thcf ihird dcrtTutivm of the fimc^tionB p^nn In 


53. t*- lffl£^ 2 )^a! - a)» 

56. Find the nth deni'^iiiive nf 


■H. {i* - !)■ 
(itf-hi) 


55. 


r* f- I 


S7i Shc^w lhal if a^b, tin? kdit ih^riYativEi of 


/rf + St 


ix ^ ff^ h) 
f- n".fT3 jr [jft + M _ IJi ^ M I 

(n “ 6) l(i — — + 

Aud find it« TAlue whftn n ^ 
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BS. If 4 = {** -I- Jijr + fl)*, tihiOW th«t (*• + Jisr + gin' -- i*(3a: + p)n •nd 
■Inluce that lie oqualloti + 1“ + ~ **(" + *■ natisfieJ by 


v =M + ?y** 

^liptch Iht c^pha of thp polyntTmiiill ifiwil In. i' 4 cnmp^« SB-7-^> 

j;" 1 60. x» - r + 1 61. fjf- IM* + 3K^ — a) 

62, |«l - l}\x + J J 63. ar* f 4a: - 1 64. + l%ji* 4^ 2) 

6S. - 2r« + J? - a 66. (iaf 4- I 4) 67. ^* + l«r - 2 

61^. + IK^ - 1 ) 6 ^- {** “ IK*" - s> - 4 

70. (2 t - IK** + ^ + 71. (iE*- 72. l)“(as-?- 1)‘ 

72. (I - im + ^+- 


t.hs^ ^ii|iliii <ir O.ii.'' fullEiitin^ fl«v|ji of potyijMmfciiliiTdTAwing iwh «yb in thn 
NH310 Hgiirvi 

76/1 ; I + * ^ I I * + J + + 1 ** + 

76* U I - ix"i I ’ I a*!?' 

77* U i + :Lc £ I 4 ax k 3 jc* ; I + ;tii + 34:" 4 x* 

7H. x; * — A*"l * — A*" + iin*‘ 

IVtJpriiiiiifl ti3P {MilyunmiftlH s^tiiifyinE tlw oo™liti<ni» in Emm^iica 

70^ ^ ^ U iVhrt’U * « U, L 

Sft, = 41 0 wKl'H £ =• 1 ; f = U wlipn * = □. 

St. = 2 « y ** 2 wbnsi 4! ^ US. 2 

SI. = Oflr: y “ fl wbern jc ^41; jr* = 0 wheTi x = J- 

83, 0; 7 - (1 wlinJi ae ^ 0 ? = 0 wIk<ii x = I s ^"“11 when * = 

= 12; Sf - 0 N^rbeh * - 1. 2, 3, 

85. jv'" - I; !^ = y' = Jf LS, L 

86. 1J y = ii. ^fi ■rt^^bicii iK i* 

87. jyp^f - I ^ y' = n Trlirii X — 0 S — l> wlwill X = 1. 

88. p*" 1 1 1^' = II wbnii X 0 s 0 wbpfi x = L 

80. If Iho |hiilyiv>mUl bl rli^bncd by tiki njilAtioil 


J'fit 


1 rf" 




— 1 )« 


pruva tbal 

<i) P, - i ; P. = Jii* - i; F, = i-P - farj F, - V** “ V*' + I- 

tiJ} / .1^:} „ Ij* + jj:4 - l)(2ll - 3) i 

(iii) (1 - - 3 jpF.' + fl(iii + 1)F, = i». 


Skek^h in tbo ajmir' rtjjufi? ibo B*ti of iwlTnniniala. given in Eatimidv M-4. 

00. JP: X* - J: iT* - ix 3 X* - *■ 4 J p^d^rvmwiit}. {If 

rAcw tfrt flit^ i'nlHcs of ^t-n ^ n = I — tl.J 
01. 1 ; St: - J: 2 j 4 ^ ff j yx* — 4 ^ {if ^ ^ ^ fh^^- (5« JAc 

OOjItfAi (jf JtJl h6/(» fr/t* 9}n U — i jil 

03. 1 ! 2i; 4** - 3 s 8 jf* - tSU-i - 4«x^ 4 12 i Fofyfk«il(Vl/a), 

(TAe lierm.'itf: H^lx) hf ikfiTitd % tkt rdaiiuTt^z 

/f„(a) * (- or f/n+i = 2 r/ff. — //|, - L) 

02. 11 1 - i j 2 - 4x 4 ; +1 — 18* 4 0®* — (/^jnwrpft'^ ). 

(T^Ar /iflyw^'rp'r f^oTyp^/niiffl trW,^ 6c % f/ii 5 

Of 4 (» 4 1 - X}Lrtt = 

04, xj **-*f X*-ax" fix? i*i^-2x"4#*{ X* - lar< 4 S**-** 

r%™Ta+alff). {The SrrH&uiU iM*) ™ frOrJJEciatft iqf 

f"/fll Cn iUr fjppBsman «|f — O/t^ ■ ^)- #1 •“ #»*• 4i = “ 4)’) 

05, D«tx Ihp Kraph of y whwo 3x» fx < 1>; p = x" + 3? — 1* (* > 1) ^ 

And Hbtw ibAt F'' i^tinuLWiiL 
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ADVANCED C.VLCtft.ltH 

Ik* -h 4 j^ — ( {m 


I), ahrm thai Jf, 


Cl, Cl) I /(xj 

M-hcre /{a) = (j ^ 


^ 1 : 


9b. If ^ (i< J ) ; 1^ = 4X^ 

Sf'^r MC etwliiiutsaii funt^tiorw- 

Slwl^-h dm graphs Qf t|io fuiKidoua gi™ ip Sr-liW, and pfiitsi out 

wiy diseopLinuitin ckT thr funi'ikiUH enr thEir slflnVjitJTi^ s 

97, [1 -L ij + jl - fljj 9«. |f» IKu ~ a}! 99* ]JK + 11 + [j| + [if 1| 

lOO. p J l| + I** i 4[ lOl. - S + ™ h\J\ ' ^1. - 1*1 

ira. |(a! - IK* ™ 33| - |{* ^ 2)1* - .^3i 

104./(* — 1) —/(* + 3), wti£Lfii/(i) =i*»hMiir dapd/{f) -- 2a: whi-n ^ < 0. 
t05. /<* + 1) — 2/5[ff) + A® — 1)* whi-rs /f*) 

(Cl < ar< 1| ; /fa} = 2jf - J. (s >1) 

1116. far - iljfK* 1) _ + {* + ll/Of 4. IS, 

/fjp) il, t*< fl) 

t-D7. Rhcm T.hiH- a?* -l' -Sf 4- 1 drjra pq( i-aiii?!i|i hfr any rfMil VRlmt ijf x. 
low. It rf 2^ ~ l5#*+HHtr»+ U^x^ | Kk S<h fumw thiit. 
pnrf' •Tartly mill diiit itmn^aAca steadily widi X. 

109* Kln>W^ I hull, ihv *■ + 3jf F 1 0 han nnly iwi nil I r^m\i und rhii|. 

diiFi hmI l\vA hplwPTP - (h-]l and — 0“4. ±’'iiirl its vhIik' €:nnvi!t tji> rli^lmaj 

110, Pfovp llkat a;* 1- + F ini?JtUiSc# sIcAdik- w^ilFi jt lltsl the rpul PHJt 

of llu'i'' i!^| lijitii'jp *■ 4- fi* + 3 — 0 cwirrwf. to slenidrani iigurrit. 

131. Skrtdh Iho ipaph frf y = 2r* | 2lU“-1- IOj: ^ t iunJ libfiw thpl 
(1) jy' ii * mixiJmam whm £ - 1, jjf' — 

(li) Sf has. a nuMtimuiTi at (— 149, 15-8) luiil n Eiiininiuiki aC. ( - - 0 2.:j]i, 

] -fiiiF y vsjiishEiB wlipp x = ^ 1*90, lH4, — IhiHlh 

* 113, If iki'^ ^iiatinn ^ +V == *> has tt rP|RiuE^j r.Hjt |H»vt that 

c'dlmr g « l> tir y = |fi — IJ" -1 

113- Shaw dmt (hp fuiictkrti — a._L)'ni(;r — eiJm* * , . (* — \\Uf^ 

*^iii “p * ^-P **r STO imJ Slid diffsrctkt and tiig, . , mr atn piwUJi'ri ^ttli 

[r — Ij Utm-IPTIS itAd<>fl]Ary VAlOrtr. 

114. Ppciyfl timt. if iIhj quibdL' *■ -|- fijc* H- fitr 4- c haw a triph' Ou-Miir it 

flCVW fi^GfElWRr 

!1S, Pnwci ihni thD dc^^itatiriv of — !)*(*+ D* vjkJiiiiiH^ at (- I, il), 
OO - 0-03 (0, 0}, (fl-7 ,)i (1, 0). 

Ifind tlw rpaJ frulutloaia, oamEt to twit siguiflL'mJil. fuguirs. of (In' i^itiratinim 
ijiviNi in i 1(5-3/. 

116, ** + «*- 3 117. f* - ])*i£ . 1) 4 113. fj* -h IKjj" 4) “ 0 

119. ™ 2£^ 4 13a. 7a!" iix‘ icii 331, a;" ^ 3 a:» m 

Fibd, fur KxffmpitA /i^—thr h'jMlsiof Irrpi of Ihn apiiwixiuiniliutt* Iti 1hr 
rirnrI-irMif jpvcli, ip the nei^liFhiorhih.idj' mratkipcd. ^Slso ^ivb iFu' Jinvuiphitis, 
whcft th™ tifaF.. 


133, —3F)*{1 3tJ* al ifi 


123. 


ar\i - 1) 


134. 


136, 


13Si. 


at 3D, — ] 


X 

(*+lX^+ii) 

(llr - 1)(* - 3} ‘ 

*(*■ + X 'f Ij 


1JS. 


at .X', ~ 1 


127* 


iitx 4--t-‘h 

jx - 11 ^ 


At w, ^ J* - 2 




at. iE, || 


-t 


jp* +3 t + 3 

M*. ("+Wr' + ^M 
- 1 } 


AL X', ^1 


129* 


f2;r 4 3)f* - 4F* 


LI, I 


131, 


2a*(-3 


J)' 

-K D 


a 1 <X->, f 


J^fetablifth thr approiimatJcuifl for * latgt iP 

(a^ + iKa^ + 3) s 
jn^f + a) 


ftt 


132, 


"(^) 
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m. ^5^+14-=4 .-12 + ^5+.(I) 

(if—!)*(# + 2 J" j; \k/ 

Ic-t- 11 •J.^ + 


&H ~ 381* + Tito - 12S + 


f»- i Hgt + nM3^- 1) 

(2*+JK*-4j 

I3S 

‘ (£= + IK* - aj' 

iJio graplui bf llns fiiiurUone givEin m Examjtlt^ 136-^6. 

X* 3* 4- 2 

^ 137. — 1 - iMr -r - 

jp — 3 < — :i 


"Q 


136. 


140. 




14h. 




11 ) 

I 

U-\r fXi 4- 4)* 

1 

{X* 4* + * 1 ) 

Jtr - Q 
^ 2 )(* - 3) 


16^. 


{r + IKsf + 

3}{x* -f- li 

(^Ts m + ‘^} 

I _ 

(rii-MX*" 1-4) 

iir* - I 


139* 




141. 


M4 


14^. 


142. 


(SE — l}*(¥ + 

_ 1 _ 

{3f + 1^ + 4J 

4 4- 

(=r- IK^ - S) 


145. 


]4Rp 


taT^3Ks~3| 


[x-3K*-3) 


E51, 


31 

(*- 


'■"•'-s-tf. 


154, 


jr* +4 


4:«(X^ -r 11 


i55. 


j* Hh 4 


156. 


152. i. 

jl* 


IP 


-j Ip 


IS?. Prtpvti tlul — 3 ^* ^ ^ olwiivti lies between 0 nmi — 1. 

T»+ 1 

158. Pm^D tiul iborfi «m thma teal valiies uf X ihat mtwry th^ ertiialiini 
«(*• +!) = (*+ l)f* + 3p if «thflT 7 + 3v/3 < !t< le or 7 ~ :iV®< »< 

159. SIcaiCilL lb th« niiEFk^ ^Liiigntm the [^mpha ul the rimcHoiie -f ^ f 

*» + I - 2 ; !> + » - 3 - V*- 

Ibd. Pifid ihi? rtki:i};i^ of viilum of a rot whii'h the i^UAllo]!i 
(fi - 7)jir* 4^ fifw* Hr (4d - la) - 0 
hiu {i) >1 real ruol*. (U.) 2 rwil tvcjIa chiIt. 

JbL SIwtnb thp of tbi tnn^ion y = (i* — 4- l]i*/{r^ff — IJ'ti niirJ 

iihim' (bivt for B- Kivcii fiiliii!i of ji > 37/4* lltero Me ll i™l of tIuiL if 

jf| jl Miy iiTlfl of these viiiue4, the othf'T fivo UTO i/^iw 1 ^ ijt I/{l — fih J — l/^ir 

“ f}. 

, r ]lr» + 3j:*-3«;c-a6 

162. Fluil Ihe ?t4t1-iriTWi.FV Valurw fil ^- -■_,_ _ - - -r^- 

£ar h 6)*(aa;* — (Is — 12) 

162. Pfovr- l.'hi^T. (?: - IMJ/fjr — 4) Iftktrfl- ftlt I'nUiraf eK4^|ati thoBn in p 

wrtJiijJ iIltefV^^l of 4K. 

164. The following formulA (jreTirt in LapIftce'A expiwUloci of th^ tbp<3Ty of 
S^Ktuni'i rlb^ 

« - J) 

/, £4+Ih 

whert? jy In llie doimily tif I he rijla, X ihe pltiptidUy of t hp eroBa^section df ihe tin^, 
and la A C0lwtW5t t >ti). Show lliiit. fhf il^RRIty Hah A masimum raliio whob A 
la approjtimaiEslj fKirnil to 2>ft&4. 

Sketch (he Ryutema of eonM* giirral ifl wiN’rr- a a \'nriablr 

^utnimeter. 


165. y = I* + «x 
168 . jftj 4- fl) “ ** “ 1 
*70. 4- ra) = j:*(x — 1) 

172. - t) =4* - fi) 


ECib. ^ + a] 167* y « a(r® + ^ij 

J69* |f(fr +11= + u|l 

!71+|rix+ 1 ) = S* + « 


1 72, 


174. ys - + n 
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advanced CALCTTLUfi 


t$keich io the sazem figure five fuiusticriu obtiiutcd hy tflJclng n — \ ,2,U, 4, 10. 
ia Exnmpla 175-63, 

17S. —1— 176. =^-i™ 177. -.Z-H* I7a. _J79i. 

» + |i at4-»t »■ + ** 1+ [nV + I} 

180, 1 ISl. . ^ 18J, 


IMT 1 


l+I*^ 


1 + 1**^-1 


SUniHW 

s fli CB*. — cOt OP^ Oi teiain 1-JJ„ UrwU tfi C* 

' /leiwii Jo + 05 ' ftikii Jfi — ® jSai^W,V ^ ' 


if — 4^^ 2^ fi 3“. o& 4. 5, — 135 

1 C, W SO, n. « 

13. 0/ 14. ttf S&. 0 16. 17. to 

17. 0 ao. 0. {|je| < I) ; m, (*> Ijf (W. fa< - IJ 
32. a> 23, 0 24. OF 25. i> 


26. CP. (i > 1): II. (I 
29. O — . . 

31. JF, fM 

1 -3-4.**_3ir* 


>1): II. (|.ij< t)i O/. (i:< - l) 
30. 1/x. (jx]> I): 1. (|x|< 1) 

> IJf I, 32. « 


37. 0 


6 . n 
12. 0 
18. (« 
21 , l( 

28 . 0 


4b. 


48, I 


(x- 

i_ + 

f ■ 2(fl^ + 3f 


47. 


,lr. 


33. y 


50. 


2 (a + JSz* - ^ 4^i) 


(it - 

J!^ac - + lft4:« + 1 - 10 ) 


m: 


, S[33 - 17*Kjf - lj“fi - 3)“ 


5t. 


- (I#** 




54. 3) 


56. (^1)^. 


55. 


[*" - D* 

S3, + iioij - 71) 

2 30 


•1.^ 


(x - 1 )‘ (x + 1 ^ 

a a{* + iH 




Bjfl+I fx-tj*l-i 


1 


87. {- Jll*.nlfHx + m) + (» + jjjf j 

(e — flje+s 

79. x(x-D J 80. (x - lX2i + 3} ’«l.a*-2r+2 

B2, x(»* - 3) ' 83. it(x - :i)* M. 21x - IJfis - 2K* - 2) 

89, gliX«{* - IJ' 86. ^ IK** - X - 1} 

87, - 1X2* = 3) ■ 88. al,x*{xi - 4x + 8) 

47-106. Tliit> ruiujtiuiii mxo i-'fintinU'Cxiu- 

47. id dbiu4:^i]tlirat3iiH «t :tl, 08. kL 1, 

44. / Bt 0, 1. loo. If* fti ^ 1, 2 / lUl. f Rt 0. I. 

102, v" ai 1. 103. ji-' At I, 2, 3, tD4. / at 1. 

105. jf' oontmiicnid, tJliKHmUliUiMlB at Op :*: 1* 2. 

106. y* oDnfriniKmfli dUnHUitijiiiiKii ni Op i L 104, 0-3* 

no. -o-so tifi. 1 117. 2'i ii»H 10 , - a t 

114. as, — l‘i 120* 16,-13 121. ±^-n J2J. « a7ar' 

I 


'“•»*■•-— 1 - 
'“■ P’ “ SjiTT)’ 


mjmptjnte * .» — I. 


. uynilTtiKtr* y ^ U. X = - J. 


1)* - "-yiuplale. X = - 4. X - . 8. 

>■ Si^y I, - 1 . X =. 4. X = a. 






























KX-\ltPLES 1 




- -^2, 


!» 


^3 


20(2jr - i 4(* - 3)' 


aqymplolaii Jf = i* ^ Ji ^ ^ 


*. ijvla,* y =,f -1. * - - s. x = u 

» 32 072 

(a- - i)« ' ji » 2* - It, * = I* 130. a*, - -. 

pflymptotea ;ll Op X ' L 

B»ymptot« s = 3,a = -a.r-U 

IfcrO. 4 ubilI tookA if2<it<3|; 2 on-ly if 3J -c a < T^ 

162. MiuiiDfl at df M — 3p 2, 0 j nimjpsa at * • — 3, Q> 















(JHAPTER II 


MEAN VALUE THEOREM, FUNCTIONS OF SEVERAL 
VARIAELES. TAYLOR'S THEOREM WITH REMAINOKK, 


1. Sets of Pafnts. SuppriHC tJirtt we have a set of puiotti, iiiliiiitir in 
numlMr on a straight line (the T-4iia for example). If they niv itII on 
the right of a Hxed point t. the net is said to be fetuiiifer/ an. ikt /♦■/? (or 
(ie/ow). If they urw oJ]. qh the loft isf a Bjccd pciirit ttio Ewt m 
tm the [or If G, L both esiat, tho set h wild Ut Ipe hiumM, 

AVmX*'- Tho Kii IK - . ,, imm, omip o(H. rn, i; 1 fl. I w, \ mK . _ ,: 
k iKiuiulfd. Tufeti — 2, liiwJ L any Eiuirilrf’r. 

N<* livw nf gcraimlity hi the ilewjiptifjii uf 
if we i.^nifiii4i tiiif (ittuntiofi M IjiiiHldei:! nctSp niiife, fur i^Turiifiling hr niicIj 
a rfilat^iciTi as 


9=^ 


+ |Mfflitive rndicjil eluKiiih)^ 


weeahiblish u gnc-tine coiTCi3porii)t'iif e ln^tweeii the hj-eixih Eiiid 1\h^ iiil iTvwl 
(0^ 1) of the Abi> the ordrr of thr w iiiuillj^rril hy niu'h ii 

tnitLafonnjitiiiM. 

2.0J. Thr Priit^>!ss qf Bimfion. Tlds In ii prot etiH tluif. iw frequeidly 
used U'i |U'u|'hdi1-ieH of Betn* U" ti fiini'tino r»r l.ln* (HMiiy 


A til 

^ O 

II - ^ 

A, A, Aj 


A, 



Bi 


rlfj, 1 


a? ijf A clow&d int^srvAl AB, find E^uppoHo piieifier^.>{« a pn»]M^rty iii 

tho intcrvnl Ati^ whbb is nf iueli a kind tluit it must Im inie fyj- nt- lojieil 
□ne of the eloHed Bub-intervalfl AV^ CB where f' ie any point of A H. 
tjftll All interval EF for whioJi the prfsporty is triip n mitabh iiiteni'^jiL 
Bisect A B nt K I thtiii one at least of the intervab A KB b sniiabfc. 
Denote such a one by {Fig. J), biiieet; it and uhtniii Hioiikrly a 

fluitablo interval AjB^. If thk process ft <^u£itiiitied» we obtain two 
monotones -4^ Aj^ B, Bi, ^ the forerter inerEsaingp tht? 

ktter decreasing (in the broad sense), and both bounded. They must 
therefore both tend to limits^ and since liiii: ■= lim ^ tl, 

2 A 
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they have a ooniiiion limit P. By thia priwesfl, therefore^ i¥e Lave 
obtaLued a point P 7 imr whicli/(s) Lad tlie given property; i.s. given 
f ( > 0), however emEili^ at one point P exists snch tLat/(x) p^i&snssqa 
the prn|ierby throilgtinilt the interval \ t ^ < f, It iji naturally 

iiMriuiued that ttie j^ropi^rly rtjm?cilteii for AB is one that riot nceei^ifiiy 
for rwifj/ aub-iiiterval of AB. example, it may 1 m; given 

(lint; /{x) jKwaeafcied l.iolL [HjeJtive ujid negative vjilues in JB. Whilat 
tlua property in ohviouiily not necescjarily ^aliafied in every sub-isitervftL 
t.he process ahowa flint, there iniiat exist lit leayt one poinf, near which 
the property ia .Hrtli&tieiJ. 

2.02. LiifiMtuf ff a point P exists (not necii-aisariiy belonging 

to the set) near which there ia an infinile Tiuiiiber of point a of the mt. 
P ia CHlIc^j A p^tint {or point of nccumutfOkm). This meiina that 

^ven e ( :> (Jj. Iiuwovcr anuilh an inSnity of ynunts uf tlte sel lie in the 
interval \x — < r. Then; need not l>^ lin infinity of point a on Imtli 

mdas of P in tliis interval and they may all lie on one side. Tliiiii the 
enrl {Kiintd of nii ofien int^Tvai nre lindting pointa. In the aliove exatnple 
(§ 2), £h 2 [ire limiting pfunts, the latter not belonging to the set. 

A tmunikd set of [xjints (infinite Sn nnml>er) iniiat eoiitain at leAat 
nnv limiting point. For hy llie iJrtKJKis of bisection, there must exist nt 
least one point P tieur wHch an infinily of [xiinta of the set exis^ts. 

2,021* Upper mfd Bounds, In generab a set coutmoa mono 

than one iLmiting point; the grealest of thesH ia m\]^l the upjtrr Urttit, 
and the least the loifwr 


jVaJH, Wlii^ tile sc-E i* unbqiinekd aIIjoto, Wd say for conL[)JftH^nf>!£yi thuE- I liP 
iippiT litait id CO ; sLmilariy thti kw^T lirriit- td -- qo when f.tio set \b nnhoniimS^^i 


KmiuiJlt. _ 2 , _ ] ^ - 

X ‘I. Tlw jifJlnU nit* 0, 4- 3. 


i, . . .p ’K II, nt,* . ..l\2|,2j,2i. . . f 

j> id tiku Iciwpr timit jlhiI im tlii:> upl^'T NliliL. ■ 


Tliv hUlillMjr W'hieh is -Jirtf than every nuiiiber ff the S 4 ^t ix 
^•aKLHi thft upper ; ntiJ tlte tirmieH nnnibcr whicli ta not greater 

iliTin every iiyndtcr of thi; mi ift ealled the kiiw hmnd. In tile ulMjve 
cxj-iTiijjlc, — 2 jg tlie liiH^er homiij atal 4 the iijjper Ixaind, 

If the iJfipiiT {lowerj fjoutid bdunffis to the mt, it may be ciiltrd the 
7tiurfvfn/n {mruifiium). Tlte inuxitPJUfEi {ininiinnm) Us greatii^r ihae 

nr fLjinil 1-n the npjier (l^wer) limit. If tlie upper (lower) honnil dihOrt 
not Ihtlung to eIio Hel, il. is the tuisne im the upper (iivwer) limit. 

The simplest w^ay hi w\Mi seta of points iij\m i^ i.Iifougli ftiin/tioliiil 
relationsliij). Thuii if a ' x • h and y the niiniljerH/(x) form a 

set of points; and if^ for an infinite intt^rval, r lias iitily tlie values 

U % i .«t * . *1 f(^} is II simple seijuenee, wliloli tliua t^tjUBtitutis 

the most elelnelitEiry set of pointin, 

2.022. Tiijfi Bimpile (i) If the serjoenoe is convergent, the 

set fiji has ody one iltniting |K>iiit, vix. the hniit of thi; sequence. 

(ii) If the beqtietiee fi„ is IjoiindsKl fiut not convergent, the fict. 
diiiat have at Icij^t two limit iiig pfnnta, Tliv lip|her Emit is Ei this 
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caae denoteil by Hiaan and the lowei! Tiiiiit by Tiu! di(Ten;nci' 

(liiii — ]ii]ia„} is riillcfd the ihinlkuim. 

(ESi) If we tiiay + po the (only) liniiiinj^ [^mi of 

the 3fet; ullil if t^Lt'in — oo k the only liinitini^ jioint, 

(iv) If one Ilf the extTf^mo limits is infinite (ib)t there w fit k'lisl. 
utiB Dther timiting puiiit (finite ot Infinite), the om'illiiti'‘j< ijifiiiitely- 

In bucku iy>quciu.^ on 1, — I, l« —1,4 - -■ the ILElliib^rs 1, - I liluhiilA 
JiincL^ tiuy utiDur hj 3 infinllu numbtxr i>f limcfi. 

Examples, (jj % 4, 5k . . li^w-E^r bcuzid, 2 (mitiimunij ^ ilfil^T hNHir^il 

(jmd limit], -t oe. 

(ii] Op 3 — iO *-* (* = Ip 2, 3 k . . 0 : lo'wEr i>GuJ:iiHj, Cl (iiiitioiMjnih liUdVF 

liniit, U; ujiper b4i|jmlp 2^ niji niiLxiEuiiin j up|H!t limit, 3. 

jiii) i>CM |]o -eudJlTr; luw«f bciimii, - 4/3 (miuijliuill]; Ik^lii»lIk 7/^ 

(nmsinitiiiij; four puiulfi, ^1, |IheU-* \ n Uivfi^r UjuII. I ^ 

only limit bokhngin^ te iictK ^ ; ■Nh'illBliou, 2, 

(Iv) a — SU HB {|n.T); Jawcr bcruEiil, - 14 (mililiiiUklKD iim IomIu 
brjuiiJ (and Lmit), H- CD. 

Drfivcd ITm wt E\ ^vllJek imumIaHi fif i.lin \n¥\niM tif IC, Im 

ifiilkid tko dtrinytii »tt or Jirri of E* If ^ nn inlinitc' uiirtrUT i if 

polEittf, It mliR^ puaMBBraS u dpfivalivo i""'. ^^llijlIuiHy thrm piiBty I hi any EtiuiilHfr of 
higifcor durlvulivuti. If any JitrivaLivp I’lmijdlii w Uniti' inj-iuluT llie 

licit doiiYatlTo ^3 34 vukl. In tliifS E \a puid to Iw nl' iIip/e'.’i^^ ^/irtPiVji (lif iljo 

ntfa unJcT^. If there La an mfinilc munter of diTiVuCiVisfl-K tJie wi>l i# uf liie 



m 


(Ii) If K in tho Bot of ralwmil iluiiltH-rA In ((3, I)+ thi-n K* ta iho Si'-t nf fivil nLunhnni 
in (Lpp J)p BO that M"" E" A'™ , . ♦ ninl A' W of ihm hmioihl 

2k 4^I. AiriR, Tlu^ my\> BUEudnlin^ fkf (Ki^llt ihoti U* at li»ut|. eiie of n 

glvcTk acta i^i, ia ciidM tbn ftittn {iff Di:^liilll>'i|| nieofion*) of th? 

Ifli uTitteik A'l + J/g -f - - . h 

2jtHIr PfintiicK The act ixfctuiMiiiiji inf every point llmt to ihe swtn 

Eit , , r Aa i* tmJlod the (or j'rwftUwt OumikiLiU illYiafFr) of lln-i ae+ri arwl in 

wntten A\-./[?g^Ag¥ » « » >^n' 

If £ Li a fict of pdiilii in a irivpri inM'n’Aln ihn net of jujinta 
of Lltot intcrYo.! not ln'li.injiJjiiin l4i K in ealknl tin" fif S fur lluLt. iiiEiinvii 

atiLl wriUffli V{E}^ 

Jlinimpir. The of puiniii liolLiii*^nf^ te imiic td ibr A\. * *■ A'mk in 

JUi iuteival Ift C'[A\ -h » -h Ej^] and I* tbcriiaiike oS 6^A'^). , ■ » 

2.943^ GVfM^ Eeif, A M- eontikiniuj; all itn limitini^ points iB aahl to fioAnL 





2.044. Is^ad ^er. If a fiet cemtafna none of its limiting ptFlntii Lt u ujd Up I^ 
i*Ua4&t. 
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Exam.f4^* (j) 'llw neL ^ ^ i* bokloJ. 

■l^ 2 4h 4 \f9 

(ii) E.E' iii vnj4 if K i» 

(iii) E - ia. 

'JM5. iSfit (n a tViaip |Kiint uf a eeHo a limiting poiot, tbo net i& 

wiLil tu lia dcn.v in iUii/. 

/Jjnm/JcL 'Ctih rationAl HUnllK-ftt Lti (0, LJ frjfm k set dpuse in itni^Ef. 

Ei>f IknAf. A fict E said to hf. ew.iyu'A^tt. dfiom in tn inTfmJ 

if k'VBTy iub'int^n'fll (ht^WciffL'l' imnllji conteJiui pnnbi nf lliwe ftW 
liiiiJLin^^poinlti {iwK liiM^twiiriJy bclcnip^it to the -lei) in ewry eiib4n.ten^a]l j Aiii\ tho 
dmvAti^O nf E t'linJlddlii uf tlio j^ivcn inL-nn'iiJ. 

A Bet thnt if evnryiA'h'QtT’ dfmiw mTi^t bs dmue In itarilf^ but tbn ixtnvcii^cf ii not 
nitfflMrUy TIiuh ihv twl ?jf mlinnal ptiinLa ia avefywhtvrs d^HJlci atwJ ill nJiD 

diiruie in ElAff?fir« liut. Lbo ik$t of mat pouita ;^Tcn by 0 <i { < x L, wliilat 

J<»nda in in nnl dnniw tn (0^ l ]u 

2M47. iVcrii-i£c*ir#n. A m*L in iiaiiJ to lio in an. inttri*-*! if (m.i snb- 

intJTVHJ i» tiviirywhnre tlunac. 

Ftrrfiii JSV^, A wt liiat ii dena& in Itealf 4Hyrl a^kmeti ia *aid lo bti jitr/tcS. 
Thua t|^ act of tcAl ^inLa apod Elm! by U < x |t i ^ ^ !■ ii yjLTt^wl bnt 

iJji^ nf mtinmii p^iinu in (l), I ) la n^t 

All til# ^lerii’aliviifl nf n |wrfi3t’t m\i. E itrei iLicnlkmi with E. 

2£4fit Efi:UfWmU.r. If tJio poinla of a w't ita-n plai'Kl in 1 -1 vurKApOind^ 
with l\m Jh 2, M. . . n, . , il ii fl#id to b* 

The nmn of it llnito iiumixT of monii'PiLlilfi n^ia ja MUi nupra-ijlis ^ h.KP if Xp, - * * : 
.V,. yt, * * .; nrv (wfi mummvbto aota (fw indhYital by tlii? imtatiou), tht* Rtnn m*y 
niTttnguJ iu 

yit ^1. . . 

nniJ ini tbisrpfnfp ctnilnernbl#^ Simihirly fhift- ^iint of h flnito nuinbiiT uf miciiininTbblfl 
B^MLH i.g miiiintsrnbELf. MiimivnPi tin' riimi of an Utniintfablo liiUntty of (L'liuuiierablo 
ju^tH (?nillilorabln. yor tha nth ■nii'iiiilh''r of ihti ?ntii S«t may bw litinotcd by 
iljmL tliD liuru iLLiiy Im'< an'iyLitnl lu 

X|1^ Xpjj^Xlji ilfi Ji •» . 

gr^iUpillg kigt'lhL'r tlmaci Inpoin fiif wbkb w { *f Ii ibp sariLL' niinibtT 1' and Uhinf 

A a. 4,.. . 

(i) i'hn aet of aM nitionftl tminbona in (d, 1) iu DoumnrHbltn, BjntMS 
I key bo nETAOjtrcl In {i(riiii|pA rif the iatue lioiiiJiiiimitutk thua 

'* 4. 1 1 h 1. S. h M* i- 

It folluWii lliAi itio fttd ot tdi fjLlliirm.| nuiubctli la eiiniitEraWei aaitM the nurobftF 
of micffo'ak m- x- t?i -p I n ];iO*Jti¥u or no^ativA intag^r OT ^ern) U 

t'liiinoTiiUc! AJiil lliA Hr'I. Ilf l‘JL1.i^llNlJ |H.ilnUl in «iLih inlETvnl h pnnniorAb]<% 

fill TliQsdi of rftiJ ill (d, I) ia -not onurricirabla. If it wsr# eioimn'fttFlo, 

till* numbiira omiUJ Ihi art a sitKjiuoinoe Xj, Xj, ^ , SupfH5«? t-luit 

nninher x^^_ |fi o;(prVrtkrtt>d tm i4ii inJlnito docimaJ fu tofikiini^tlng dofimAl lM4ng 
(rom pkitod with jin ioflnity of lorui and a rwarring niqo being nx-i^iadHl), L#t 
bo tbo fijjijTE ip tlw nib plaon of tbo duMiimal for If ipp. = bi let Cn'' =* 1, lunl if 
0. Ik = 0 (« = 1, X ^ 

Tl™ tbo deoimnJ c,' c^* - - - Hj/ - - .. whioh Uufi biitwwn U and 1 ifl nat idcntl- 
imi wLili liny Xfl, Tho act iii (hoj^fons not pnumintbit, 

S^tigr The LumpJiimilli of « sst ia Otillrd an open aaf. 

Emmple. The seL of ecaI pointa by 

il< X < ](< x< i, }^< xc 1 

b open* lineo tbs iot 0^. | | < i < | ia L-loiied. 

-I 
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3i) ItALCULOS 

4:-ArtnH^<T^f+r ^ «" ■Ojk" ^— 

Ah <Fptn tffif a/ ^nustajinifi/f (w^jid'/e) 0 / Wfn-^h'erifipftw^ ifilfrvfjiiM^ 

Let /" be n |■K.Iillt *4 n-ll wl ^ in tiit' inteircrBJ Tilefis twmt 3m‘ l^UitA 

oF E in i\w lle4^hbi?urtL4VHK nf P, fnr otbi^rpriH? P wuylJ bn n tiniitjEi^ {uml r(J^> 
irhieti WuilIJ Uietefnii^ nr^t bfi elui^l, 'FIiuh f.lirre uniat n3tblt jH«iitivi9 |!||MiiIk!iP< 
Fj ftunli (hiii tlip ^ — Pj < x< j: H- e^pmuBta nlltirHy ni' iKjpntj r^r 

Let rij Im Uin U{i|if^r lnminJn tit, n»pL*e:lj vely. TlSeJi lh»' ippit-ii iiHifrnl 

< 7 :<z -jt \ uonalfl(fl TOtirfl^y eif pnintfl of E. Tbe raii ptPint^ « - J' -h 
raiiflt baluhp^ to aiiuie rt,, rtw Mp|t^r bcPuncLi. BiiiiilBrily every ii^iiiii ot' A' 

fj¥]b into nn Opt-Ji [lltervnl AtMi til* inU’-rrila dti nuC oriarijip flitulu tbe rlul iKiinI* i|a 
not bcilaii^ to TTlere «'HU iUlly be il/fJiiM Mumbpr of mlerruJ* wbiwm lit" 

j I 

botvfwn —fb — rj) luaj (6 — a) wiiorB irt i& A iWiijtive integfWh Tbn intrj-vuJa 

fli m -H ^ 

ettJi tlimfim be wranged m the Bnlto sjwriJlwl by 

-(ill - o) < — «b ft! = U 2, 3, « . 4 

W nii + I 

where d IP the length of mi interViil. Tlie lltl mber of inter Ib Lherefum p'liii enL^ruble. 

^fiee the Bijm iif two opna inlervaU b ati rj|ieri inlervjU (or two open bitoE'va.b). 
W« deduce xhtii tba sum of tiny hnile number (ur of »n enunipriLhlo intinLEy) of a|Miii 
leU ii 4M1 0}Hin s Mid ainne the <7omnloh pCrtllEJi of tWP open inE-Bn'iib [If tliey 
overlfip) lie in iui open intorv-aL wo eoneEiide tluit thei produ^'t Ai|pA'p . . . 
of II Jinit* nwFube.r uf npen Beta b tppen. 

2j&&. The ^an Pjppn Hue nioaBuru of uU o-pon jllti9rvill < -r < -£| 

aa defiunl to — JC^ t\\fi killgtb of mlerral | juil tUo nioamirr nf 4Llk fl^t 

(within mi intervatl ti <. it < in dednpd to be tfiu aum of the let^thNi of it^ iiiti-nrniKh 
Since tliB numW of inlervALi U Fnfinite (ennmeralilEi} in (TEjomil, il m Un" *11111 E uf 
JLH infinite Hrieo (tn-juvef^lir. < ffi — a)), 

2ML Ktjciior tjnil Itii€rifiT MeauHrt fif n JStt. The jrjwwrr nf n not 

k liefilhtfl Ell lae the triw4w iMiiind ■of the nnwatini^ of nJL ojioil JU>ta thut ciinitniii E. 
I>eUOlilig it by we hiii'o obviunaly 

i .5 -c E) < ft — a, 

£f the net. Ifffl in t\m intnrviLl ft). 

The inti'fior nnwr.iwre of tlm net ia tlHinml by liio rnlaiuin. 

mAE) + m,{PK} = ft — a. 31 fotJkiwa from thia dEUnltioil tilAt 

ttifiVE} -\- E} — it — u. 

If f?E,(in thn E k ^iild to tie PTKM].9-imiftf€ aiid i Lie c^notnon vabut of Pa^’( A') 

mid b isttlM iTa We l.ben deni^trra tlio mtuifiitm iif the Ai^il A' hy ihfl 

aymbol iM if bi nspflflurabb^. 

m.f{CE} (ft nJ ^ 

■- mtf,CE}. 

Thofl f 'Aj ifi nwiBfturaide utiil \iM innA^ri? is (ft — a) — -ni(^b 

The interior Tncoaiifn cnimrjt l» i<tiMit4*T tllnh t.lln9 fikTinr tncinauri', Kor let; 
Ft <i he open Beta l.hikt oOntBEn E nmt VE reflpeoli^'tily* 'Ev^wy point of (u^ ft) ja 
interior to an interVAJ of i' or of tr (ssr of both U adeJ we mftj ab*nv by tlie jhibimi of 
biaoTstion ihai e. finito iert o-f IntefviiJi eacl be aelcctAi from thw of F umi 0 that 
togotlier ecmtidii bJI the pointa of (o* ft). For tf BtLeh A finit* Bel did nnl wb 
eonld ahow r.Hat there eLE.Iat^ nt ]i^t ona |Kfint> P Ihiit woB not interior to nn insarvul 
of F or of Gt. Jiod thu would contindict the fftntoment llliit rvwy fiif («> ft) 

if interior to an iTiifw%^ii.l of F nr o-f CL 

l^et l3in aum of tho longtha of the inUTTJiJa of F, U be dt^Eli‘ltad by rtwpei.'t. 

lv^\y Mtd let danota thD mm of the Jengthi of the inLerVAJB of the Bt^ltf^ited fitlite 
Mt, Tbm > M ^ > ft — ei, i.E. + /ij > ft — a, TherefixTe tins 

lower hoiuid of ^(1 -h is > 6 — u 
l.fir H- fnJCE)> ft — rt 

or m*(E)> U. 
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HKT.S OF POINTS 


U fnjjii tkLa rcault if -- D, lht*ii = 0, m Ihilt m Aet in. 

arkd iLs meaBuro in 

Thv ntjt ill tbu- tbteirj' nf roiMbt* ill the «itab!i-Bh. 

ikF fundaiiu^ni4l tht^rnn^iEhM. 

(i) If t’r b rcieiuaurabli? (r = 1, 2, 3^ > . =)p then ii'&V - ^ ^ iiMMsyrable 4 illd 


1 



(ii) If A-V \b raciumrabie, ff 2, a* , « tlieo ^ mrasAifahle, 

It ^»lii.>iilii he remnrbi^i tJ'mt in tho Abovn, the nimwitiiT of rin tiptf^n w^t bnn l^i 
|jiv{in 44 A-j;ieeJaJ drliiiit ui]] nn wliii'b thn ilalinithin of I he mcaBims uf Bel hAfl 
imti beuicd. Ji nIicphu lhai iJiiw d^JniUfllUi nf no upr-n jwit nn* niirMtiHlt'iit 

Ijy oieaoif uf Ihp rirst funtljiniinlal itLocm^m^ whii-K nmy he im the tiflJiii* 

(jf the Hppuial deKniticjii of Ihe ujjwi net. 

(FAf ^tn mTfHftfiipd ti^riptirM p^'i'Fn oJSwrtiA (jf lAri iUMnrTig mffianrf i* ^sfl*y$ on 
jAj- mrmnt Sfi'i^ni in THeAmuritA, ‘ TfisEtr^ af I'iitKiivH* \ A% srA^nr ij/'lAf /ptpJ'm- 

lAwreiJU »Miy h*; 

A'jrtnij^c^. {ij An Aiiuilimlhlc mat ia ■nfi^riHlimhJr Piiid iLn rnwuiijrp U ismi. 

Jjrt, the act ha nrrMI^^ aM tJie aoqui^ncci df JuJinw , * 

Tidte iiitnrviila < s < -\- a., vrhriY Ef In gireii, 

Ihwe ictorvala in peuerfal C»Vertap and the iUtn of the lengtha of the iit^L n ia 
4<‘|jl 2" '»). The M fx»lnin x-n may tlirrefurr- be endwej. in n iwt of 

1^) nDn-ovcrlflpiMFlfC LIlLtetviJi of l4!JEiy Irfl^th < 4f,|l — If ft-+■ =0 

ami fi we aee tii*t " 0: ihflr thl^ imMkiOtT' uf thr *pi in mti. 

(ii) An iaolated aet of ia enumembltv Ud he a jMiiiil of an ifMilatcd ifvi 

In (tl, h). Theii ikTi iiiU<j*VBl X — e <_ x-c x + x exbiti (wheiv* ' ll|i iHmlainlhg 
n^i iKJLiita tNf the uh except r. fHlierwrae x would ho a lirniiing |>i,ijiii of Iho iwL 
Thue LJit'h potnt of ilk- ikrt can ljf ftHtielklul with chip of n <af Offt'li hali- 

Civurhkppliii^ Intinni'afiu Sin™ thi# uppo apt nf inlx-rvala ip onyinerahle, the cpriKiind 
Aot of jMiiiLti ii also fiiiutucrmhle. 

{iii) If E\ the ihaFiviitivo of a net K fa enitnioraLlpH bi* jilpn in ft', A’ 

Ld eiLunufrablLs flirtw it b iiKdal«d. Unt A A' k ji ttunpempnT nf ft'^ lUad in LhfTr!fi 3 fxs 
DiJutiLPrablo. Ttuw 9^ also ia pnuinmxhie. The mmverat^ b not liwratMirily tnao. 
Fijr oxainpJo,. llici tk-t uf raLiimai |piiftlJi ia pnuiiiiTikhEu but \\n donvotil^e in iiol. 

(iv) A Wit nf thr ilmi ipci-iea ia pninik^rahle. Fur if A k tif I ho ii rat flpc'<riea and 
the rtih DrJuf, Jiii* * rlmiip nuiiitirr of |.Hnnta. Thua d jg ojinniorabJo and 
Hi alifea by fill) ao- A^" 3|^ ^ ^ It ^ inn iait?. hvw^Ver, that nkury 

aoL 4jf Ehe flocniiEl Apwinal- la nn| opiUEifetnUL-. 

(t) Tins a**^n]t*rd ^ll, I) ia dlvidoc] into m equal paria^. [m .> 2k aiHl iho open 
liitorvaJ \/m<: x <- 2.^m k rpiiH>v4>il, Kudi uf the rtNiLainin^ [m 1) irtt-rm'alj |a 
HkjnLlajly dividal tlltiN m ilk|iiiiJ iiaria 4kjKl thi' BODFiikd (ojH'n) inlxfvjd rrmoved. Tlio 
ia tfintilJUMl iEkfldinn4tIy, thu (tudiita liifl< tr^lhwkn fuMii a elusid set A* 
Tlui fl 4 ipn of thf LDEi|ij;EikB uf tliA u[M-n intervajj roni-UiVwi IA otiidEHEknJy 



The mpwiw nf the aet Is Lhai^fore SM’m. Thu &e-i H ip noinlcttM? aiiijcc ila rnniplp. 
niont in OVfi'ywhortJ donae. It ip, ioiW'OVrtt?', demw in it^df and is i.homfrkFia p(HTlVit, 
AJjo it M not rfiKlHJOfablia, ifp Uv ilennit-enm. wt’ Enkc m = 10* the ^ A con- 
aista of aI] dv^'inialA (rl<^ x <, || tbAt iii.i not on/vtain iho itip;ii uniCiY tn^^othfT u'ith 
ihoM (Itaf *i4it4iln a digit unity jk^lowifil by jui inJinity of stMt*. (It'ii aaanm«l that 
t-rffninuting dCHhlUidB are compitfit^i liy nn infinity of zfm and that a raciiTTkng 0 ii 
excludedri Jf ILCW! dflcinnda cnnld ho arranged in a litquence x,* x^. , ^ , * ,, 

denote by the nth digit In the expttteion for Let e„' = 0 when e,* ;=s 0 riud 
l^t — 2 when t= 0 i I'lwn t-hs decimal , c^' , ^ * do^ not bcloi^ 

t-gi tile ArtiUftn™ but heJofiga tu K, Thua the wl ciuiuot be arrangwi in a lequenee 
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ADVANCED CALCUlAlS 




Atkl i 9 IKil A BEmUinr l^iruof nwy Iw ijbEMinid ftif otbor Vifc.liU'^* of 

by lliP »miilwii of K iti i\w. inialr i*i'm,. 'IIta |iarii{7Biluf ul by 

lakini£ m ■■ 3 w iKiliVPlimie* 'r-4i3[ncl (J’lrRi/ir'jt iJ'V- 

2.L ConlLniiouiif KunctUins, Wo Iibv^^ aln'jwly huoii u rmioliuii 
/(x) irt crmlitikunm stt n point j,, of the int-erval a? if, pivcti r (: > 0), 
wa- (iinl ( >0) Huch thftt |/{^) — <-i: ’^1’^*- 

mtfln'iil tliOrt lie in iJf — K,| <d. 

It la (j|ivioi^s.(y Boce^flaiy and .ittfEuiefit for (‘.OTitlniiity Lit x — lljut 
l/(i^i) - lnti?n'-nl that lie 

The fiuirtialiEit fifhitiojl fonna a act of poinLi, wllLi.'!lt, wesliall see,‘i3 
jM-rfk-t like Tito p^\nli5 of tlio intert^aL 

(a) ff I his ineqaiility Hi nltiTtiefl —/rj,)<JFs tliB* |Hki iil 

ii i-aJk-d iL H^f ujstfwp axul if it iif iki-rerl tp/(jp) — /(j) tJain 

x^isa. poiiil of lon-'^ g«ni-(Mn,tinui^-; n.mi IIh' hiiwrtiijai ii in fii«‘K flluHis I'anid ik /tmu- 
iJtTiirfipnnK^au fuJW^tfcikEl. BfJlh iTipquHljtiDi iiiuMl b« fiir C^jotlnuity. 

(ii) K lire tb& upper ajail lowor bcimiiEl^ of a fuuotinn y'(j] ii'^ uiti^rA-rah 

J/— m k i^mUod I Im^ (t*rof/{3l) in ihirt int**rv4lr 'lliLUi k 

ciinEinmmis ai sCb, (he <iw?El1Jttiori uf/^j;} nvmx x^ in iEiialj, 

lf+ giYoci ( - D), tt nilinlirrftt > 0) can bo found flutih thi4l fi>T PVfTJ' ?'nijrii*™Wp 
(lit 6jiito) aoi iif nuu-OVoHapping [ntorvAli in om'dal li>ai;l£4b < r>^ IIk'> tiuriL iif 

tliEj rj*§eiliittLulu □f/(Jf) il tew ihain tho ftnirlii.m k euiil to AitnrtitUriii 

in tliB intoTvikl. TtlUi ikbiH-klnU- twtinmty rufere to tbi.' itUrr^'al 4vn wli'ile, and 

wUlM nheuluto iHJiilinail-y uhviminly iiniili'™ qnliniin' rijiilliniaty. tins LiiPov-mo k 
thiL nofoaflaiily truo. 

(lii) If tiif! JniilDJU of minl lmaily cmruinlA of nli iifcn'i]Hinnrn.|ilr PiH ^'f Ji-Jiiitai 

whkh k cvLTywbDio \ml k iwa ijbBwch/(Jc) ja iaui Ut bo 


2JL tif o (JimHimotiff FunvUtm. 

Irt*t /{x] Ih‘ DiiintiiiiUoitH in llw itit^rval « ^> 1 : ^'fi. 

L iSiverl r( > ii), it is [jfjHsIljle to ilivide (fl, !i) into ji jutiif: iii]iiil>rF 
of fiiiE'li tliat |/(id) -/(ifi)l whiw en- nny ( wo 

jMiinM in any ayb-int«r%'i;ti. 

Knr if fliis were not true, it woubi Ik jickssible hy the Bpf lsiHiK> 

fioli, to ItTlil n jifsint P near iifst In* ihjuJi* le.*?a 

i tmn f. Th\s eyiitrwlintH the of isQTat.iiiiiity ii\ I*. 

i ht* ini't]ti 43 .lity is satklieii ihFi^u^iiOtd ull Kie ^fcih'irLtt^rvjjL-i, we 
say Hisil. tile eontiiiijity of f[jt} h nn\ft.*m. TbnK im/ilwA 

ti uiftirHi 

IL /(^) ittitifttlM in the int*>i^^al. Fn-r liy J. we t-ini liiviBlo -/ji) 
into pi inttTvalw within a*8U'b ipf whieli --/{^i)| < i-^: 1 - 11111 , if j 

ifl in the rtli intcrvsih \f{x) —/(«)[ < i.«./(j) i? IkiiicMk-aL 

IIL /(jr) ]ia^ an upiH^r liniit M wrhieh is a ami ji lower 

liliiil m whldi ia a mitz-iin-um. 

For if M is the upper iK^innl, -- M] ^ ia uiilioniiHed sint-^ 
l/(x) - Jl/L if rmt vanibhingn hc- m-ade aa small us we plertaw. Tliws 
[/(x)--is not L^tintinuouH ^ fiat HiiK'e fl^)~ in uuiitiMaioiasH 
[/(ir) - M] ^ t^.aii be di^untiimmis only when /{js) ^ M, There tiiuai 
Ik theiefore at one amHi jioiiit. Similarly there is at kml one j.inint 
fiir xvhii'h/C^J = wi- Thi-i: upper anti lower bonii-da ftjfu (lipreforifl liuhtinfr 
IHiints tieknigiug t-o the t^t of poillta /(£). 



MKAN VALUE THKOHKM 

TV, If f{a),/{h] Jirp uf opprjflita idjpuifc/(i) Viitilehrai at leiirlt fmv.fi 
within the intetvaL 

For, by llns jsmr™ of biBeetfoiip there i*? at least one point ^ near 
which f(^ haa oppoail« aigm. If /{£} were not zero, the siglli of/( j:) 
woiiJd by the hyputbe^fl of contionitv be invariable near £. Thnrtfore. 

V- /(ac) at lea^t once, pvnry valae inclii;give Ixife weea Jf, m its 

OppeT and lower bolinda. For f{x) — i where M > > fli has both 

sipns in (a, &), Therefore f{x) =? t at least once in the interval. 

VI. increases (or decreases) sttsadilg between/(a) and/(^J 

amt IS rietinet! f[>r all poinM in («, 6). it is continuous in [a. frj; 

A function is suirl to increaBe dtenilily l>etwreii/{fl) and/(ft), if, whilst 
increaning tn i he brond ,4fUii5e:, it tab)a nvry value lHitweea /(a)i and/(ft). 

Tin 'R'! iiiiisl. Ih‘ a iirlfilibunrhoiMl of tiny pobit within which/(z) 
increases fnmi/(Z b) r. to b c, Iht^ function is continuoat^ at 

jt*. f^iiiblJirLy a function that flecreftses steadily is itmtiruous- 

2J2* Tff^trem, If/(i) is contlnuDUjs in a < z < 6* possesses 

a iletivative in n < x <ih and vanishes at iC ^ (a and j£ ft, then /'(afi) 
vanislu!« at hmst once in rt < z < ft+ For fi) if/(j) = d Throughout 
(rt. ft), the theciruTJi is Ttup ; [ii) it > p 4it any point of the interval, 
/(z) attuins n ma]tjmiiin/(f) at soino point j in a <1 aJ < ft. 

Hence /(I I- ft) — /(I) is alwayj^ uegnHve (ei < | + A 'ift). There- 
foTV the pnsprreffiivo derivative /{f + 0) caruiot positive and the 
regrciisive derivative /'(f — 0) cannot !>e negative* But these deriva- 



tivei are equjd l^u/'{f). if this exudas Jind each iiuist thorerore Ijc zero^ j,e. 
/(f) = 0. ftituihirly/^(x) vanishes at least oiii'-c if/(^) < 0 at tiny fioint. 
Wa Uelvo heft: 11 to E^MjmelricEtl result that if the curve given by y =flx} 
Micf?ts thft cr axis at z — u, z = ft. and if there is a unique tang<^nt at 
each point, the tangent is parallel t«j the z-axia at some point interior to 
thn interval (f ^f* 3)- 

2J3. TM M&ih TftrtJnrm. If /(zj is continuous in o < 3 c > . ft 

and if /'(i) in < x < ft, then^ for at least nne point ^ = ir of thft 

interval ii <: X < h 

m 

Let. f [i) ^ - fc)/!*) f {h — #)/<'*) + (j: — ri)/( 6 )- Ttufi f (a;) antgA' 

fie* the conditions of BoUe'fl Tbeciroui; F{it) = 0 = 
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ADVANCED CALCULUS 


P'(i:) exists and is eqiud ta (a “ ^/{*) +/{'&). This vsniBhee 

for x = 4$ where o < o < 6, ie. f(b} —f{a) = (fr — o)i/'{c). 

Geometncalif, this means that the choid joining the tnn points 
P, Q of co-ordij^tes (o, f{a} }, (fr, fib) } respectively, is parallel to tho 
tangent at some point R of the carve between P and Q. [Fi^. d.) 



('oragAi^. ir A •> A -h A, a Rttmber betiween a sml A msv bo rianainij tiy n -i- tVA. 
( 0 < 0 < i|; AiHj; tliD ibecmin luitHtmnii /In -f A) =/( 4 i}-f V'i'r + f^r jmnm 
number 0 in tiho interval (>< 0 < I. 

2J. Functions of Two Vartablos. tf x, if ate two itiih’ptmdent- 
voriabtESH, real anri continuous, belonipng respectively to the intervals 



no. 4 

a<x <&; A <tj<B 

and if a third variable s is known when x and y are given, then ? is a 
func?tioD of the two Variable's specified in a rectangle of thc^ plane. 

CofUinuitif^ A fiinctioD e| y) ifi said to be continuoqa at 

given we can find 6 Wch that for all points ( 2 ^:, of tin? 
B<p^Are specified hj la? — it|i[ < d, Ij/ “ j/d < the inequality 

l/(*. y) —/t»o y*)l < e 



















FDWTIONS OF TTS’O VARIABLES as 

is true. This might be deacribeii briefiy by saying that near (u*, y,), 
1/(3^. i') -/(*». 

Xatn. ii) Tbo tiBl([hlnviirhe™i need nut tkeccunHIy be (aben jib a m^ubr, but 
ii iin Icisa in utmc^'^ljty if ws so- 

(U) Not fiiiJy u [/(avF) -/(*«.. itfPUill S^i) ^ l/(^i' .V^) ^ /(^r S(t)\ 

whorr. (jTi* yi), (jjjp Wd riLUtf (ar^ 

Douftiif Id the la^im wjiy that simple Bequericpa are 

aowciated with functiojifl of Oise v^ariable^ so we vmy expect double 
iieqiieiiceH to be oiisociated with fiinctionH of two voriablca. Ad aggre|y;at« 
of Dumbera in which m, n tnay tftkft all poaitive intetjera foi- their 

values is called a double aequpnti?. The tenrm imy be nmuiged in the 
following array: 


^»*f 


f^aiP f^Mt 

■ ■ -1 <^J1P 

n*,. . * ^ . 

■ ■ ■ r i 

!■■■■■ 

^ P 

^Mlll ^ 



The isiiffix fri di^notes rhe rott' arnl u the aduttm ; ji finite nuiiiher 
of tertils inn-y l»e ouki((.<yl without iJicring the eakontial of tJit 

Bprjiiencfl (i.c. iw Is'hftvimir when iit, n tiknd to inliuity). 

2J!5- Limii of a Ih^ibk Si^q^«nce Thu Hftfimmcc is ftiiid to 

tend to Ik limit f wt in, n tmul iiHirpcHfU-ntlq tf* infinity if, given e, we can 
find JV such that ^1 < « for »* > ™tc 

lini ei„* = L 

iPh m 

it ia, however, (uiul necesaaTy) that | ii„„|, — a,v,^■| < a for aU 

fl*, n > A’* 

This ia neowsaiy, for, if f exiats, | — /| and | rt_v.v ^ ^1 smaU. 

It ia sufiieieid. for the oundition ahows that the iHH^uente 

converges to the limit L Thus |a;f,v — I| ift 3m«!l nltimately and there¬ 
fore alao I a„p| — f|. 

2 ^ 4 . Repeatift Limiu »f a Doutite Sequeiae The converfienee of 
“dip i»iph®s the coiivurgenco of when m, n tend to iuJinity in any 
[wticulttT wiiy, the caiivet^e iff TiDt true. 

/JjnmjjJcp If timm « utivhillflly rvfjt cmirieJi^al, liil^t iheMqnrmDa 

cht-fvinVl by jHittiug » = 2 im, ('Lmvrr^^ to ®eni to [iijih tbcciTow a) tcadifl to 
iatimt>% 

If ^n) —QQ when n ^ ® and if h then —► I when 

m ^ and tX3. 

There is a ij^artfcular way in which m, n tod to t£r that m important 
in the theory of double ^sequences, Thia confliats in letting m (or n) tend 
to mfioity before n (or m) tonda to infinity. The Beqiicn(?e4i «««* 
. . ■. ■ - * where m ia fixed am flimpk msqueiices, that may or may 

Dot posaesR limita (c%^eD when the ifouhle Bequenee converges). Suppose, 
however^ that lim existe. It ifi a fun^jon of Wj my Then 

vx 

i 
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ADVANCED CALCULUS 


Ks/ 

lim f(tn] — I if ► !. 


IS find jatsf>| \\m ^ 


IB BTTifiH. when m, n are krge, lo, \f[m) — f| h siTUill, or,/(^J — 

The limit litn /{ffi} may be denoted by Um lim aEui jb ^uLll^^l! ri 

m mm 

repeated, limit. SimOiirly if lim eiiJita we may hftvis tlin J■■p|*ftateE^ 

ill 


linut lim lin) which ih equal to I if Oji„„ —>■ 1. 

m n 

Sod. WbnQ Lina doeft net cixist, luuAt an upper [imit liau^Tp^p ihiyd 

11 m 

b Inwer liiiilL Um m iUnl if Ihti dcmble Hoquedice to n limit, if, wd 

mml have 

Hi A IM .|i 

For DompJotFn€wa tikerefiire w» may huli Kh' i hh wise In ibv atn^-vo by ft'giirrbiig 
Uw wymiiol fim nn iucluHivt *\T fim lim rfn^n. 

HI m mm 

ErnmplfJf- (I) «p,^ = {- l>w + p/l l.\ 

^ Wl U f 

H^rp lima^H = L ; lim = — - mid lijil^^n - i) : 
m 11 ^ 

Ilmdr^iLn !; lim = — * anii lim lim umu ^ lim Imi 0 . 

m " m m mm 

(ii) ri„„ (wT — n}^/ivr + n]K 

llnru Iliii Unu^npH L llm limi^^H- l^L U nut -iHinViirf^tllt pEittm 

HI If PI rri 

klwayia £wx Thun Lh-o binLla juaiy -ikml lx cH|uiil u-hilfiti tli«^ i|i:»nb|ii 

limit not exi«U 

3JS* DmiMe Mtmnimm. If <am,m+i and a«,pi < , i, for 

bU valtieB of 77i, the sequence is caUi^d an ineressing dnnbte n^niU]r4i>n&. 
Ab for Biriiplo aequent^eSp a iMmnded mmiotune is convergent, For the 
Eumple Ewqueoce i& monotonE? md thorsfore wnvergea to a limit i 
But liee between and and muBt therefore tend to L \ t ib 
ohvinuB that in a t)0unded double monotone, the repented limits aicifit 
and arc c(|iial to the double liinit. 

3 . 2 S. lAmif^ of a Funelwnrf{z^ jf). If ie a sequence tenduig Ut 

and a sequence templing to j^<ip iind if the double Eieqiienee 
tends to a limit ( which js tW imm for all Beriuenr^B j}^ thnt lend to 
Xfr reapeotively, then I k eaUed the limit of/(T, as 7 —► jcg, if yi^ 
and we write 

liiu/tx, s) — I. 

*4 If* 

If i = /(^Di Ji)i the funetion ie Bold to be continumis at [3^1,^ for then, 
new (jfip yj, \f{x, y) U^\ is wnaJl. 

Although x, y may tend to yg in any mannaFr then^ i» no loEiB in 
genemlity in taking two monotoueB for x, one increasing and one 
ing and having a csommon limit Simikely two rnouotoiicB may Ij<s 
taken for y with a csommon limit y*, One of the ;r-Bequetkoe£j may then 
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FUNCnOKS OF TWO VARIABLES 

Iffi with ohO tyf the y-acquencBa thtifi distinguishing the four 

qiindrantd bounded by the linEse a; = y = t/n- 

Let (fpt)p (ijt,) he the two monotones that decr&iAt respectively to x*, 
y, {Fi^. Then fjJ UmdB 

ticular mciiiotories fteloGted, this limit 
EH wrir.t«ti /(gTti + t), yn + 0) nnd if 
l.hifl is equal to/(^ni Jfn-). the fiinctba 
is said ti> be captfiwumu^ for llhc ipiad- 
faiit under (lonaiderjitiun. Tlicru are 
obviously siniiljir ttefinitiona for 

/(it'll + 0, yp - (>)p /{x* - 1). yjt + 0), 

/{jCh — 0, -- II) for the other quad- 

r 4 int^, and for coid-iiiiuty all the four 
miitft l«i equal Ui/{x*, y*)* 

The coia inuity of/(r. ff) at (x*p 
iltiplif^ fcliat/(x, i^) t™ds to/(Xfl, fjt^] 
wher X, ^ touil ruf jh T^r- 

ticuliir wa}% For esittiiplep if ^(t) is 
a enntinuouji fiiortioii of I temling to 
X, when f leti^b to 1,^ and ^i(^) a continiious fiidctiou of t ieiiditig tc^ 
when I t^nds to then is a continuouH function of t at 

f=^.. 

Agnbp ae for don bio Acqiieaeee^ t he repentctl li tint-a liin lins/fXj , 
tilII litn/{Xp y) eJEisfc, wtion r'DiitinuouB and rune equat ta/{Xftfiya) 

^—hp^r^-fn 

although A rnDtlTheatioii of this stidement k necessary when either 
lim/fx^ y) OT litn/{s:p y) rlcKi^? not exist. ThuB if/(Xp y) is a coniinuoiuf 

• Ipjili f Ma 

fFjiii'titfri fif Uoth vurlubleJi at [ii„ tf*) is » oontlnuotifl function of 

a rtt [in<l/(X|„ y] a rontinwiiift fujiti.icm of y ut ty*. ilonvereely, how- 
ever^ tins ooivtinuity <ifjf(a:, at and tho iMdtiiiiJity of/{sf^ y) at ifa 
dcica nrrf imply l:lie conriimiity of/{a;, ij) at. (ir^, jy*), 

( 1 } iiot /(#. tf) = f* + it) Nin + ^)* *’• S' ^ ' 

/(!-, fJ) y) - ti. 

When j: Ui \f[r I I jukJ ihrmron-/( t< Eb * mnCinuriaH 

fMnLTll>im of ^iolh varuLlt's ut (0, U)£ ib. tbll cAJift llic hmiU ^jl| 

■* —w) 

and llm/tpr,- dii mit ciwit. 

( Hi] ui i* “ - V) m = 5t- 

Herei/lf^, 0} -^/[O, -/{Op 0) = 2 m tliiiit/(f> 0),/(0, yf are IjoUt, cDnUniiimH. 

Huwever /(x* ifij:]i ^ {1 ' 2m)i(2 -- spj/f] + m*] when xz 2£:0 nnd tflnda to thu 
valtip whcJi X— p- 0. Thia funtrlion of w eitn have any value betwAtin — } and 0/^ 
bv a miitablf^ rhoifiw of The ftiiiptiuti ia thpfpfon! I'lintinucsjn ai (fli 
' (hi) Uiftl. !f) - xV/{i^ + 01 " 0. 

Tk'n/(Xp (O = 0 sd ato owitlnuoaii Fiitieliuus s.if a^p y njapeetivpSy, Ahut 

+ x'h whcftix ^ 0, and whvn X 0 wHtli^ Hxei1, /(Xp mx)— P- th 
Thp fntietEnfn ji rhepdopp ffmifnifOKf in rreri^ direCiii^n frolili (Op 0); nevertbelfMip H 
|a ifcot a OCiUtinynUi ftaTuntion of (xp y) for if y vbtj' aloti^ thn eiirve x ™ ti, y = I** 


a limit tndepeTidmt of the par- 
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.ADVANCED C^lLLOULUa 

Sf) - (when f ^ 0) a.nd tendd t.hki vuiur Wfhi'ti I —0. Thii 

funL^UiTjfa of it t&Ek liate Any vnlup bniirftf!ii II and 1 by a fprofirf chClkx of k. 

2,27. Piop^iie^ fij a CrpiifinlWH^ Fundwn u/ ften —''riifjw 

Jife nnalopoua to tliciflo of funcUona of one vitriable HJid may Iff fatal i- 
Ueheii by dmilat methods. Correspond to linear aela of pointa we 
have pifiR€ Beta, which p(7fiSvm ut [east one iimiting point, A contintioitfl 
flJllctiotJ may be aliown to l>e eotitmuoufi and f^mndr^f. It 

may Iw shown that it hm & maxioiimi At and it TiLinimimi m and tlnit 
if i is a number betweseii M Lneliiiiye^ the equation /[ic, y/J = k id 
aatiBiied for at least one pair of yaluee (;r:, y). 

S_3d, Thf, Pol^nmmS uiwl thr Raiivmil Rmijc^nn. A fiiiiftidri that 
eoneiM^ of a Unite nEimlier of terms of the typo may Iw 

a PnljpiotfiHil in if, wdiertf arc iniJopemJent. of tj, nnd m. n an> 

pofiitivp int0({cfs. The doji^^ ipf the polynomial is thf KnratJ'JHt- vikhie of 
fir. -f- u that necncH, Tht? polynoruinl is nlndouaty roEtiniions fi>r all 
value* uf jf, ^ irijice when je and tf wlien 

A ftinetiQn to tho fortn *i} whfrci f\ Q niri 

fap|ynfm]jals is callefl a llfiiiotml FuarjmH of ;r, y, jmil is iJiyiosislv lum- 
tiniioijs for all vahiea of Xj y except t lioati that afit Ufy I he cqmition 

0(j-p ty) ^ <K 

^ jjjjS Jut| ■'j H -ij 

Kxnmfiir.. ' " . "r j ^ , 1'^ iHHidnuny* 

hne X !£, Ihi;^ pambofn ff^='‘lr and at chr^ [0*^ 

3mA* DifTcrcfillalB* Fumliwis Om Varmiih:. I^t tj ■ f{.r.) he a 

rtmtiiiuoua fnn<ition n[ x nufl Id jy — % itimsspoiid j + Ax, arh that 

"-/(* + *r3 fir). 

If Aiy cun bo expressed in the lolm AAx -[’ wheiro ,1 is iiiile- 

pendent of f{x) i* SJH.iii to In> diffrrrrftikdd^f, 

A'jaimpia^ Sinco (j ■!- - X*" ■= -|-ffl[Arh ilic fuTietinn w ilifTerv 

mtiMe. 

AAjt is called the dr(fereii^ih( of tj and wTitton iff/. 

In F^. (S, P LH the p^yinX (x, y), Q 
the point {j + ;/ + 

Kow Ai//i4iJ = +-j + anrl 

therefore dy/dx eiiats and is ft[|uid Uj* J . 
Wo may therefore write dy ^/'{rJAx. 

Ill the figure, dy is SH, dy is QR. 
Thus when a function f{x] is dilTifren- 
tiable, it possoesM a derivative /V). 
Converselys. if it possiiKaes u derivativt!^ 
it is di^erentiable^ for if Jim Ay/Ax 
exists. Ay is of the forni AAr + 

If y — X, d{x) — Ax and we can 
therefore write dy = f{x)ib', thb re¬ 
lation bcin^ acliindly more ^enenil than 
dy = for &r i# an arbitiar}'' in- 


PR-6x 



nQ. tf 
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rrcment, whikt. di u a difiTcfcDtisit which, for example^ m ccjoal to 
fix 

w heo s i* pxpreeactl m a fund ion of a new vaTiable L 

2AL F^iticfifyns o/ f^rioWes. hv.t s = f{x^ j^) he contimioiiA 
throughout a certain domain and let ^ + ds PortiMpPiid to {x Ar, 
If+ 

Then — /{z H- riii, if -I- —/(^i y)< whith —► (( when Jir, <Sf/^ 0, 

If ds i^n be expre^d in the form /ffe + B6^ + when &x = ip cos 0* 
— dp ftin 9 and .'J, B Am functions of x, 3 indi'pcndent of Ax, dy, the 
the functioni /(f, is said to be di^erfffiiiaht^. 

F.xrtmi^*. fjJ -f + ^y)" — =1 iiy"Ar + ax>y% -;- jf where tc 

ja iH^Linl U* l-h-n tiUTn nf J4 ^nitr niimlpcr rif iorma ftf t-ho fr»rm ((J IndApentleiil 

»f Art, Ay, AIIlI f-f “--I), ttiwi sinve = (^^3'+* “U'fl fw tfmt 

it fdhiwa iKm thr t'ui^rtiriEi im EiiarmitirLhle, 

The expression AtYr + SAr^ ie cal Ip i I lit rfiJfcrcMtial nf 3 and written 
dz. AIbo Biiice dix) =- Ax and rf{y) Atf^ we may im the more general 
relation (fc — Atlx + A/y. 

S.S2, Pnfliiil Dcfimiii^. jjet z J/)) dHTerentiablc and let 

At/ .. n, then dz -- ^ 0 (^ 7 ); i.-e. lim when Ax'—^iK exida and 

is equal to A^ Thus A is the derivative of x with legartl to x when ?/ 
k iTonatant, and has a iticaning eveTi when ^ is not s difrerentiable runction 
Ilf the /uw variftblefl, Thia derivative is called the Jirifi psrtifd dertmUvta 

with regard to x amJ is writteiii ^ or t,.. iSiniiJurly li la the first par¬ 
tial derivative with regani to x iK'trig coiietaiil, and i& denated by 

ft? 

cr Zj^ 

By ^ 

We therefore oht^ain the fundamental relation 

dz ^ Zjdx + (or //fcc +/^y). 

(i) Continuity is neorjtBar^ but jvji iiiffciertf fnr EiLDer^ntlBhility^ 
di) iiflXt yi ifl diffwiTiiiiiBblE^ it pewspasm tht donTBtlrufl/,,/, but the convene 
ifl ntfcl tma^ 

Rjntnii/f. U^t y) « (f + y) Hm ^ 0, y ^ UJ, with 

/{z, m v) - M ii) - 0. 

’n!i'n/[Ar, Ay) -/(O. 0) = (i3te + Ay) nitl ( ^ i bul, auius nn (^ + 

(Iwa hui tditl U) % limit irh«n —P' 0, ihti fuii(<ti4w (wliii'li in <Kmli]iLtuiiM]i ii uut 

diffcitmtliiljh?. 

01 = Nm t/[rk( il) —/d*p lOl/rSff = 0 miiJ w mil Arty/^(O* 0) cxiiU, 
(iii) It can br RtioviTtn liowt^vcr, ihst U'/« exisUi at (4^ y) and hi- aU points nmr 
(z« y) ukI la n cuntliiyciUBi fuui'tintt, itUEl iif^ exiita At yh ihtu/fjc, y) ia diifcr- 
flntihblB. tRrf.i ' Cfmbrid^ Tw^\ Ih) 

2,^lr The Derivali^ along a Curfie, Let i = i((), y = yfi) wher^ 
jr(^)i y(JC) are differentiable. 


Then fa 




dg 


+ o(A!]. 


I 
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-VDVyVNCEO dyVLClILrS 


But dt = + SpiSy + o(^p) if t ia (Uffercntiable 

ue, i2 = (z,^+zf£jdi + nm 

einc« (dpj* = {(s)* + (^) "}('*')* + 

Thu« * w B diibrentiAble function of t poaacaeing Ihc derivative 


di 




XfUr. Thi* iii the ntto of tihunga of * with nw]«!ct lu ( jtiuJiK (hr forve. (n 
puUmlar, if / — * dPJ ttf the niirVD IlirwiUtnl from toliio liiCTl |HiIhI fiH il< 

^ .xj!^ ^ = ZfWt^S =p«Lntl, {when' 6 i* iho nii^lr tfinb thi> ijiii)^iiit In) 

dj dd 

Ihn cusnfB Jimkrti with OX) ^ «ul liiii l3Cl^l.^■ hr niiJJwl ihv Hihr &. 

2M, V-hanf^ oj f'tsrw/jie. Let #, *} bo expressed us clifrerontiiililo 
functbnfi of two now vaikbli^ «. w. 

Then dx = ijivt -\- x^v, dtj = 

j.o, dz ^ (iA + 

which ohowfl that t in a dlffcrantiAhlo function of u, c with dorivotives 
I, Riven hy 

a, = 


2 . 4 , Functions of Several Variables. If t, aft, Kb. , , .. x, oro 
(ft + I) vafisld(M 6 «nh that wiaui a^ij i,. - - 3 ;« «« given, i irf deter- 

minevi, c ia ft fuoctiod of tho m variablon Xi, je„ . . -j r, which may (.lO 
written £{xj. x,, . . ., v,].: 

IMnitions of dcrivativea and diffeceutiabs aw obvioue csteiwioiw of 
those anociatmi with function* of two viiriflhlfta. The function i* con¬ 
tinuous at (fl„ Cy,) ill kho donaoin Bpecihod by o, < x^ A, 

(r ^ 1 to n) if. givcri e> wo can fiwl d ( >* 0), aiioh that 

I z(X|| Xpi ■ , X^) ■— e(Cj,, Cpi , . «} ^ ^ 

for all X, that satiafy |x, — o^j < d. 

The (liffereiitial <fo ia given by 


dz = ^dxj + + . 

trXi 


+ 5 *- 


2.4L Funaiims o/ FutH^ions. When X, (c = I to w) in itself a dilTer- 
entiable fuJictKm of J» (‘tiier vaiialilcs m, {# = I to mi), (.hcfi, iiH in Ifeo 
simpler caw, x is a dilTuwntuibiD function of the u-variaide*. pcmscBsinB 


derivatives where 
dtt. 

dx 0jc dXj 9z I 
dxi'dtij 3ic» 3«, 


+ ^ -^* (*- 1. 2. 

3x, pit. 


tnl 


23. Higher Partial Derivatives, If/,iB cltfrerenliablc, it poseesiwH 
derivatives ^/,), which may Ik dfiimted by or 
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-P*L lijHtwctively. Sijiiaariy, if is dlffcreiitijibk, it posseawsB 
(krivhtives tf liii lt ft^y '>e dcnotetl by f„ «r — 

nssi^ectjvely, Fffr tbe fulictiuiui tliat uaujiily occur, it will be 

kuud that. =J,r (oicept poaaibly foir purtictilar values of y}. 

ai Lot /(*. 9) o^*!t + 

Then /^ =. J*ijtV + 31«V + fjr‘i 7,^ = iur* + aferV + i 

/„ = laij^ + • At" ■*“' =/i*; /pwsorsy". 

(ii) Ijel /(a si t" HV tan - y' b« 3 Ion ^y), with 

-/(!>,») =/(0,01-0. 

The funotkkO ate ion it it tbcatijtln IwtTreoii - Irtiuid + ia thewfcHwErtitn. 

Sit™ ate toll yA, ate ton */s t=t. S = 0) Unite, /(*> s) awn to be eon- 

tinuabls at [0,03- - * .it * 

vi ii oantmwpui ftrttl at vl ttw ik-nTctiivir with to g, 

/Twl'b p) f- (Sf + ■'’pi + S ]/^ - 

i5|i 

Sililikriv, ^ -y tf” teii A/S): v) =*/*<Ui fl) = U j OJ = A wkI 

itieiY'foro /j[3t, S) is « i finLltiuotin funutimi jtiBSWwing tl» ilenvaUtu 
/iiJ-t, iu = li™ K* + — t: I/At = l- 

ill—Ml 

fti thU oxamiite, U) W nol, B^liu^ to (»)i 1" gi'twritl 

/«(A y) = k* - + V*) 

which in not roiiUmium al (0, il) and luity tend to any value between - I ojkI + 1. 

2.5L T/nt EqviMkn/v oj amt iSuJpfwwJ conditioua for the 
truth of the rahitirui - f^ vnrioua wdj-a, but Ihfl 

slnipleat set of -cioiulitiioos w usef! ih thfl followitlj? tlieorBin. 

1 /m /.(*. W). n) tjoutimous St (A y), 

tiled —/•*' 

The cuiitititlity of f„. imjjlies thst of /n /(»■ 

Let E —f{£ I fSrf. ij \- dfl') —/f* 'f- fS*, - /(^i W + ■!'/<*» W- 

f(5t. p, =/(ic, y + Ay) /(*. y)s 

T,. Ax) -/(^ + Aif. V) -fi^, ,v): 

then B = E[t -\- .'kr, y, Ay) - f (#, y, Ay) 

= —fj: + fJeltf, y. Ay)iS:*. ((I < 0, < 1) {btf 

dx Tiieoran) 

= {/if* + 0,&t, y + Ay) -/Jj + fliAJ!, y) JA* 

-/«{* +y + W)*Ayt (0<fi,<l) (Afea« 

rAforfst), 

Similarly E = y + Ay, ftr) — (Jf*. y. &r) 

=! ff/ic, y + &p)Ay, (0 < fln < J) 

- Ux + 0,A,e, y + OiAyjitcfiy. (0 < 0* < 1) 

•■«■ /xjf* + *^i^‘*'* S + ■i’ 2^ 

Kence /j^i, y) = y) sillCiti both nie t'joutmuoufl. 


1 
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.advanced calculus 


+Vcife, It ift, hfJWB^Et, BuICcHpnl to mMnaiiic— 

diftbrcntJAbte (or /*pto uxinl ^ni\ iMJiiiLuiitiUfli 
(ScAiHifE). i Ik ia * C-our* 4\imlpsc \ /, 

Siiiiikr rc^ult^ hoIJ fur tiight^r dorivativcs ami a|rtc» Fur tlifi Wi^hirr 
dmVati%'«f of fyun-tioiiH of several variables. In particiular, wlieo tbe 
derivatjvea limt nfxlif ore coptinitou^, the diffcpentifttion nmy be efT^H Uti 
in any order of the variublefi. The: thirfl order derivative nf/(ar, y) sn? 

written f^, ur ^1. !i ■ sn„) 

a coireapoiidiiig^ notatioTi for the fourth and lusher derivaMv^itti fif 
/f^* i!^1 and ^1*0 for the h^tn?r dcrivatiTiffl of fimetionj* of i^c^venil 
variables. 


2Ji2, Clmngff of Varitihle^ iVi fli^hfr The riilt# alrrjifly 

established may lie applied to ibl^rtnidc expulsions for the lilj^Jiii-r 
rlerivettives u'hcn a change of the variables h m^e. Whilst ibe iiietbinl 
U siniplf!, the furuiulae aro iiflnally lonp, and it will therefoif- lie siidirieut 
to eoDsider a partictiiar case aa an iliustTation. 

Let P(a?t rj be a funotioo of x-, y, £ and let x^ yr z lx* expresses i aa 
functions of any number of vambles i% etc. Let ua find 1*^, in 
lemifl of the derivetivefi of V iprith repaid to x, y, t. 


F, - + r^+ = >>, + + !>,; 

I i'.r„ 


with similar residta for -- and — 

pa 9i/ 


Thus - (V^,« + I -r 

+ iil^uy. + 1 

Simikily K„= + 

+ I + SfjC,) + + *nJf4i) + ^V^.p + y^ffur i" t ViiP' 


fxuin^fj. (i) If Jf n + VI + f, jr = * + i-i, ~ £ii juid y tort iuhi.’li.m tif r., y, 
Ited l',B, r,. r,,, J’„, in tarms ijf i hct dtrrit'jlttvEii of f' with irjfnrii To r. 

Ht*F(> a» =*^rt + ^ X ■ a - U/- li)fo. 

I'. ( uTt. + f>j - |i !■ u + ^■u); ^ 

I'M iO'.yUi, + r«,iT, + t + r.„K,j = j i’„ + iv,^ 

SiraiiMiy r„ - f„)i I „ =^ji I „„ ^ + I'„>, 


(il) If ^ = * 1 ', y = Iftw, nod 3 u a fiiTM^inn rjf x. y. 6tsi\ Hver i„ ^ (nS,; 

-h + Iti^ ; (MhJ 

i.™ - {=*.!«’''' + 

-+ (irt,*E -h + 1,) 

“ **^[E*1( H" ^ ^¥l(i "b ‘^'¥¥ 

(iii) If y = St* + 2 ^^ + prcivo thst ^ « lOry, 

«i tir 4 - 4y — {wlKjrp m = ^ y*), fltjiu whiDli tlu? ^uii 

faUdvfl. 
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TAYUm’S THBOREM WITH REMAINDER 


(It) If F - *■ + W* + 

*’K„ - + *F, - SfC, = 4(1* - F*)- 

r, = Si! + - (y/a'hf'fclli I'# = % + *^'(«| + (1 AJv'tBj, where u » 

IT — y/it. 

Thm r„ = 2 + + (2|?.'j:‘)v'{''K 

F« = 2 + *V(«) 4' {l/j!V‘(i'J, Kivlng tlifi rMjuireJ rDoqlt, 

(?) Htmutifentiaait Pumetioltg. -ITi, ^ li mlted jt 4<nN£{^iiflciu(/u.iu^Min 

of degrw ™ if Flif,, ff,. . . Sf, . , *, 'niaa »* + jf* + arV j 

(** + J* + T V + *>' i lmmciJ(et»DUJi funetiana of dngrDoa 

3, it, 6 rwpBcU?ely, 

Mititr'4 T^eormi «tAt« Ihat foif auch K fuUL'iica] F 


HF . £F , 

*1^+^—f* ■ 

ftti f*f 


. + i,#? - fuF, 


Lflt Wr ifrtr — 1 to h) » elifti j- — (r Jj&ing T^rdf^l pa the mly wmlifci). 


llius 

But 


i.e. 


(ii 

F - f|, . . f») amJ therefore ^ = ^F. 

V 4 i r 

"'(7’ 

= mF. 

1 


3 . 6 . Tflylor^s K^p^itBion witli RemaJnder* The object: 'm this 
cxp 4 iru?ion is to express a f» net ion near = a appiuxiinjitely ha a poly- 
noniiaL it is more coiiveuiejit liere to obtain the fetmlt by the mean 
viiluo thetJiBrilt u 1 thou|;li the re IsMniie ml vantage in lining aiKither method 
mvfkWing integration in wliit li tlicr remainder is expreaswi as an int-egral. 
(jS^w ; /JarAoufV g /l-jfJp Jfz-d 

2jB 1. Taf/lor'i nf One Varj*iijl^. /(^) be 

n function whiidi wif.lk ils Tirnt. a di^rivativeH {rontiniioiij in 

n < ^ < a -p A (or o :if > B + A) 
and which puaoesjtiH^ nn (ii + l)th ilerivativtt in a < 

Ut ^’(ac) =/(“ + f») " — jj— 


wkere «t > 0 und K w indcp«nd«tit nf x> TIirr F{a -f A) — 0. Also 
/'{a} = Q tf iiC satisfieB tbe «]uatioii 

fi^K =/(« + A) -m - A/'(«)-- *£a). 

T** 

/'{z) IB contuiiioDs ica<z<(i-t-A iittd ita dBirivHtivB eixista in 

(» < z < ff + A , 

Thqnsfgiro, by RoUe’s Theoreifi, f'lz) = 0 when z = a 4* fiA where 9 is 
fiUDie Dumber sutiBfytDg 0 < 0 < I. 
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ADVANCED CALCULUS 


But + A — ’/k 

&iu] Aince (u -|- A x) ^0 wLen a ^ 0 A, wc liiiVd 

/(« + A} =/(a) -I- Jy V) + + . . . + + li. 

wlicre [c&llud the R/ein(ti}vlnf &ftu (n -|- 1 ) temu) kB imjuaI tu 

A"+'(l ™ 


m. »! 


In particular 


f **+*>!(« + OA) {iSlcAifim^Jk^), 


A-+1 


(l) (taking m — « + 1), = - __/<■+l)(a + Qh] {Fju/nimjr], 

(«+ IJ! 

iii+i 

(ii) (taking m = 1), R„ = —,-(L - £»)*/<" + QA) {CotitAit). 

nl 

If ire writa 3f for h and U frjr ii we olitftin tisinmkm 

m =/(«) + + ^/"(O) + . ■ * + + ft", whore 

^+1 


{i) 


(» + l)! 




(ii) = {C'««%), 

Ad iiDport^Tit om* that ariN^s m is one in wliioh tin* {i* f I \th 

derivative ia fjouttdeft At x = n in Taybr'a sipansifm And at .in 

Machiiiriii’Bt expaiuioDt far tlimi^ in (ihe lattfjp fnr exam fib, if ip in (Ixerl 
and X m mmdl 

/(^) +*m + +... + ^ % 

2.62. Taylor's Ejrpansion for a := J. (rAv Second Mmn Vetfiie 
TAiwm,) Tht* expansion Ttir » ^ 1 is 

/f« + A) -/(«) H hTitf) 4- + 6h). 

In this caae, let xis aminie far aijii)iliidty that/"( j’) iii raiitiinj^jini at. .c *= a 
and in the neighbonrhaod. 

In Fiff. 7, P in thn point [a^ /(ti) Q the {n + /(a | A) j ; 



ia.1 


f W. 7 
























Tx\YLOH^S TREfJHEH WJTH KEMAINDER 


r 




4^ 

tlie t'tkngctkt at P nieetB the ordiniLte at Q in S and tha poialkl tbrciugh 
P to OX meets that (Mdinate iu K 

The height of Q ahcPVK the tang^:nt i(! /(a + ft) — /(d) — 
i.e. + MJ* 

tf/''{d) > 0| flo al*u i8/”(f4 + flA) > 0 if ft ia small. In this case the 
i^urv^ LB aboix the timgeut {Fifj, 7 (a)). If < 0. the curve m Motr 
i.ln* tangent [Fig. 7 If/''( h) = 0 BJid/"(ar) chim|i^s Hign a& x poflscfl 
through a, the ciirv« cm^^JS tlie tangent {Fig. 7 (c)), A point where the 
c!iirv'6 crtiEs^ the tangent La called an ; and the probleiii of 

detcruLLmng the LnSexioEis is therefore the biudo as that of detamiliung 
the iniudma and nyiiima of f{x) | for at suoli a point is aero and 

/"(y) changes sign as x posMhit thraugU 

A'jnjwjcrfpi, If J(1 + = (J ~ ^)p dim 3^11 + = J* 2a - l und 

]V‘"(I. 4- **)* = — 2{3f H- l)(JC* — 4# T- 1), There are, thareftyre, iaflaiiuiM at 

^ Sp it V^3 (ilirtLj Lmin^i •inus-l® fooit of g* — (». 

The ineftn Tiilue thwreni giv^ iMkj a methcKl of apfifoxiiuatiiig 

n» a Tool o( the e<iuib-tidn /I^r) = '‘I'lihiiT^ a i;3^iDitt oAiWp \ri ub ituppuH that 
/(n) >0,/{ft) < fl and that f(s) ditw nrit vmiTsh In the inUrfiil b< xC m. Tha 
ilrfiVAtivp/'ff) ii thrn^fore of iitinMlmit nigu jn {ft>, 4} (in tlib cuui puaitivc). Thsim 
one fdcit nuiJ on* itflJy iif /{jrJ - d In the in^rvjil aad 

0 + (J -*d)/’(fi) + (*< c< H)>. 


Thp canpur in laklr\g ^ ■= tt —/f4)//'(o) Js af the unlcf {/(ajjy'flCVCrC*))** ^ 
th-oRifcprci amkl} in compmrticin to/(4)y^(a.)p if/jd) li SuppiMD for cocompiB 

tl:uii/”{^) :> n In (6, a), then ilntt; 4 >«f ^/(a]//'{^) ^ ilLcBH|LHDo«-BjKa|k i p p 

whenrv uh+i is monolonic and itndily to x. Similariy 

Lf /**{x) - : Up tbii illrreoiieTi iit^iacLU^^ t<u x. In lihc formiir > jr Jind iq 

fbp latto d-g < j;. lf/"(«) 0 (whon /{x) — 0), the torraH btf oltemati^ly pmter 

than and Ifu than £, aldl l<ind £4 j* ijraThicMi x ^ d ia Hnffiniimtly smoft, 

2.63. Tiii/hr's Bxpamim, li'unclimit <>J Ti&t VafiaiAie*. Lest /[£, 
and nl) its partial denvativea up to and inuluding those of order H b« 
iliffeTentuible near {a, b ); and let f(() = f{a -|- Al, b 4' ^)> 

[■jxpani] in of ^ Maolauriii’s fortntiln. To ulitabi this 

axpannon, we have >'’{0) ^=/{a, ^^); fjt \-J^ and therefore 

f'<0> - + I'J^ whore j, /* lieilote the values of /„ respectively at 

b). Sinuiarly 4- ie cotiveoiently 

•'"«*» (*li' **)’/ 

Thua, CQntimiMkg the dilfereutiatinn, wc Bml 


/(a + A + fe} =/(o, h) -f + k^f 

^ $i!% + 4 )'^ + " ■ ^ 1(4 ^ 4 )"^^ 


wlujrs 


5 





r 
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Fuiting < = I, w^r have 

+ A, 6 + A) =/(«. 6) + hf, + A/, + ^ ‘ ■ * 

a(*^+4p+«- 


-t* 

Writmg « = <1 i, A — ^^ A = Jfi we obtaki. the MikelnurLti KxpaiuiiuD 

/(X. jt\ =m i}) + wjf}, ti) + ar,(o. on +... 

*S-!.-IC'S- 

2.64. Ttiyhr^^ Ejtpun^^ioiK Fumtians of tieveral Vutinhim. TLe ftif- 
niulJi for twt> variables imiy be cxtcndeiJ in un ohvi&tiM way t<i fiifietioiirt 
of ADY Dumber of variables. Id particular, 

f{a hi A -J- ti H" f) s) + ^ '• > 

nl\ 3a 36 3ff/^ (Ji -h l}!\\ 3^ S?/ J 

where in the liiflt tenu a + flA, 6 + (ilA* ti + Oi are respec¬ 

tively for X, y, * after difTerentktbu. 

Examples n 

In iho iHiLit df jMibilH glviiii in whor?, uii]r« u^ittiTvbiii ■laitHl, 

m, n iHkd aJfc Lnlegdfii for Ibdir valuer o!bt4i4n {!) the npper arxl tiWET iMMimk, 

(ii) tbd appor otiil Jovor LLrniU^ if any (iii) ik*! finite llnaftins if (It) 

inaiimum and miniiuuM If lliev vxi&t. 

1. 3"^ -h 2" 3. (] 5)« t S. (Unr + (O ttf 4. a*' + ( - :!)" 

5. 6. (0-9)" + (- \)W 7- (^ -h (— 31*' 

a 1 n -J* 2 


+ 


H - 2 « 


a n-\- 1 

la. ^ aiii. ^-njT 2 ilfin ^ iin |tiUT 
IF 

— X — 

n 


2", 2“ " 




13. + 

H -ih 3 HU- 4 


il. f 

4^ |! 


14. .2"* -|- jtJI Jjitc^ viklwdH uf la, #, pdsitLva arsl iu:^iivtik InoludiiiK 

State tite SLiiiitEni^-pjdiiLHr intinitd Mid ill1itl^ of the jicta i»f points ^Ivsn in 
wher^ p tJiAe nil pdtfiLiv-o lilicgnrH fur Lbmr vmlue^ 

- m — m -» HW I* « 

Is. y™ 


IS. ~ 
n 


Ih. 


flt + B 


IT. 


(fft + n}* 


19. 


w + 2 


4r ^ ^ "i” 

fll + 4 js + I 


a -H 2 

20. Tho llmitiag peinhi of 1^. 

2t. Tha limltiii^ poialff of jKwJijaf^ ^3.. 

32. If t? Le Ht ipveu by -h fi“" + i“P 5* poadyve inu<ii(dnt), fliid 

thu dnriTod nOi of <?, llllCWinig that Q li raf the filBt aped® lunl Hiiril ilftlttf. 













EXAMPLES II 
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If (/ a Bet of ni\*i <i?| (J - ahiiw S-fajit ia vind. 

24. = pm j wlipre = mn ninl ‘ sin (”Ji eiiuw thut Ibe 

wTiM iif/(,r) rnmi Bt flfif. flf point* cjf the third fJuJw, 

25. Pri jve t.iwt thi^ F*el uf fdl numbera tlifll tiro ( be rtwtt# of a.l:| w^uutjcirta uf ibe 

t.jTW 4- . * * -h (1 whvn' p^, Pi, Pin . ^ ritf- mtrgcre 

|w™itjvT> Qt nogfttivfl, or st^orip ii waumenilblifl. 

26. Frrum tbii inl^fTwr «r (Jie intw^mU (0, 1), *u m^mti iniurFiU of lenjith/, { <1\ 

ii ferooi^oti Fi^iin the i^nudFhing intp0JTit.lf9 ef ioiiglk £|« jf|, opopi iiiti^rvAli of length 
/^ir/f^^s ftn- ffw>ni (he liikiiucp The proMa ii cuutiuiied 

IndetinJtely w^itfi tlir mtorvnJfl (imt reiUAim. •'Show iLat the ineajBiiru of the set Dif 
jMiinU tbjtt rrnifiitii ii LiJii{l - JiSfi -/*] , - . tl Find iho mpaaur™ in the 

1 I 

follQwIngcMns j tij/* = jai «,{ii)/* = ^—. (iiij/* (iT)/^ -3-\ 

27» la it pwlbti* Aut ft function t« he eofitiiiiMfiiii in the rai;iir>TiAE ilauuin end to 
he PinhoLinded J 

iibovp ihnt when! tbr nwm tbtti^frm /[a -|- A) —/fa) = hf'ia H- m 

t&|i]4LfNl ta the fLiiieiloDP isiven 'm i^Jbimj^EA 2^-31, the of d/ juti h* ^liiiihii 

(A :-M), 

38. /(jf) - ai^ i « J. 

29. /(!■) = 1 *; U-—S±fi-|-2 + ''j tiut ihic pcmtitivD sign miiiil be ukuu 


when + A > 0 uiil I2 u 3 iiQgatitB sign when ita + 2A -c 0. 


30. /la!) - a:*j 11 = 

31. /(s^)-.ij 0 - 

JG 



a , o , a«* , a*\t 


(M=* + 


fa + A < 0) ? 


J. -r a. ' ■" * 


(a 0), EKt^Aiii why Itnf Latorvel a A > 0 > a. ia nmitJ^^. 

31, SSbaw timl tbr ruliiu ot thi? djualn wbusn cantns b an ihe uurm*! (u iho 
iiiirve y =-/ixi fti $ O' nnJ w^hiob iioMea thrnnf^b tha paint whose ubBcisaf^ is ^ ^ A 
b (1 4- mi h A-)* -f + A«)*' Wli^n. A =/!nJp p + flAh 

((> 1 <? < IJi, 

33, 'l-hti himkitiK Woi^bt W of a. EiJitiLainsr ii j^visa by the fjjfnhuln 

M't — AAcf*, wllpfv h ia thf^ brEMndtl], I tbs- lan^hii d ibe de^plli Ulid i: a conitant depiflld- 
inH itn Lhei injiUKrlnl t^F thti beam, [f the breftilth ii iiiiTfeaied by *1 per esHt* and 
(bii depth hy & jsnr eent, hy haw mueh ppr cent ?Jn>uld tbo Icnjifth be altered ia 
JM lip hwp liio Im^kiai^ frFii|y[ht ipnebitliged t 

34, i\ pbvsb’iU nupiKtinit r Ii* idvun by the fqrniuljt a ^ FpnJ the 

aj* — 

emifrt an e in tbti two onaBs (I) x = ld| ^ =■ I, (tij j? «- lo, ^ = fl. whun 
(hn r^lAtlYo errocB of ;r, ^ am in both onioii 

35 k Provo that if in a (riangJo AEC\ (^bo are* il irdiiiilMtnd from (,h« olclUeiili 
E, t\ the EiiitafinroinDiita of wlnoh hitvii errors dif* SC mpentiv^j^ the l- 

sintto pffor dS in tbo EniHr 1 * giTcn by 

68/3 = aSa/a + H] + MC7/(a mn 

36. FLnd tbo dariTatfvo of y#} m the alireebiEin maJdn^j 

an. angle ? wElii the x-a^ia, Vrrwn that Its greatmrt VaJua ii ftl^^ng the mirnssJ to 
tb?3 c-lilpfii! + (yV**) = ojad li eqiml to 

+ (tf.Vft*)}*. 

Find th» point* of inlieiign of iho tiurveH gii'cm in Emmpft^ Jf-43. 

37. + 1) = ( 3S* if = (** - !)■ 3^. y =. It- — 48Jt- + IW 

40. s(jJ> -L J1 = +1, ^ IJfJ- a) . :k - 3 

41. + 3) = 1 -4ir - 35^8 43. + 3) - x“ 4- 11 
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.\DVANOED 


44. th^n tbo turvi? — aX^’ — -|- frj + fl JT/m \mv |H»Liit iiT 

(iiflcjdHjd lit ^ = 3U whiTG {A - 4 = [A - JBIK'*** ^ ^ 

45, If jir = M d^ctcmiLtira ^ wa st luuctioji c^f ji, prciv^ Ihni ^ ^ 

46, Bhuw thjftii if *■ -h *-* 4- %£). wtwrii c fji a N^rtuaUiil^ 

— jr*y ~ xs*yix + {i* — 4- ^V^" -|- iC*? ^ ^ <>- 

47. If £ - 3« - 4t? + 2, 2it 4- Si- - K ^■ = - ,^K "km (Juit 

lir — 4ff^ 

whrn I' i# eSJJTtsusrti art m. fuiKilum of v^ ir. 

4H. [f r ’ X* 4 — istryt find raeJ taIhm of jr that Hoiinfy i hri w{iiM- 

tiaiu I j 1'^ 

4M. [f P ’ x^ji^ — — y*". Q = If* —^ ^ jc^T H xj^ -\- x*y* i+tnvw ihAi 

- J’l) + sti*. ' 0,J 0, 

5U. IF n - I + S + J* r = *’ + fl* + It' = *• + + =■ — 3iffr. |irii?r tlwi 


«. •** tf. 

p, f, f, 

HL'^ k}^ tCj 


Ik 


SI, If [\ P, P, fi AfTS fnnctliuM of t/^ m BCktimfyJjiit thv trlntJiHiis I’, — ^P, 
1' =- II), ahoff t|i»l 

- Ptl i- - IJ 

f>Ucii« tbc rutiEinuity of thn fanctirma ijiritji in Airrm^i^Ai 4S?-/t wkn' in <wli 
l.hs taIuu uf tin? fuilf^tlon aI (I.\ 0) H 0. 


S2. 




53. 


jf* + y- 


34. 


-f ^'1 




li + y* x-hy + 

S5, TrAlufarm Urn tolilLiiMl -f Ssy" 1^, 4- 8y| 1 
niK'iaiR of tba olitti4fe of vnrittifloft % 2;^, ly =* i* 

Find y** ^Brtf fWw I' iuvftnin 

97. 

«* — X* 


56. 


y ^ X zk 


ttB + S* 
^iV 


58. 




fx 4-yK5 + a) 


68. Tf P = 




^7 


= ikiT. Pj, = - - f7.. 


vif*=7*<; = n whi^ 'i'*^ia + A' 

61. If r. H fiinniOD nl r, ^ Ip cspmHHvi ap a fiim.'^ion ofp. ^ by iiiranA af fkMa 
ix^UAticiiiP i pr = r** ^ = :i.T — 6, pnm^ iJmt* 

+ rIV + Ts*. 

63. If y = + vfsfMi "kw Umt 4 - - ik 

63. r.f V ii A fuiuftion «f y And X* y artr faili’^tioDn of «b, f Hai-b Lbul x^ « y^ 

a’r-yiii JtfOVtP lbl44i ( r„* + P„)/( -h Xti^ + Kn* " +- 

64. If r bl fh boiBOgenAilltB fuilcitioil uf thl^ V^nriAblefl X. y. = uf the* nuLb Ji.^nv^ 

pmvD that + Sl^f'ar ^ d" - «>(« — IJS - 

65. IVuvo Ih&i if tb()iL -Mx-vv ^ -n"' 

66. If i ■ j)P<x + y} + + yj» ikpr tliat 4- c= i>, 

fe?i If X H J"(y ^ + ff{y + m^J and mg arn tihs rDcih fjf i.fi#i ijUAtlratiu 

equatioD am* 4* HK ^ ^ then 4 ^#v = ^>- 

68. PftPVD Ibat Iho fuflDtion t f*^(y/x) 4 fuitialim tUt^ rYjUAiJou 

= fe- 

6^- Jf ^ = «typ — fluit ^ = t{«i - y,) i ^ = (f^, — Il.t and 
~ = ijl'i - z»)i ^ = (iXf - JC,fi ^ • *iX^ - r.J, t iKitbf^ punjitanl: 















EXAMPLES U 


49 


if iHf 'I' 4' J'rr + }'iy H- bofh fuuctlutip of S unly, ■bcr^' that 

X, }', a, «. 'fi, y, all satiftfy llu< equatifru Q’T - 0 whet* 


5* • 0p* ^ aiM, 


70, tf (/(*J + “ 2f'(*)«'(^). pr^rt^I‘ (Ikit - i'. 

71 , If S - «# - j/i + ^* + p) - *«'(* - j^) + V'(»r + pJl 

tbaiW ihiki Je{^ —^ 

72 k Fri?Vo that it lKhindi|^ot>coUfl (DalytiEimial Tt^tp y, j:} nf tha daxiqd dpgnw whi(?h 
MLihflrilati tho equation ^ I'xp ^ 0 iit n lliu^f oOtnMnatifni of Uim flvff 

pdyncimuJB j?y* 5af, s* — — zK Fiod 4Kirrii0pQQdijig paljneiiT! feili thp 

KliJid dD|pop. 


%* ffO, iujai'f Ibirliri llriUF» it. 

2h 40. 3 ; 1^4 nnDPl tkin^i liiiliPa 'i> 

3* -h E ^.1 ndtH"; iiDfip,. (I DU"** + 

4 k 1 I JiDdoi tmtie; 1101317, L 

5. 49, — ^ — 44 S n^llFi IKHII', IllSHf. 

fr. l-4fV <11 0, fl s Oi l-4op notiF. 

7* 49. — ^ — D4 : Euacf); nfjtM’, noiif. 

8- 2p — ac ; 3p — »]D J (>, 1, 2 ; lunno^ nonjp. 

9. IS: 45+1*1 (Sj rtoinEp rnniB; 

m |VS, - Jv'»; Iv^. -|V3! ±v/5*i| di“v'3. J:3. ±^. Os 

^ ^ rl* 

-gV^A 

11 . (» >l>, j jiff 1), OB. 0 ; 03, (I: (J j now. ; (jn ■< tJ, ^ ^ — 1), j 

4D, ^ <IB I II; nnno, iiniuti {z C= 1), 1, I ; 1, I ; J ; I, 1 ; (* » — 1), 1, - 1; 
J. - 1; I. ^ 11 1,-1, 

13. 1. -S{ 1. - 1[ (-O’*/™, (tt 1. -3- 

i;l. 0, If ; i; 4 + ^1 1 Qi bbub, 1|, 

■W + fJI- -h -4 


t4, oDp, 0| 44p i}i 2"^, iS; ii[]iie^+ iiEini!^^ 

15, Al! t™ 1 mimUi™ with 5fi+ U ba qppfT iir 4 Ipwfjr limfUt reeptKiLiVibly. 

It. Al] nsflJ numl^wTt In iiie iatovni — I < jt< ], 

I7k All rtud nqmbrim in J, 

IB. Vflj'lmiB ]Hwilli4Utfp«: {1} ed» (is) J, (iii) (iv) ccti 1, iv) tn, IS, (vL) «;% -- oo, 


fvill Ip Ih (vllij i+ — I, iii) Ip 

1, - Ip — (siiij, 0* 3p — Ik 


I, (3t) 4Ep I, - £0^ 'Oi - (aii| *, 


19, I + 


^ H- 4 3 ;M- n fa + 2 
Jn -|- 4 ja -j- 1 ft "f- 3 




ajj d- a ft + a 2 «i + 3 

ja+l'ii+S wi + 4 


+ 3^ 


?p^ » + 3 ^ 5^ + ^ + j*. e 


Jf + 1' B 4- 3 


fft d- 4’ 


30, 3 + !L+I + li, I + « 

Jf + I It + 3 ftl + 4 


2|k li 


12. 




11 + 11 

5*' ■ 7^' 3"^ 


l, 1, 1. l.Oi ff"i i. . 1, 1. U; tf"'! 0 
TI* 3" 7* S'" 


JB. 8w //ofcppift VJ^Gof FarieiStfe^ j 

Ih^ (i) li, (tij ih (tnj t/n, (jt) (i^ppinx.) 

27. Yhi, —-— tit€ J3i 12 i5<*f vml. A4. tKiOU®, 0 02 

— £ 
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36 . 

o* 


37. f±lv'5, iJ M. (±iv5. 

O.. 


31 . J! -» & or 7 40 . (± VSi TT ivaj, (( 1.01 41 . * - i) ^ 

«. i- -l 4.4. * = - i, 7±!(v'3 4fi. Sf= fl, jr = 0 ■» I it = I 
33. Cciuliitui^tH. 34. TliiH>(]|ii4.nu[]iu at ((1, 0), 

M. + 2tiV* 1 a f' Ml - + B"r*r = 0 

56. I ^ 1 ^ ^ * (a* - 




-fet^ „ _ Sae^ „ 

« ^ (q* _ ii)* * «" _ aiji' ^ = f«i « ji>’ 




~x> 


sa. 1',= 


+ * (*• + «")!■ " 
(=■ + li*)*' “ is* + »*)■■ 


V\=- 


ti* + «•>*’ 


(» + ?)•(* + »)' {■ + Jf>^* + ■)'*' <* + JIfK* + >*)'’ 


r„ = 


t' 




(X + yX* + «)• 
4 j;^ 


,/ 2a!sp« 

(* + yrt* + *r '*** 


.. ^■w* ^ 




;* + y)^s + 


t* + y)"{= + «)’ 


sg. +51. 

y ** 51 y 

r — ^ Kj_B — L.). ^ 


^ ' 4. ** ri 

-i + — + “^ * i - 

r *■ nf 


hi 

ii ^ « 5»lt' 


N 


1 




1 

* li'i’ y' ■ »■ ■■'■ fu*^ "'■■ 

70. Tjiko lliE nktioH B* s = loB s + IPB + 'r« f^(!f) - ^ l«1|l 1- 

73. jryt, 3*^ - y*. 3j(y» - »*, ay’i - i', 3js* - p*, Hw* - x\ Use* - sK 





























CHATTER III 


IMPLICIT FUNCTIONS OF ONE VARIABLE. ALGEBRAIC 
CURVES. CONTOUR LINES. 

3* ImpLiclr Funccian^ of One VErlabk. If fipCj ii a fanotipn 
cif two Viirijibloji, ttiP W!btinh /(jc, j) — 0, may, upder ccriAia 
lifit-enuino jy a functicin of ji^. FunctioiiB defijitMi in thifl way are trailed 
afi.hQiij 2 h fomiti may aoiiietimes !>& obtained for thfim. 

A fibiple illuatiftiiim h pre^vided hy the funcition. 

3.f)L /ni-WJK Furtetm^, Let ths relation cornlectiog y be X — iF(j) 
where m a fiLtictioii wIickhc ptopertiee ore known. If tbia determines 
tf as fimctbn of the aymlx^l (k) is sometiraGa used for y; and 
since more than one fuzicti<Tu y rnay tmtiafy the’ cf|uatian^ this itymhol is, 
in general, ambigiioilH. Tlio fuciL'-tioii (jc) h r.aQed. tmtffir*? 

to F{x). If ificrpeAt! stefulily from F(B] to F(J) as y increaseis 



from B to At tbeu ^ b a ri<ontiQuuii£ rEmetiou of x in the interv^al 
F(B) < js < F(j'lJ for jf inLTeaaefi ateadily frt«m B to A as 3 ^ inernaeos 
from F{B) to Ft*f j. (Fi^. /.) Similarly a eontiimous function gf ® ia 
determined when dwreusea steadily from F(iJ) to More 

generally^ when f [!/) dom not iiicrea^e (or deurease) ateadily for till 
values of y, it is usually pOi^hle to divitle the range of variation of y 
into intervals given by ,4^ < y within each of which ii 

monotonio. To each such interval^ there will cotrespond a amgle-valued 
rontinuouH fnm'tion of it, {Fiff, 2J 

A farther a^iveLliioation ia in unJer to lufkhe y JHlnite. Thui a finu^.ii^Q 

defined by the relation x eiiiy i« uutde ikiELnitn by deQniDAdii^L ^ (or mir vln 
40 xhAi vidue tbal bsIMm - < ? < }7t, Wlien raore than one vidae^ of i« 

delrrminniil hv 4 valur of the varimiui vulura are onlkd 

SI 
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3.02. Tke Dmmliv^ of Inver&^ Functmii^ If q* F(j/) anrl f'(ji) 
exbtft and ifi of constant- aign neiir (o^ 5)^ then f (^) is Enonotonic! near 
{ay 6) and therefore a eontlnnouH fnii^rion g of ^ exiata. Atm Bante 



limit ejnat^, if th« former m ntii ^lu, ije. isinoe eshsta and b tirOi 



When 



3.03. Ralivnai Ijidit&t. Confiidor the relntjon z » w'here f ifl Ati 
integer. An g inereajwjj from 0, x imtvafs^ gidailily from 0. {Fig. 3.] 
ThuB the relation cleterminca for z > 0 a nniqiio poaitivo riirietion 


th> 


(a) 






itifi, a 


liy the lawH of indices^ this function may Iw denotwl hy a 4 !iyiubol 
we ehall regard aa uon-ambiguouB. U p, q are integeift with no 
factor, the fniiction may be detined m and satkfies the equa¬ 

tion yv K FinaUyp thfc fnnctiQn z*. (z > 0)^ whore « is rniimutt anrl 
negative, ia (by the laws of miiiced) equal to 

It ^hoolii be iidiiHJ^ however, that tim oqnotipn wh^n q b (Jrtiw:- 

lUinMfof f > 0^ tufa real fiEtidtidiid, liz. ^ i and. when f ts odd^ a nlnid^ funiti^ada 
fuf ail £. Thus wbcdi X > 11^ '^bis funation is xP/^ and when x < i), it is — ( 
when p is odd and ( ^ 3r}V'/? when p Is tven. 

3.04. The Perimiiee j*. « mtmmil. Let * = p/qy ilitiB ^ at** 

and ^ pisP“* 














IMPLICIT FUNCTIONS OF ONE VAEIIABLF 4 STI 


3.05. of (1 -|- a faftoiiai^ x ffrtttO, ll*ing IdMlaiirm's 

exputuion, wb &nd 


whm R. - - 1) . - • (« - «)(l + - ()(*■*') f” 

n fined ■» sinei* I ftr 0 x small (0^ iJ < IJ* 

SM* Tht Ompk qf In thb aquation wo auppoHW t hat m 

a pofiitiva intf^er and tlictt n i-i an inte^f that may bo positive or 
ae^atji^o. In view of fuluro applicatiotifi, howovpT, we will no longor 
aASume that wi, m havo oo eommuii fst^ikprs. The graph is easily drawn 
by Ending a ijundrant in which the corvo lies and coniplet^op the ctirv* 
hy.eynimeiiy* 

(ik Thi^ rurvi* toiaotn-fl fiX ftt O If s > wi > Hi Riwl toticlMfl at 
if in > a > O 

(il) If a < iK Hw> aiw * 0, = n arp oByniplolcitt 

(lii) If a < 0, Sp n pcailivtf mitt liMegnrap than [0^ 0) i* tbs cfial poiiil. till ihfl 
niitw; whSI^: if a < 0^ wi piu wtm a a jwgiiliiec em» inP^er* tbctB are iw 

rml fii:iLina in thf^ fijiltt? |jfiri of the pU™. 

Some typical titmn an'^ ahown in Fiq. i. 






4 


SjB7. Thu Implipif Function Theorem y) = 0. Let/(a, 6) = 0 

and 1et /(iir, y) bo a nnntiniicinn fiinrtion of {x, i/) near {o, i). Akt* let 

































ADYANOEL) LtlS 


h^4 


/(*, be a fuiifitioti that (nr decreasea) sbeadiJy witli y (or fliiy 

filed X in neiB^boiirhood. 'Fhen /(a, h — 6 -|- jt) have oppoflilM' 

vlien E ifl enialL so if) vanisliea for a- values of between 

h — £, 6 H- e, for any 'X uejir x ^ ti (Fitf. J); for^ 
siiiee /(r, t/) w ivintimtous, /{h^ h and 

/{&, 6+ have tfie bjirut Btgiia re&j.i^ilivcly as 
fix^ b — e) atid/(x, h + e) when x—h in Hiimll. 
Alflo f{x^ t/) mn vanieb tmee only for a ^riv^n x- 
when h -- i: < y < h + ginee fix, y) ibeteajirai 
ieteadily with Thus the tVuietioTi tf j«i ile- 
finetl is uiiiquiT and 9im^-r. iti arbitraiily itinji.ll, 
f-he function in rmUitumu^. A gioiilur pronf 
hold^; ifde^’reasTfl st^ejidiJy wjth rjf. Tji 

purtirillar, it is xujfrfrtji fnr tbf^ nf 5 / tfiat/^ Bhoiild exist jinr{ 

he wfl/ oprfi jU. {a, b). 

Again. ih differentia hie, j Ar, b \ r>y) . a, we luive 

fa^ ■[■ = d (where r)^ — iHis /]/, tb/ bp sin ft) tliEia vi?rity- 

Eiijj tliFvh when Ar— *-i'\ j*ad glinwing tlmE. wlijrli ift 1^11111! 

I<i Lju ( A 1 - i ting t.},p viiLtic tsiiici' A - (1). 

*'-w\ /t A An 7 ^ A ' * 

The fieeoiid and highi^r dorivativea uf ^ Jiiay also eahuilHl>eil Ijy 
dirwt differentiation of/[T s i/) — Ct, tl^eir exist eiuN? being depf^EJijejit on 
that of tbo higher partial derivatives of 



Ff»r eitainpk' 


A +A^ 




+ :!/ +/ 


\dxf 


giTe 


(A)* ~ = - tra/ - 

3 . 1 . Algebraic Functions. The function if it exists, limt Hatis* 
lies the equation 

/(x, y)=p,(x),j^ + p,(x)ir-* +... + p^T)!r * + ... + pjx) ■- 0 

where P„ . . /'„ an* polyiicjmkLs, is callcfi an Algeiffaw 

FM)Ktiott, 8inf'« for u given j, y ijuiy liftve more Ihun one I'ftlun, fnrtlirr 
H^KScLfioaticm is nee^wsary to i[iiike the hranrh d^fiiute-. By the iinplieit. 
fiinoHon theoiflni^ howwer, if/(rt. h) ^ 0, ami if0, there h one. 
bninch that to the value 6 when x tends Ui a. 


Afrff. It is, sjf pcwaibki 1ii k MTO aad yet u u]iif|i]p funi?tiiEn U> 

exist (at Isagt- wLiMii rnodJ variAblt^i ars l^Od- tiurlv fs a iinicjui^-rilll^iiPli 

at (Up O-jl in <MU"k of tbo twn ojiftr* U, -p- i*. 

3JL Exjilidi FuffHhns, A function thiit is w.^iJieHsed 

Jn terms nf uuinber of fiiiulainentjd operathnis together with the 

o[-peration of root^^xfrmliort (i.e, tlist iiadieatt^l f>y tfie mlimHil index), ig 
eiiiliHl Mi abj^hra’ie fuiirf.wti. It. easy to hHcpw- thnf Biich a 

fiiDctiim aatif!GL‘T< nii ulgcbrair efjiiatfori of the tyfie given in § *AJ, but 
since it is tetliouH to write out a proof of a general eharatter^ it is snJti- 
rienl for iis- tcj illiiatriife Hip re«iil+ by puttioulaT esaniples. 
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KnunjoJw. ( 1 ) J, - l)i + (*/{* + IJ)*- ^ , 

Hera [y - (*/{* + - (* - l)i fc™ 

(® +1} {{¥ + 1 ly? + any - a* + (>* - * (3yV + » + *1*- 

(h) !f = * + ~ 11 + — ar) + V'(** + *)> 

Thaipfarefy - *)* - %.y - - 1) + t*" - D - + 2*i/(x' ~ 1) frsa 

whiith TTB finid y* ■ 4xs^ + %' + "My + I — <*■ 


Thci convcme of tUe dbuvo raaijlt ia nut true, in genefiJ, m it i* not 
{tosaible to express the roots of a general algehisaio equation (of degree 
higher than 4) iti tenns of the prooeasea indicated, Soraetimes, the 
form of a particular lirenoh of an algebraic functiioii suggest* the correct 
pxpKwaiona for the other bitHiches. 



'nitl*mK3tBni)pfei(Ufslicer4J. wiphftwalunnilhjHy* — ,i- %= + 4jsy + 1 - 0 

ia iatsaJiarl by .... 

#),—*+ VI®* “ 1) 'h V(** “ x) + V(** ■}■ *)■ 

An iaapection erf the nieihod by whinh tba aieobnuc eiiiwtioo wma oblidiuid abuWH 
that the cthcii llmH bmnrjiaa arci 

ys •= * + V{-*' — 1> " — *) — Vf** + *h 

tfi •= K - V('* - 1) + - *) - V(** + 

y* *- X — “ 1) - - 3!) + Vi** + i=)- 

Tbiwo are ahown in /iff. f!, tiju onrvti hi^ naaffly drawn by owr praviom mathod* 

by wilting the raltttkiu « Aj; Cb* + l)V(Vfjlf^ - l)h aipremi^ * aa a 
rational functkia of ff. 


3,2. Algebraic Curves. As in the aiinplcr caties, the fuiictionat 
reintioiiahip ia made clear if we plot piiiia of values (x, jf| that satiafy ^e 
equation, the enrresponding curve lieing called atg/iwttic. Jn dediag 
with this geometrical aspect, Iwwover, it is lietter to re^rJ the relation- 
ship aa a mutual one between * and y, rather tlum one in which (jce of 
the variables ia neeasaarily taken «« depeudeat. 

The eanditioii that has arisen, vhs./i, ^ b. if interpreted alyebmwallif. 
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M lUVAKf’KP t*Al>CPLUS 

1& tlie condition ihatf{j^, i/} — U* Hsgardeil aa an efjiifttiDia id slioiitd 

not haVB a mttkipt^ root. Intiirpmoted 
since d^/dx ia pqm\ to 
'/jy/ifH it tbo conation tlmt the 
tangent to the carve aliuiild not b* 
piiratlel U} 01\ The intcn'pptakatlon 
of the cftAci ^=/ =rr 0 arisPOH 
in the coiirae of oiir aub- 
work. 

.y.3/. Ordinan^ Poin^jf. Let f\ of 
ra-iifrliiirtbea (d, /j) tie a point on thv 
oiirvc f{x, y) = (). {Fiy. ?,) Hiii no 
ordinate^ of a potni y on the line tliruttph P making ivd angle with 
OX ate given hy 

iC — rt + f (x# flj =r ft -p / ^ where r ia 
tf tliia point m on the nnrve^ we liaA'c 

ft} + COB Hin fl) + ,?os‘ Hill a niK f) | «ii«fl) 

+...(I 

by Taykir'ji Expunstoti (/(jc. iKfinji of ilejsfpe n}, 

Thi* USD of 4 la not nmloniiuj', lull. H nLai)ea t||D fkiamKlon nlln|ili 9 ?. 

Biute/(a, ft) = 0, rmn nwjt, nf ihin cqiiftftim i# nf toiitmi jwro Rixi ttio 

remaining points of intciseotion Q„ . .ire liekttitinwl Uy thi* 

real roots of the equation 

{/t cos fl +/(| flin 0) 4- cos* 0 *i* '2/jrti sin 0 eon fl -j-/n^ ain* ft) 

fhK, at least, of theee roots tcxulfi to iscro if/„ ros i9 -|-/iaiii 0 —0, thus 
verifjong t hat the gradient of the ttinjjont ia —fjfi and also that the 
equation of the l>angeiit is 

{* — «J/fl + {y - ft} A = 0* 

Thus if/„ ^ 0,/^ ^ 0, the tiuigem. La pamlteJ to OA', and if/^ ^ d,/* = M, 
the tangent is parallel to OY. 

are rtof hoi/i jiero, ^o, ft) is oadetl »ii Ordinari/ 

3,22. Hingiilar Pfiintn. lf/„ = () etiiry line tJiPJUgli (u, ft) givos 

at least two roots for r, and the jiKiint (a, ft) is therefore called 

SSI. DmiUe If /„ — 11 nml ure itot all iem, 

the point (a, ft) is calleil a Ikmblc Paint. In that case, tlio equation 
giving the other values of r is 

,^C/m ft + ^/njj cos ft sin ft +/fii, sill* «) + ^,{ > + ,..+ ) - 0. 

Jj fil 
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Ow, lit least, *.»f thwMs valuei tetula to aero when 0 tend* to a value 
that satMefl the equation 

/„ coa* fl + S/u* eofi e fl!n 0 +/i* C =< 0. 
if the two diiectjona detetmincd thiii quadratie in ton 0 oie finl and 
the eortBspontlini* lines ^tiafy the ijeometrical concept of tan- 
gency and are ttierefore mlled tlio iri dmilib? poiM. 



noiien 
no, a 


A double point with real, distinct tangents is called rt Nude. (Fig. 5.J 
If thn two dirwtiDns are not Tool, no value of r con tend to bcto for a 
teal direction and therefore there are no real points of the c^ve near 
(o, 6), A double point of this typo is called an loalateil Point. 




I'tisps 
rpu. It 


y<ite, A node i* wnnHTl iiiirai «allt)d a emtiodi! nnd aa isdaml point an acnodc t* 
tmfvyoie poitu. 

If the two directions are ooinCTifeat, thoTB is s single real tangent and 
such a point may oi may not be iaolat^. In this case the point is called 
ft Cusp (or Cmpiddi and it will be seen in the eiamplea that the 

cusp may be einple ur dowUe. (Fiff' 

A doable point ti tWtdbAi a midn. u owp m so i^led point u 

faf'> - M 
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M ADVANCEI> CALCUt-DS 

3 . 24 . AluUipi¥\ Points of Order tf%. If iill the derjyiitivi^ / up to 
utid fhom of order (m — 1 } veumii, btit not nil ilnwa of onler 

w,. the iKiicit k oaUed a Poiiit of Onler w*, 

Thni, fur a trijilii pDintt ftir pjsnniplf, wu deduce^, in tliF? LWf«fl4 tJiiiL 

tbu liiryct'LDiuf of Bre- pvan by 

fmrn t'<** 0 -i- Doa* fltu ^ & »in' fl — iK ^ 

3 J 1 S, ^ummar^. A iimpJe way of fluuiimiiKtag the above i^ults h 
obtninetl by tiiJdiig the ^r^i'n to be the point imder <^iii?irleni.t.iDii, tiet 
the eqaation therefore be 

"I" ^11-^ "h I + - - p) + - , . = U- 

(i) If a^i are not both zero, 0 k nn ordimr^ point, the tangent 

ftt which is = 0 . 

(ii) If dj, 1 = 0 = but not oU ihe niimbers cihu, rt,|j arc aero, 
then O is a imibfe jjoini^ the tangentH nt which, if reni, are given by 

= a 

The point ifl ii it ruAp or m tainted jHfitit jiciurrEbig an 
dll* > ^ or < 

(iii) If Oitf = i) — Hji = ti,,^ ^ but not nil thi? uuinl^t^rs ct^u^ 

* 3 lni l^lll **<]» are Mro, 0 ia a triple point, thd t 4 ttigenUi at which ate givius 
by o,B^* + 3diiar“y + ^ 0* 

Similarly wa naay write down the tangente at O* when fJ in ti multiple 
pmTd of any order, 

3 .Z 8 . Tlie Shape at any Ordinary Point, Lot the origin he the (xunt 

under VrOnniderntion and let the eqmtion of the c urve lie 

fia; + % 4 “ 4 4 4 . * * — l) 

whem B|i b ara not both yero. 

Note. For anr cthier point on ih? mrve^ wa may flappuM liie tirigin tmiwfH-ml 
ihera hy a ohhugn cif ii 3 Cf^ 

Jf h if ^ — fwr/64 therefore by BubatitLitioii 

y = — Wtdi 4 6" 4 o(z*} 

i.e. 

y 1= ^ dar + lfi“ 4 where Kb* = Ab* — iBal* 4 Cei^,(A' 

The conHtniit K nmy vanieli, Imwever^. and 1*0+ iti general, tho 
ilepartR from the tangent like 

y = — ax/h 4 ZiT*. (4 > 2 , b 0). 

if « — 0, the upproxiniation k ^ If b = i) (so that a ^ Of, 

the approximation b ^ = Aty*^ (j > 2). 

Emmftet. f!) Find lh« approximnUdnfi for 4^ — y — — y* + » P ul 

(0. OK (1* 0)p (Op - 1), [U - 1). 

At (0, OK y - 4* - fltf" - f4i)* - 4z - 

At (Ip - 1). take X - 1 -p X, y = ^ I 4 r and aoil 

- 2x -t r ^ r* * *. - 0. 
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Lcl (tf f 1) =ii(4r — !}-(• 4(tf 1>*. - 2{jr" 1) - 4(»; - Ij* 

KdJ rtt fO, - 1), Jf+ I -if ^ 2ii* (J^ifl. in la).) 



4 x'y - 63 c^-y ^+2 Jc''0 2 x-i^‘* 0 


™. Ifi 

(ii} Find i3» flifqirosinwitHrafl tn 2^ — — if* + 3** = 0 nt (<Jp (t), (tfp — 1). 

(- I, 0}. < - 1. — l> The rcaultB ^ « 2» + 2*" i f; + I => - 2* — 3jf*! 

V =. - 2(* + i)*t (ji + 1) = 2(i -I- 1)*, {Fi-tf. m m-) 

3 Ji 7 . iihape tU a Mallipie Palnf. ( 1 ) At a ite equation baa 

the form : 

(px + yy){ie -3- «y) + ^i(*, 3) + y) + 0 

when y) is a honjogeiiwu# polpiamiij of degree r. Near the 

tangent ja + = 0 , wc have px/q + 'f 3 5 ^ there¬ 

fore one hranoh of the curve departs from itfl tangent like 
y =; — px/q + £«*, (JT > 2). 

If 5 = Op the approximation ia of the fotm a; = Mq*, (j ^ 2 )* In par- 
tlcularp whan q the appruxiuiation ia 

(pj; + q3){l — mp/q] + — P/q) = (^a(lp — p/fl) 5 ^Oh 

When pz -|- fy ia a faetftr of y) hut nut of ^,{x, y), then 

p* + !y = 

For ^i(ip y) = 0 ( 3 f“h (a > 5 ), i.e* the Approidniatiun in 

tjw + W)(* f«p/f> + - p/fl) ^ <•' 

More giifitimlly* tlie approEiniatian is 

(JW f - ™p/f) + - pM ^ 

ia tliia ^4- that dosa not c<»DtAiti th^ factor qg, lu 

I lift annif} way, t.|>e appruxLiiiatH>ii Mjear the other tangeot tr + mtf — 0 
ia obtaitied. 

Kxamjiles, (i) Find %ht appreoiiniAtinivi Kt {t^, Oj &□ 

*1 ^ ^ ^ ai^ =„ 0. 

MTat twigentn at (O, 0) afo af — S =0 ftThd -£- y = Or 
Near ^ - 5 = D, (i - L^^ |^ = af + 

Nwr » + y = Op fa + 2flf^ =• = - x - £». (Jitf. iJ (a).) 

(ii) Find the appmainulir/HB At Oj U> + %" * 0. TIhj lan^nta 

61^ X = 0, p = 0, 

Nwr ^ = Up + V ^ 0 , i.e, 3 » = - 4 j/“, 

Kew 3^ = Op + 5it» = 0, i.e. % = - (Fiji. JJ (ft).) 










m 
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(2) At HU inolisied ftoinl * th^ tfirms of thi9 sooinmi dugrcHS do [lol> bras>k 
up into mal fiMtom and th^ci^ ai^ nd real poiate ia thn neighbdurhotxl^ 

£sunjfjlc«. (i) + Jf* — |f*— 0, (ii) JE* + 4- » O, 

(iii) Aft* = — 5^, 

(3) At a cmp* Tbd ci>el&eieuta of x^, ciaiiiiot boUi be m^o ; let im 
therefore aBHume for ciefiniteness that tlicre id a t#rni lit j* and that the 
equation ia 

(y “ Ntj:)* + + . . , + — Up 

Since y — wtx niay be a factor of (i < n), wti dedue^ 

that the effecftjvi? approxinialioii takeii the form 

(V — mjT — — AsX* — , . p — 






fx-y 









/y-lx*J*- 9 x*+x* 





yio. Ji 



If K < 0, f even, the origin ia laolateil with a ret^ tadgi^ni y =» mjr i 
otherwise there ore real painta near f> given appjpdximately by 

y = Ml* + + . . . + ± (S2f)K 

Saamjltjt, (i) (a + ^)" -j- a* — =i (X 

Hm y = (Xajp and the appmuDwticjn ^ (* + + 2i* —1> 

J.*. # “ — * i: 2a*f, Kfxifimd Omp. (Ftjf. 11 [fljj.) 

(ii) — X*)* = X*, €mp, {Ffff. 11 (d).J 

(iii) (X ~ sr)“ + (a* — £?■) + ia* = 0, 

Hefv = X -p fej* where fc" — 3it -f 2 = D, i3r ^ — a + z** f » a + 2*^. jOrntWr' 

Otup. 11 («)pj 

(it) — 3^ -- a^ + a* =* Op Here f • ± a". JJWiJc t/ld 
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**, y ~ Tt CuMp. IFt^, JJ(p).j 

(rl) — ±*) Rivinij ^ ^ = jr", Donble Caitp. {F^g^ 11 (A).j 

(ifllj {jf -f- 3f*J* -(- Jf* Tbp nrlgin ia iinfaii'd. 

{^iU.) -f — tjg + Jr)^2a: — p) + i** = 0> H-Pr? ^ = tz* -J- whepe 

t* -H 3 ={i, i.fc tbfi nrigin ii 

(4) Ati tt [pmiii : fetdiilAr mettiDdfi injiy lie cipplied but the 

rictailfl fnr the curve are tuiiioufi. 

’f' Sf) ^ 

0 i* A qujtdruplo |iointi with 4 tmcI * tli if D, x 

Npat I = 0, y)(- f) " S'*, i-e* ^ * y*- ‘ N^ar 

= 3^1 i.e. y x - 4 jt*; BdiiiiliLriy jusajr z - - jjp, wo lunfo 

y — - 4 *^. if (fl.) 

3.3^ Graph of th« Algebraic Function. A ruprc^&nt^t-ionaj(l(K]uate 
juctum^g tho fuiictioaiil relatinnship obtninefl it the aliupe of th^ 
i-curi^pir.inrliug i^urv*t ia ilet^niunefi— 

(ft) at critk'ji] jiotnt.!^ in t.ho Hiilrre jjurt of i.lte piano; 

Jit where JLUJe^ at leo^, uf the VEiiiablcs is large, 

thidcr (a), we fihsujlil ikterjiiiae (i) where the tangent is pamllel U> 
tkii iixm, tind (ii) the aiiiguliir points and the apprasimatinnft there. 

In genemlp the approKitoatiun is naiially of the type 
(y by = A [j - fl)" 

where r, x may he jioHitivo m negjativn integnrfi ; but It shcmld be remoim- 
I he red that this nifly lie the mmnmn opproxiination of tw'o or mim 
braTkchea of the eiir\^e and that furthjpr ajj]}rQxin3nt.lQn may be necessary 
t4i sejMmte these brnncdieii. hi the t wo [lamgrapL^ that folluw, examplcfi 
are given that ULlniit uf jin obvious trcatTnent. 

:i3I, T/i^ -- Fi£]/Q{:^), where P, Q jire rjolyiiomSiilH with 

nti coUiniOU factor^ 

Find the fthii|3ei^ Jit fwLrinta fr^fJ) where y is sinalh where y is large 
and where x is large. 

Obtain t.hu pointJSp otlier thiu) thoae that have already oreurred, 
wliere II taiigetlf. is fimimllf'l to i>X ; these are given bv 

'rhoir niniiber and ii|>pruxijJiiiUi i:ioefU.ioti Jife oftm deJrieihJjs from a 
knowledge uf ttse riKifjs of /^(xj ^ 0 and = O ; and if only a ruugh 
graph h requirtnl, it iti Mnuee-eafiary to End them ; but their fletemiina- 
tion not only prmides a vertfii.:»tifsn of previoua work, it also gives an 
idea of relative diiuensionsH 


JSsfurhjfl^a. Find lihp npptLiiKkniMlunii to the foUnwiTig corr^ whnpi x in large ; 

I 


fi 


A" ■ xi\ 

x/ 




(i). 


(HJ = /i 


** +1 


**]■ 
l \-i 




inx - mu + 

“ (x+'^iv + gr ^ ‘ + "(i)«S' = ± (> - D-i*'- ± 









advanckd OArx;uLUs 




- . ^ I 8 / M , ^ ™ .1 

(jvj ^ ^ } (, =, 4 .. jJ* C“* “5‘ jr - * + jj a 


Ml 


<uyniptot{7 uii tbp vurvc u abomo (baldivj thib oAytnptoEp wtirli ^ I# p-ikI 

pcifliliTfi (sifgElifp}. 

<V) if* " 9*—*^ t ♦<*’). 1«. «J- 

f <*(1), t«. «). 


wn y* 


(X - l)'(a - z)* 
(» - aj* 


= —a* 4 ^?! Tcml purintil. 


Dmw th^ iiomiulrtP lurv? for the fcilWing fu(*mpl«a; 

(*) 9* = rr"r^ns* v* = (ii*: i— 1. “>Ji j* = 1 . j t (*• <>!►.?* 


Pumllpl to OA" whan x = % y = 
flVHintftU'y 0 X 1 




>+ t)*‘ 

^ 0r33^ ; £ mmiluL bd 


1 

"i 

ir 




(Jij ^ ——Ti: Bnii tba eppfmnaaaUfjoH at (4), Oj, »), 

(X — H- AJ 

2 

(“ 1, oOjp {qO* 1). Iti |jiifti-&uiiur lit (cc, ^ = i + The Lniipfit^iii til |Hiri4ik''l 

Ui OX at S. <J Iti}. {i).J 

fff + If 

(ih) ^ - rri finil the spprijxinj^tkmi at {— U U}. {i\ coj, {I- ®J. 

' — U 




rici. \t 




r- 


7 2 fi 

(m, {C), I« pwrtJjirailBX' bL (os, udj, ± y ^ lb" tdinisprn i* }iArBlliil lo 

ox 111 (im (JYy. /j 3 («).) 


SJUlr The HnUuion A(y)/B(y) = iJ(3ii/E{r) i 4 , /i, C, E itjic 

pwlynoiniata- 

Let J'(y) = A{!f)/B(i/), (?(*) = C(d!)/£(xV Tlien it will mmiitly bo 
Aufficiont to consider— 

(i) places where arc aimaltaDeondy mual] or stnitiltiineoiiHty 

large; (ii) places where 2 ot ^ ia large or both y are huigCT if tliuy liavo 
not uccyireil in (i); (iii} singular points that, have not occurred in (i), 
(ii) and also the points where the tangent is parallel to an axla. 

Thus the curve is par&Uel to Oi’ M'hen /'(ji) =* 0, 0 J it is 

parallel to OX when F'{jf) vi 0, S'(aF} =s= 0; hut if (o, 6) Is a point, where 
f'(h> = i) = (?'[«), f{b} = G{o), that point ia singtitar and by writing 
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the given relatinn in tbe fprm F(h'l ^ £/{j:) — U{u), tlio appruid- 

rnationjj there ue eamly determineil. 


JS’jrnmjJfiA. (i} Khow ibuk IJm carvm -- f^) = — iTy + 4 hoi 

A point End fipd tlw ^ppfnqrimftdfin iMm, 

Write the eqnatiun 41(1 — 1) = — ^ — 4/ (^{^ — I))( |^) =» 0), Thm 

^ p whfHi * = ^ =a 4 End thifl pntet la {m ttie emrei Tlie relaUon ii 

4( _ I jj 

l•qmvBJBdt to (Si — i)* = ^ ► ahowijjg t\^t the ^egotar point tn a mxie 

witb lEDi^iLte 2 ^ ^ I ui ± 4 (% l)v 

(ii) t\ MAy bo fciuiul HLEHilErly tbEt the curi'E 

4% - Ito -Sj =^(x - 2){az* - 4i> + 41 - 1) 
blUi a jpubla cusp at ( u 1). Tbe eqnEtjon maj bo written — Ip = — ip« 

(Ill) PJnd appn>Edinnt.lotiE for 4r*(y — Ij^jp + IX* -h i) = JH* — (}% + 3) 

(— Ip (K 

At (“ 1, oo), ^ + Ul at a&X ^ 

®p 4ry - JXir -h 1 ^ y —► 3 nr - B/4. 

(» " gX4y + 5) W-a^-hO 
[y + 2) 

13 12 p 




When ^ - 


WndTig iho DqLiatiijii 


wo find 


ipvniif tbo clofier EppriMiFnationi^ y 2 — ^ ^ ^ ^ -—, 

Hraw tbe iumplirici eurvo for tbo faUovrjnK rmljitiiniA 

ii) -^ 3K*-S). 

fO, 0)p - S4y - (r^p v^)p - V'S) - Six: {0. - v'SJ. 

d- i|/3) = 

HiniilET iwilta at (3, 0}, (3;, y^S), (S, Ojip (8^ 

Thorn ia a node Ht (6, I) ivith tujtjruuLit — !>■ -» 7(x — Tlw lEtiifCETal hi 
pEnUiel to ax Et {0, - 2). (I 53, - 10), (1 33, — fr3)p (1-33^ 1 &J. Tbo tan^ 
ifl pEraltel to OV it { — ], 1), (3^7, -- If, An^l jit g&) the fimt Eppro^tJniatuHi u 
y = 0 38*, ihp next m - l^ aiSUt — l-t (Fif. J3(fl)p) 




yni. 13 


(ii) y^y + 1}* ii*(£ + JjS Obtain the appixulniationu at [0, 0)1 (6, — IL 

l.0)w f- 1. - 1). (®, (Fiy. U{hU 

(rii) if^ — l]*[x +1) **[* -jr ?)■, Find the appeoxinjEliunH at (0^ 0^ 

VX I — 7* 0)* (•— 7* 1), (— 1. eoK ^.Ji. lu liBrtieiitar at (te, ®)p y = jp -f 

■ tuly« ^ Biymiiitflty about tlifi line y = I- (Fi^. 
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(it) ^ l)«(jr + 1 )* - x^8ft• - S), iFiff, 14,) 



fto, 14 


(T) (J^ - iKy - l)ttf + + 4 H^ + fl) 

+ (t* - IHt* - 4^X* - — 1ft) ^ JSTft 

A'a kjfge VAtoes of x, y, Kynimctry dbiiul 01'. {F^^. /J (if.),) 

(vi) 1%^:P flj* + ^{x + 3)"(sf - 2JB * 0. {Pig. U {^).J 
(tp) «t (x" 4" A)(y" + 1). Thifl. c^xunple iUuitnU^ iJje iinjujcUiicin irf 
finding t^hntc tAiigenta nip pamilDl to an a^dA, sittw tberc ii mi ovai wiiliin Ltifl 
fint qnadrMit. Actuitllv/a = 0 at (07®, 4-M in- O-^j uid/y = ft at (2 or tJr 
- 2-32. 1) ami ( 0-22, - I). IS (e)p) 



3Si. Newim's (or Pid^gm). Wben tlm vnrittblt's 

caonot l>e ^eparat^ aa ip the two pr^adlag paragrupliff, nod wlif^ii it in 
not obyioTti wluit tertoA giv^ the cotr«^t appiuidniatioim in sigtiiJicAnt 
ndgbbotithooda, these spproxinmtions nuiy be obtiuiiwl by iming it 
mibaidiary diagram known as Nmim*s Pidi/gmi. 

Let tbc origm, which mny be a singtiliLr ]>omtp be on the niirve nijrJ 
let the equation of the curve be 

where there is at Wat one iiou-zeto t&mi leaitt oiifi iiciri-Kero 

tenn hi a iqbmrtiaiy diagmin Jfi), tnko mctnnguljar Mes 

Q$, ihi and plot all the pairs of values (r^ ff)p thai occur in the given equa¬ 
tion. Draw through these pointa a polygon that ia not reentrant, such 
that every vertex la ora of the plotted points bjkJ such that every plottcKl 
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point b eitter witbiti the polygon or qa onq of itB Hides. The cid^ nifty 
clAHsifieii into dghf. types ss folloivs [Fig. 17): 


Type ; Fi^. 17 

EtpuUian j 

taequaUty pmmJts 

not m sidi 

(i) AB, BC 

i 

1 rja>i), ^>o| 

^ + m>^ 

(u) GB, HL 


jsf 1* ft) < 1 

(iii) DE-t HF 

+ 7'J ~ 1 p < 0. Y > i 

/if + (f?) < 1 

(iv) ME, NF 

J Lp > 0, < n 

pS + qt] < 1 

(T) CD 

' £ = 0 

f >0 

(vi) PA 

t, = 0 1 

i;>u 

(vii) FO 

?V = l' v>(> 1 

1 

(viii) LM 

pi=-\. ' 

pf < 1 



ni». Ill 



0^*0 


c» 








FIO. 17 


Tho chttTact^riBtir pjrupcTt.y of the jiolygon w as follows ; 

Tbq ttmifl of the ec{Ufttioii that eomspoad to the points un a par¬ 
ticular side f^ve the first- apprDjdniutiiJii to the curve In a particuJar 
npigbbourho^ i arid tJii^ particulin iieighljourtoods to be associated 
with the different sides are given by the sebeme— 

(i) (0, 0), (ii) (oo, 00 }, (iii} {0, oo}. (iv) (oo, 0), (v) (0, n), (vi) (o. 0), 
(vii) {ft, oo), (viii) (®, d). 

jVote* 'fhe diffnnmt l.yjwii hmy iit idl octeuT. Tbe??* ii»y be mesm 

thati two pomtB tm a aikl tb any nidor HiS Wo AbriJJ Bse, there may mpuToapeind 
more tlmn en^ bnmeh. Thi? ctauianr c, fiiir rnity have many viklo^ 

Let A'jp A'a be two points of a sido pf 4- qji i= 1 and let these mm- 
spond to reupeotively so that 

Pi + ^ 1 =^ pi's + ^ 1 

Ijfit j y " (whefe A is chfxieUp ktier, to be snmll or Isrga). 

Theoi Ajf^y*' = 0{l} and = fJ(A) so that these tBintH ate of the 

jKitflS order in the iH>ighbDurhood Also, if Sn) la a 

point fifit DU the linct the correspoa^iing term 
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Thiifl for ti-po (i)^ jtjr, + > 1 jind feherefori? for I snwlf^ 

^ fl(A} 

And flo ([) giv^ AH approxitnatiou nt (0, 0} fllnco q > ih i^im ilarly fur 
type (ii)r by talqDg A large we find that tte caire&pooding tnrmfl pve thr^ 
approximadoti for (oo, co). In tfe eamr. wny the other tuny lie 

ostAbliflhcti^ In pATticnW, (v), (vi) give the poinls whore tlje niirve 
cfoflSea the axes of y ajifl 3 : respectively ; and (viii) respectively 
the aeyinptoteo parallel to the axon of g and 

A1m>, the polyfjoii Hi^ca the appniiciniatiQiia to the eurve in the A(i|:jo:4|.'rirjjite 
n^hbeuriioo^, tines £l fuUdwa frcmi the abave thfvt If i\vi line duntJilnkn^ 
II piuticLilij- aide M leoi-ed pomllsl tn itaEif until it ftDotiher pkvt.lMl jpejint (iir 
m number of peinl* HimTiJtanEoiifllyh ihfsa the terjii eurrceiirmdii^ Uh ilial jKiknt 
(poii^) picvidiL'a the njuct Bppru^diAAtJofl. 1'h» okioer tt],Fproximatitm nmy Iin- 

mquirtd when tie firat u i^miar or iTiwiIvca riapmUsI factcKm, U in»y slips Im Eiiu>it 
t4> obtniu tho Okn^lfl ssA the imint^ TS'here thti eurve <!ri*ee« the sics. 

In the following exan^pfes, the (XJinpletc enrve is iii onch cutst? iinli 
cated by a dotted line in the coiTeai)Oiifiiijg (liagrain, but tho rriruliir At 
the preo^nt stage shoiild regard these dnttoJ linefi im^fFty mt IcntaliTO. 



) -■' 


ill-1 -^x 

*-S/xfuP(x ' 


no. lA 


ih'iiainp^M. (i) — iy* — — Aey* -h - 0. 

(Op Oj, ^ = 0*\ritli rioHiJ'T lipprosimiitltmie± [x — 

end (aJ + yyii «= Hr* ipvijig |r = if — 4^:* snd y = — X -J- 4i^ j 
(iTp m jf (^ jr*y* — rt^) -^r = n giTTO JC + 5) = 2 j 

(Up odJ* liE^* = — 1 : t'fc, 0)^ ic*!/* - U 
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(li) ar — + J?" = II 

Find tlao n^iproiinidiiJciiifi ai, ( 0 , 0 ), ic, 0 )^ {Ht ^>IJr (®i 

tn partimilafp fe, 0), j{2 + fflTiw 4^ = J -j- 2 fc — — 2^ l-sOi ®)p 

[ _p, i* * 0, iic* + ;^)(** - *sf + giTlTig the n»i uyinpWNii 

I- ^ = q, Tuitli do«!r Approadramticil ^ 

MiiJ _ aj*)=* = Find ftliproxiiMtiOn# nl <0, 0^ (eo, OS, ™). In 

|siut!culiiT t&l (D, 0 ) — x*)" -• gi™ i: 

(ivj t* ^ ]/)*(*• + 3^ + g^n - - * + % - y- 

Find itpprojdrofttiniifl at (On 0)^. (Ct* OJ, *|), [rts, «}■ 

In tb.iB cate C| « ( ; nmjp" tie 1 nr — 2. {F'ltf. ii (dS-l 

(yJ (y" _ jj*)* — _ 2ilf^ =0* If tba terma thnl give the BADDiid 

iippn>:VLniMlwD VjmUil when the Erei upprruiiiajition ft tr!m|Tonif>' 

i hftnga of ™iitbliii nifty Im ■uHarl to obtain the corrent «tM?CFnd approximation. Thun 
ftt ( 0 , 0 )i ** 3 t^ fcn ttliH Eioniplo fLUfi tba terra* thiit Ithtnlkl (pvtf the Awifliifl 

itppn.^siimJiii™! Viiul>lb- 'rako Iheroforr? F = i/* — I* and tho litw iVjWAlifwi in 
r» _ x*r — 2;r■ » 0. Ffnin thia wd dedane thuLt Y ^ ^ or — Sj'V be. 
^ pr « 3f* - {^rV- IS (el.) 

(ti) + yF " IHiF + y)*i(i ^ .y) “k dx* = -il^ 

Ai (oJfc aoji the tiwt JipproiimaEiull |!:Lv09 -p (/ = n imhI thia uiokcfl thi? lerm* 
Kivftie I ho next npi:iTi>xtio4i,ti>m ™iiHli. x + y = F juid find 
-if* - - Yi H- = 0. 

By drtiwing the Sowl^m polyffin for the ecimitinn in (x* T) wft fiml tluit lU. ( ^% rc-b 
(yn _ jj( Y± — 4j 1 — t\ >-n- jc -|- ;^ “ ± Vjc fttwJ .a -|- = J: - 

Summar*/ of frVwW AffMridE/of/(jc-, f/) 0, (1) Dmvf 

ptilygcTi* If O in poi on the emve, thn appruiirnntbiis for ontf i>r nmw 
nf tlif? dcighl>iurho<iflo (fp O). {(K c), (oDp D). oo}* (ff, oc)* (^p 
(oOp ec?) are obtained. Tf O ia un tlio ciirvtb wc ubt.aiii also the itppmxi- 
mation at (0, 0). 

(li) SdIvu the eqmtifitis^ i-i; unA niddn thu pakita {a, h} 
where the tanpent k [wiralkl to OX [if ft, ^0). Solve the eqnationj$ 
J’=/^ = fj; and iNhtmn tlic taiLntii (a, h) where the tangonL \r parallel 
to or (U }„ if /=/« ^ 0 poin* 

(iii) if (a, b) is sirij^iilar, Uke x = a + X, if^b+ r add Amw that 
part of the pKjIygon for f{a + -¥* 6 -h f)=^ 0 that gives the appiy^nm. 
tiou at X = 0, r = 0, 

KziiTnplcr, |i) 'h ‘ 

(0> OL V* - - Oh -xj), xy - U (c&, aoSp y* 

/, ^u ’wbon - SI. bp. lit (M l- /p =-^i ivhiJi SISA-e — — ^b 

be. fit t-0-70, - t 14K {Pi> /0(ff).) 

(ii} j^y* - -h = ^iv 

Firui itp|jr(jitiirviilloru* at (ib Oj, (fvo); (^E■, -L- h 

/„ - i) whroi ^ - Ifir* + 3 0. giving (i-2-ii. i 0 07), {0-46, ^i. IP rjOt 

^ E) when Jjj* - 43 :^ 1 « 0. giving {tb6, zb « (^ 02; ± I 24h Aliwh 

ft'hrri *C = ]p y -» ± ], gfwlifni — }. I^ymqiistiy about OX. fFi>. IS {b},) 

(tii) 3c* — y^ -h x"y* — 4 j^" = II. 

(iv) y" — 4i^y - 4 - H- y" = 0 . (I'ly. I® 

_ ar^ji r-: £iy. Mini apixniiitnlkiiOM at (Ui Ojp («, 1), (co, fl0]u 

If X = < — |, y — jt* — i}"s ^ ii tieverr iwro, and ^ ^ <Mily At 

tJorve CTOHMA y - 1 (thr aflyniptfrt^S at X = i 1/V2- .Nyiniii«tT.y about OF and 
y flanoat be? <0. 
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(vi) ] 2ttf - ■ iK 

Apprnxii^^iiHafi for (so, c) ii mi itmJ, HJi*f Lho tjwijent it otver tiomllDl tn OX* 
(™) (tf* — n^*)* \ iJC^. fJ'i-F- 

ivUi} (^* ^ h 0; in iMs eumpilri tJi# <Kri|pil. it itrJlfitwl ajiii J munt 

1t<? -: 2, (ftfir. ia? (rf 1). 

i}.4. Unleursuil Curv&s, If the uo-urdinafcs of a |>nint (jc, y) on a 
carvft c^rj be esj^resswl mtionalJy m terpiis of a p^iramcter tho curve 
jit Aoid to bo ii|}iiryrj«il. The ojmplete curve im ahtuined by uLIowing t to 
vary from ^ to i oo. Sudi h ciin'e ia algebrain rinco the elimiLintiDD 
iif ^ Iwtweeu tho tfiiiiutioiiN giving x jiful fj vtbvioiiely givia m algebmic 
<>f|natif>ii in fjT, y). r.kmvejnsel}'* howevor, the geneml algjcbmio ifl 

not uuicnrHnJ, the oondition^ that it ahoiiJd lie ao boing asaociuted, oa 
wo sliftU find, with the number of aingutaT pomta poaueas^ by the curve. 
Tt ihouli] in' nmenibeft^ that the determination of annlytit'al candittona 
of the tj-po indicatenj may lejul (.o resulta that hitve no real ^ometrical 
.‘ijgniiiia^nce, anil that geoinctrjoal ideaa are ueasd merely to simplify the 
e^rposition- The analy^ of Edgebraic fnnetjons rec|uife 5 the nao of the 
complex variabje for 4n adocj^nftt# treatnientp and oqr illuetmtioiua hero 
are therefore ranfined those for which the reaulta obtaiiifd are feaJ. 

SM^ Tilt Number qf Points reqiurtd to sjx!.n/\f a Curtw of D^rte », 
The niiifiber of foefficienta in the equation 

*ht + -r . . 4 - - * H + . . . + 

LN J ? 2 4- 3 + ^ ^ (rt I) ^ -Jfifc -h IK" 4- 3)^ anrl therefore the 

number of arbitrary cr^naifaiitii ia Jfii + l)(ip -j- 2) — ] |a(rt + 3}. 

TiuiK a iyinifi can, in genF/tab be drawn through fi [wintfl^ a ciibio 
t hrcnjgh and a Hextic ShroiiglL 27. 

iViJr-. 1'hifi ivsnll w nnly Iriip ?rt aituM3 thr i^tpntinnfi fhn 

mny bn indi^u-rminjitCr 

Exampiis. (ij Ficul ilpr riqiajiiioji ihf ihef^^nii' thjr^u^h (Op ±fi)^i±rt, OJi (fler, 2fi], 
Whnn jr . IS, - j, « ; iiqmiikMi ja Aj!^ + + C) + - 4*( - H, 

WliE»i y — II, iT -- ± at mWJitmn tf I Ikt.f/ + = Aa** 

WhPD X - 2a« V li’j i Oinrtjffic'?i ,-11(73*} i 4^in-* -= il, i.c. t.hfi rcciiiifixl equation 

jji 4 j:* - tjry + 4y* -N“. 

(il} F^nil theciinics tlirtaigll {iK Ok (<h 6J, (2. 0), (ip — 3). TbJa ia 

mYmttt', jrinco 4 ni tfii' puinU Utt ihn iifro y 3 j: — & ; ii jimy tlLcrcfcn^ bn 
takun na (y - PwzSl'.ff — \^x - - Ej whmj wfc ii Axhitirarj^ 

llii) Find I bn ciibii! (Op S) (nr ¥rhicb ^ = \ nr^infli^iknukl tongonta 

jii-j =0 audfor whirh JT \ y 0 inauJUi;^nuptoLf. Tlda ie (^^ulvd^ont to 0points; 

fij|- y == (J, y = I iiiLul l^^ai iO ff* Up Htid the inbat.itutiiin of i + y Omuj?t lead 
Up il ^impje i.n j-, 'riK-i rrtall in SUeyfy — J) -h ~ J)(y - 2) — ilc^ „ o. 

d.i3. Tht Nuitibtr of Interjtectionii of tmi Al^^tbraic Cartm^ Let the 
ciirvea of degrees n reSf^ectivEly be givon by 

(1) + a" -K -.. + PJ.T) ^ 0, 

(2) rQAx) + tf"' ><?ifx) -i-. . . + Q„(a) ^ 0 

where P,, Q, Jire polynoudulB of dcgiess not liigher thou r^ # nsspectiirelj, 
Form the (hi H- rrj fKjuatiosfi 

;r-' ^PJizi + . . . + = 0. (-■ - tt, I.w - I) ; 

"<?,(*) -h. ■ . -H y%(j;) = 0, = 0. 1.n. - Ij, 
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Time, cojmet of [m -h n) boRiogepoous linmr eqtiiitiQiis in the niimbcrB 
U S$ y^t ^ The elimmaat m J = 0, where A ia the Hrter- 

niifiiLiit of the coeffieLents. This detemmiiLDit. may eitsily l^e aUmwn to 
be a poIynoQual in x of degree mt higher than mn, (fo/1 tmUfn, t%itw 
A^^aic UurvEA^ 

NofjWt 'l^e ^LuaI (iegroe of ^0|4^^iniLiit wili eftan be Imm time mn, niuJ tr? 
t-beil f^y thftt tfin intenH^t at. inanity- intnidQHLtcm of i tkl«fnmiUnflii 

tki infimty muy be aTn^dad by ii*ifig hQn3ogewoi4fl oowifcJiiititM, tKu being ef^nivAjerLt 
to A projeetive tnui^dbrniAljon. 

The cquntiouB from which .1 ^ 0 is obtsdned aW defcerriiiaii?! v ^ 
nitional function of r, and s<i to iWitch value of x obtfune^l from -1 * W 
we can find & comaponding value nf y, Thuf?, in genemlp tw^^i nurvfsa 
of fiegreoB m, n interHocti in not more than win. Scan?' fiF tJiejW 

Lnteraectioiiri tiiay he niidtipJe (wirreafHymlin^ to multiple rfiiit/^), iiiirl 
rtome may imaginary. 

b 3) I- 33 — -j- 1) u j - j-i ^ a 

Mdtifily tJfcp fotv-ml by y And 4Hkhi.riw't. it fmm iho firai, i.h[iii giving 

jjr’^aar + 2) ^ + 3;*! 4- -SJ 'f JP'i24^ -h J) - ii 

iiiolvLu^j for y we find 4- 3)* = at'ti" + Bx + 3) jmd • bx \ 

Thiifr the imrvm m.™t at {V. i>h (0, 1). [— j, g). ( — ll« ~ A) diiu>plf’ 

ftjmtaei {t^ommon Uvii^nt) at the fimt trwa. 

3.43, The MoJ^mum Nfitnier ti/ Lhul*le PimiU/ftf u (Juri^^ of fk^jn^ m* 
rtiippofie tlijit them are N dnubln points aiul no other singulur porntd. 
Let + 3) < aV ; then a curve of degree m can be drtiwn through 
ifn(w + 3) of the double points. The number of iinterste«:tiuus with, the 
given curve given by the^ ^loubLe points is -\ 3) which must l>e 
< mn, i.e. m < fi — 3* Thua N < J(a + 2}ln -h 1) but. wioj/ i*e gre 4 it*»r 
than ip(?i — Tikke therefore iv eurve of degree n — 2 ttirougli the 
jV double poLuta and through fi(it — 2)(a b 1) -* A ) other points of 
the oiirvo. The nuniher of interaflctions is 2iV -|- — 2)(n - J1 — N 

and this muflt be < nin — 2), i-e. N < 4(n — l](ft — 3). 

We ahaU show by eK&mpics that a curve can posseas tlij:i niiinlicr 
\{n — l)(ft — 2). Tilt* difTerence Isetwecn the nuniber jmd tin*' actual 
mimli^eT ii railed the £kfici^*€^ of the curve. 

AWm. dl sMUfl imull may b(s pmvwi Ly Inkiri^ A curve ol ^ 

through the dembtfl pcjinta fiJid throuab — IK^ + 2) — N iiihcr |wiinrju 

(li) It iIqhi [ypt ApppAr tfi Iw A Bkinpla irmlt'C'f tt> obLaln A 4>^irrt^pQnctillgly RLmpIo 
rormiilA for tho nvixlmum nnmbcr of singaliLr poidta. wf/{jf,y) - U wJw^rn tbrri. Api 
■ir. ilouhlrj poillt9,i triple poidtq^ at4D. Ii in Bfjm&tinki^ tmo tiuli A ujultipro jMiini 
«>f onlnr 4f may b« regandad m — J) doabld puintB. Thtui if it cun’f^ ijf n 

poBMf A enuJtIple- point A of n — I, it can podeci^ no othi^r ftln^l^r punt fi ; 
f<.^ AH would then meet the cun's m ti» + 1) poLnla nt liMtft. In lhi» ciwi om* 
multipLe point of order (a — 1) fi nquivalEnt to — iXw - 2) donhin iwintap 
Thjkt thn EquiraienL'^u is not aIwaj? tme j* moHt simpJy Hbowii by t-hn iJ^At h 
qniatia oau possess 0 double points, but it damkot 2 tripk! laNinUir Ifowuvnr, 

our pr^out object is to i:!e[labiish a relattririflhip between the natnl^r of imguLir 
points odd the pmblcM of dstenomiug whon s carve is nnicui^Al. It wi] I )» ftuflioinait 
for ud to iha method uJiipted for doubla points to nthm- fmrt.w.'Eikr timm i hitL 



ITNIClTRtlAL tjLIBVES 71 


arm^. Thfi problam IH mufn wloqualidy tim\% with in tha thlH?ry of lOgcbmie fniiD- 
fiGURn whime oowliTtons maj bo steXod without n-htetiDa to ponieitricfll idns£. 

Kxiimpie. A ae^tio iuA 011* t^widru^ point Am If all tbt- otbof tini^BjiUBH 
art! dunble palntn^ what W ibo tHittEmiini number m f HetfR m < for h atmj'. 
cirvuJd be drawn tJiTough A ftfid 4 donblo pointjj (giTiog 12 intoraortin™). but a nubic 
Wiold Hsi bfl lahen A atud » dimble point# {lidcfB ibare wouJd Ihnii be fth 

intortectlotiB). T&kr- a ouNtf £lin>ii^.b A, m double poinli uhI ^ — m oibor |icimtH. 
Ttiou 4 “ 2rai -5- K — iC 18» l.e, M < 6. Tboa 4 ititiulniplg point in thil {'Scunple 
in eqnlTakait to 4 double- Itointin 

3-4i. A Curve of Bejhienc^ %&o Vttk^risaL Take u tdrv* of degr&e 
(ii 2] througb the 4(ii — l)(w - 2) douhle iKjints and tlirough (n — 3) 
L>tlief pointii of i* given cuwe /(a?, sr/) = 0 nf degree w, 

The niiiiiKer of Hj'fei'ffwj'y c-oeflidetito jj 

_ 2){rt ^ 1) _ !(,, _ ,}{„ _ „ ;jj 

i.e* 1. Tin* new ourve is therefore of the form 

4>i^j J/) + y) ^mng the nrbitniry fi>e0kientj. 

The nuiiiber of Ivmm'ii tntv*?n3<3etiodB is fn — l)(fl _ 2) -j- [m — 3) and 
therefore tb*i* nunilier unknown h 

ti[n - 1) - (n - l)t?i -2) - In — :i} = i, 

Tlio co-nFdinat#a$ of this |H>jni of mteisectiou rnimt fiherefoiw^ be expre#- 
pihle ^ rational functionA of L 


-Verft. nip aamf* rtsult L« oblaiUDil b>' Utking a uurv?r uf dogm (w — |) tbn?u||>K 
Ibo Rr — iXw. — doiibl* jKibil* aofJ thniugb (Zn — othtr points. 

(I) A aoit.in with oT>a quodrujiln puant A and nix deuble point* 
(r = J i4>it) ii ujii^twiJ. Take a ouMa throng tbceo paLai# mq4ijitio othH- pnini 
nf the eurt'e. Out (^-wfliciDdl- b undelormiTi^i Tlie nutiibGr of unkru^iWJi inl^ciswt.ioriji 
Ih JS - (4 I 12 + 1) ^ 1. 

(Ei) A ettn'o of dtgrtic » with nue multi pifi point J of order (n — 1) Ij unic^irmb 
iM A Ito IlirfS iHjlut (cr, b) and iakr the varbablt line ^ — b = ({x ^ rt). The siib- 
KtitutiOD of If in thu cpquntion of the ourve Irada to nn equation in z haTin^ a nxU 
nf multlpliriE-y -(n — JJu Tbt riiniJdniBfS root i# a ndiionaJ, fuxitrtitiu of f* 

3r43. The Conic. A conic {aasirmed ifictdiijtiiljle) canrufit Iiave a dqiEbte 
point, and ia thi^refore uninorHal If (u, 6} is any point on it, the aub- 
stittition (y - b) -L. — a) {sec- § 3.44* note) ]mdn to a £|yadrattc m x* 

onf! root nf which is a and the other a ratioiuil function of IS. 

I t M luiAuiiiDd hrni I loti tht- TH^Ior id ulrcady fumilUr with tb«i ■i mpJe 
equAiioDa nf tbe iKaiin t4ii wbrnh tlm gcwral equal ion of tfeo ia«oond decree lUBiy be 
miuL^r 'Dap eijcaniplra jpveu IwNpw lo bd tcigaTilrd aa LllllriLnit.iDEu of ihe 
flDdpral tbiHiry. It b tt&pfLii tii lipiwever, thet the uiethcHl of Nowion'fl pofyijoii 
PTHaWra \M to oblAin very quickly i.Iht Untliffi, dhJspo^ and pontUcdi of tbe Douie pvin 
by a i!elLi.^] equBLbm. 


^ynaiWjfWcff. {i) - j? -|- 

From Xnwtorn's imSyKnEi, dl. dh p — x; (i, (>), x - 1 =0j (Op 1}, 

y - 1 + ** = tl* (=20, Qoh -f ?’ = imdgtuArv. (£UipM.) 

y = /X X = (i -H l)/{l q- f -4 !■)* y = t(l + fl/{i f 

(ii) fix" - fixy + = Zx. 

«j)p wymptutai: y - 2x + |. .y = 4x - |; (D. I>], = x; (I, Ujp 

3{j - n = % 

= fcr jpTw - 2X2f 1) « 2. - ^2K2^ ^) = 21. (Fig. 

2J (^]H 
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(iii) (ijf -h yl* « £ -* 

iO* 01. = S': I®. 2i + ^ i ■^/(3tr); (On - l)+ JSar = - + 1); ii.OK 

— = j; — |. 

^ fiTurt ifl + 2^*1— I, j^f “h 2)* = — fh 



fiu. 2L 


3.46^ TAePiife/r. A Ciihio have inore (hftJi fine difiiiih|4> pint, 

and if it hw c>n<^ double pint, it is unicursal. Tf the origin in taken at 
the double pointy tbe ecjuation of the curve mimt bn of the form 
Ax^ + flfV -h Cxfj* + Dy^ = £r* + Fxy -h 
The line y = ^ gives 

^: I - * -h + QI ^: HE + Ff + Gt ^}; A + Ei f + m 

jT* -h If" =■ 3cu|^i. 

.V * fee ipTcs I =» 3(il, T5f( I + 

A\m to. 0)r If* = Jfcis and z* - ai^! (ciQp esf i- + a « 0. 

Tho eur^^ li juifmOpl tc» wlwn 2f^ — I paint, tf*® v''^i it*v''^I "‘‘Uri 

ihc unrvD ii jmrillpl la OK at tt^v^4)i Wlt^D i—> — L t.lw iMiinl U> 

thfi paint OrtnUct iif the 

3J7^ ()thrr Ejximpl^ qJ ihf Unitmrifid CurOef. 

(t) 3^ -If* 

Trip^ peint a% (0^ 0) fuid therrerura uniotinaL. 

(0. OJ* = ST* uid z* = “ ^if — j — J. 

^ = fer give*. i<l—v(J I*)-• t*. Never fiaralbl tc* OX iir fn\ 

(Fig. 23 (6).) 

(ii) + 2if - ft) -h 4(*" - 1)* - 0^ 

Double poinla at [i L <!)• (0* 1} tfoniid hy waving J =f^=f^ ^ UK ll m 
tbeCefore uniouTHd*. Takfi a vnriabia i!«;iiye Lh^Uj^ thw paints ami — S). 
Thii will b* found to bey^ + igrj^Hri!i* + jf — 3 -0, and thi^ laniLiJn ^nHnt of 
bilcneclioti Lb given i»y 

xziiti = 2im -mt - 3[^» -iKi*- i«)i sfe" - 

It li nnltiFtilly wmpIiSF 4a draw tha enrw by our |UDeviou# mcilicHia. Ja tb^ 
diagram ahewn tlie cemiaa for i = 1 (an dlipH) oml (tw^ ■trm^hl'. Hnni), 

(Fig. 22 (e).] 

(iii) i 13 -i- 21z"(y" - 1) = (if - l)*f|f + l)*- 

Xt will bfl fbuiui that thia qnintic hai a Iripla paint at (0, 1^ tUHi tkiiible poiniLB at 
(0^ “ fdt I* ui tbfldiefore tmitiuiBBJ. A vnriaiilu CQ»iii thmugh ttw^j 4 

polnlfl ii o'bvioLiAly i* -fc- g* — = U and thf’ vii.iiabl(^ intarseHIon ■will Iff faund 

mTCQ by 

g; 1 - - IKi* - a)i (4 - &fi + !•): (4 4 41" - 

Jn ihp dJagrnJU l» iiK»wii jUw the fort I -> | ■&, (Fig. 2:2 (sf).) 
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2x*+tjry+if*^+y-Z=0, t=l,t-3 x^+y^-ticy =1, 

wo. 02 


3,S. Cmptilcal Kepri»iGntatlDn of Fuudtlutts of Two Varlublesi. 
An explicit fnncticm s of two vuiohleA (», Hivcri by thi^ fdatiaii 
z —/(n ff) uiny Ijc repK;HeJit4f*l by ilrawing the ttyrrtiini of oirviai 
/(n, jf) = s for fJtfbjreiit viiliiw ijf 

If wc nirartl the pUine ^"01' He ii hofiu^ni/al plane and x the height 
of the point s vertically above the point lx, y), the curvea /(*, g) = x 
flie appcopdately called inv! curpe# or wwtfowa- Aj^lain, if /(*«) y*) = 
ond/f/, *j) </(Xt. Ut) fteor (f,, gt)> (x^. pves a iJHix^um 

value to X and may bo caLcd a nwmmit,. Similarly we may have a 
mtntmuni or mratf. Other appnjpriate terms will eiiec m the examples 
we shall use as illnstratiu-tiav 

It is to be expected that ths criti(-.iil valn^ of r are those that belong 
to contours having singular points. Thus if (a, t) is a point obtained 
by solving tha equations/, = 0 «/j,, this point » siogulu for the con¬ 
tour /(i, y) = /(a, i). It w important however to reulke that whilst 
(a, h) may be a singular paint in the usual sense, the curve/(ai| yl h} 


J 























7^ jVDVANCFJ} calculus 

may siometimes be compoaite and (a^ an int-ersention of the eiuros of 
which it la t^inp(Kied+ 

.J. 5 /, Tlw Linear Fun^t.ivti- j? = m -f- hjtf -|- e. The ura 

{Mirallel lines, Ijfil P,, bo the pointii (it, y,), {,Ca, yj and let (ij. y, 
hfl the coneaponding points of the surface of heightfi z, reaprelively, 
whero a^i = -h + i?; 7^ = 01^+ by^ + (Fiy, 2 J.) 

Also let ar, — aS j = r cob 9 | — y, = r sin 0 whem r is P^Pt and 
ff the angle that PjP, niahes with OX. The LncliofidoD of QiQt to the 
horizontal ia given by 

tan a = [Ji — Zjf/r = cofl fi + i aia 9 | 

and is jndepeudent of n The sijriia:e therefore aatisH^ til3i> Kurliileuii 
deGnition of a plane. 

The lines of yreaiest Mtupn nre given by tan 0 = b/a, and iixe, ua we 
uxpeet, {ifvpeaJkulitr to the conttiura. The inoJiimtion of the l^kt}i2 Ut 




the horizontal (i.e, the fffoditfii) is defbe^i to be that of t]ie 3 iaes of grenteiit 
stbpe and in given by tan a^, = V(^®* + ^* 1 -^ 

More ^enariillyf Lbe that 4?Ul ihi'’ I’NJCLtaori at iua^Um tLTf* i aIM littt>4 

(nr ourv^sj of (or fumptyr tbo lm» of ^ope). y) = ? givm 1 lip 

ooatouffl, iiifl iiniM of fllopo mueet nddfy the diffcrimtiaJ cqiuttincv dv/ctr 
fliniM for Uw oontoar through [x^, y J id the vnlBa of —fjf, at (i*, y bJ, Tin'** 
camid an? ahawn by dot-tod Unos in Lbe voriotia fJlufftatianfl* 

Hhm <iEBmpJ>B » = * -h 3y — 2 l4 illiifiljmt4?d in J’iiir+ 2^, 

S* 52 . Quadfalit Fuixtiarix^ Tlic conUjuire are aiinilax corucii l>iit 
HiDcep hj a ebangv of asefl, the equations may U; riniuoi'^l [*1 }iiTnfdiT 
fomift, it m sufficient to eomuder the following onsefl. 

(i) z — Sa — + fey' > 0 , 6 > 0 ). 

The contourH are akiiLlEir ellipse: z> **1 ( 0 , 0 ^ tHinimuw. 

(ii) I — Sfl = ^ flje* — by* (« > 0 , i > 0 )- 

The contours are siiuijar vljipiu;>3«: C z, ■ (ij, 0, z^) 7imximum* 
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(iii) s — = iiue* — (c* > U, 6 > i\), 

a = two ri?ji| strmght Unofl which are asymptnistic; to ttU the 

contoui^. TbcM lioce *livido the as — y pluoe into two pnins^ of oppoaito 
4^018. Ill one fjdi £ > mid in ihe otlaer £ < ao that [Q^ 0, ^t) i? 
a niiiaimuin for dkplm^nnienht inhn one pair of ancitore and n miniiniLiii 
for didphiceiDeota into the other. Siujch a point Ir called & Coddle Pmnt 
(miniwm, pafs, or rarf). 

(iv) a = ffle" + 36y t 5^OJ. 

The cantoiiid arr mmil ftr paraboloa- ^*0 niaxima nor minuna. 

(v) Z — Zn = + M*- 

The QontouiE atc parallel Atroight lines, (lut t — 2 , find Ja must have 
the &ame Eveiy point on the line m + j% = 0 gives & niinimim] 

(ikjOJUtutllu) if ^ > U (jj < 0) for nil displaoetdnnta except those octllldly 
along this Jine. Along the line £ hi oonatant (e^). If k > 0, the aindoce 
la u iTougk and if <; 0 Jt ia a tid^. 

JKfiiM/to. (i) ^ aiBEf + 41^^^ = ?. 

(Op 0,0) M a : fslliptid dantoiiTn ■ thm ffurf^ h oaUrd ftW pftm- 

fmlaid, { W.) 



PTfl. 24 


(ii) Si* 4- 4xy — 4^* = i, 

iO, Op 0) is a naii<iltrpi/fn4 : hyp^^MLi^ ^^onMPim witli asymiHotM + % =4 U, 
3-r — % »= 0; ttda flOTfflcoi h I'lillni h liyperfetilic parabobid. (Ftg, ^5j 



iriii. 2i5 


(tii) s = — {p — 23;>I, 

3 cfljnwJi be poniti^es cofjtoiin» aw pwitllf?! tinea f — 2x = i gju 
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The lino jt = 2^ ii Ji tn&ximiim ftir z for alt dinploci^iiitmu e£i;^i;rt. ihsMip 

Iho iluB. For tfaisc j irt> rilallunmy {with 
VHlyjf? tjm). 

Thin HutfkcD in iruUnJ a parttf^ie 
(Fig. MS.) 


Fi«. 20 


3.53r Ejmfipkit iif FunfMiom of fhtt T^tird tmd Fmurih 

(ij £ - —ty" -h 

Tfao i.Mmkftiria iiugnliu: ji^pEiitei (et) wbnn I « 0 At f ^ — Cl (AWirl» 
wbc^ £ -> ip It X s* — 2 k U {InMaidd Pmnt), obtoitinl by-wlYln^ 2^ « II «> 
TherA Ei tlkBrcfnrrD a ufaXifnirat at (^ 2 k 0} and u watldtr.-pi>it%i mt {0,0). (. Ft^. 27 (u).) 
(ii} s = a* -H jf* — Ji*. 

.tfiKiAinim £ — 0 At {!>, 0) tuid i-Hti ^djdCcrpun'iiJjr iXtP 2 — | a 1> ( j:; 1^ l>). (Lirjpi 
nf alapB am y*(I. — x*)/x" ■** cctuLfljitK) 

(ill) Sr = — 4x^ — ^ 

Marinum 2 =11' Al:{U'p.U)i twn ^fiifdi^-po^ntA fur ^ = — l-rt at. "lit 

[Fig. 27 m 





.3-5^, (^miljctum trUti Cpifp. 

|i) = (y JT*)" at (Ok I!)- (Fitf. 2^^ 

(il) 3 [y T^ddif-Ptiini aL {Uk [Fig. 

(iUj 2 - (y - ai [0, oj. [Fig. 2.^ (CM 
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Szamplee of Rational Function^ {itlanrolinig Dmontinuits). 

(i) E{ai* + tx*y, with f(0,0) ^ 0; iho funetion. i inm nu't teiui boa doliiiitc 
UmiL wlu>n («, y) —»■ 0^ juul It t.h^rvfoR' iliicanlJniioua bhin«. Hv ccntAitt aip 
lUjAbclu. { 




(ii) z{x —2) ■ 2 thin luA H njiEiph^ jnfimtc tluDuiiiioult^ JikHl^ ihii linw 

X — 2. Tho point [0, 0) li ia mniniijuni {in th-o hrmd bbiiboJ. {Fig. 2S (frj.) 

(Ill) witll a(llk Cl) = il. Tl« fiWL'tioii t li eCiDikiilJuua for 

a] I tinito (:S, ^}. (Tnk* polar ccKiPcllnftt«i im find pplnta oji ourre from 0—0 
to 0 - 71/^] {Fi§. ^ (e).> 

Rxomplea 111, 

I>nfcW the inirvi!» given iu A^aainijijM 

I. yi ^ j ^ I ,1. ^ I* = U 4. x^Y + 1-0 

5. s^” + !r> - 0 6, - 1 7. = iH a. -h at’ = 0 

M. = 11, ^+j^=0 12. 

43. + ] =*0 t4. yV = | 

10. fihofr tbnl the. tuikTtion ^ = y{\ + *J + V<1 — -eji latlaJiisi Hw? miiimtiou 

-- %’ + « 0 Aiui writ# ^wn issplicil forraH for Iho other farooEhn of y 

^von by thb equAtkiti. lUfctttnil# by tlnAWing tha tiqrr# 4:c* = ,v^4 — f?*)- 

yind the iilgohfale! oquntkma by th& fjiTHjtioita y giv^q in Kmmpi^x 16-22, 

Ih. y^i-x -hi!* vx I7t y - vT + ^ IH, = V(= + - 1) 

to. jriVf' + £} + V(tf - - I) + v {* + 1) 

20. y - f j + V(* - ^ - IU + f - IJ*) 

22. y — i/i + 

23. Draw Ibc gra)ih of y* — 4jCy* ^ 4 j^ =0 nlld dfld eTplkit funoB fat tht: 
four brmiohm of y, 

24. hVor^^ ihftt if y %/(* + = Vd + ^) — Vtl — ^ibeq 

j 3)* - 4y*^* + 2) + 41* =0 

{.IbUin eIp^ll^dt fi^nu of iho four bciriti'befl and irtate for what tbI™ hTx the hranEhnt 

are TOflJ. 

25. J^how thAl Lho idf^biniic ot|qntifiii MfMlfll by 

y - V*+ i/<* - l) + '/(^+15 

in y* - ISLiy* -h 2(lSa;" 4* - 4) + (3ii" - 4)' = Ok m the 

U Toqta af thifi fM|iiBtioa ivhell (i) 3, (ti) iZ = 1 T 

2h. Find tho tnjqpEntH to I ho cniTV® y( 2y — If ** — 1) at the pematn (0. 11|, 

(Ip 0)^ (0+ t)p (U 1)^ Find, almi the olotiur Apputixinuildoiifl I# IttB <7urve at thw poiotii. 
27, Obtain the Erst noo-linimjr appitixinialionii to ih# curve 
y-(y - 1) - - 3) 

at (Op 0), (Op 1!, [2, IK 

OhEain the ELoa-LLiiiHLr apiJfoatiniiitjANnn at (Op 0} to the curved gi-iren in 
Kxsampla 3B-^S* 

M. (x- _yij(x+SyJ + i^ ty*^0 

7 
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AnVANCKD CALCULUS 


1* 1- Jf* + It* = 


19. *> - + {4! - 

30. + PJ +<=?*- il*) +*• + Jf’ =- f* »1‘ {Jf 

33. (t* - if*X3: + + 3 *{;e + - p) + *• s* il 

33. (SE — p)* + £r* ~ 4i*p + 4^ — 2y* — iJ 

34. {y #'■)* + y* + *■ = 0 .45, (,y — **)* + *{y — *•)* + y*- - j;* - Q 

Obt&in iht^firel noii'tiiuNV ppprwmalicbB tu (hi> curvffl given In Kan^}4f*3i-ST, 

K'hcti une fff the vviiiliiiLis !• 

30. - 3) = a* 33, - <sf— 1)* 38. y'tjn* > 1) 

39. 3- 1) = 41" 40, jrfy + lx* - Ij H 

41. 1 )(i,* + I) = 42. tv" DHji* 1) U* 

43. 2? y" + 4ia^ — 0 4*. i* — y* -h ±iv" n 45.p* 4*(D* ^ 4x' -- 0 

40. 4y» I *» - + SUi’p* - ifcr'y* II 47. if*[x + 2} - «i"(x -{ I)"' 

4S, yV -!)* = [£'+ I )(^ + »)* +9- i 1) -■ (Ae" - ij" 

50. 4y»{a‘ - S')"!#" + 1) = (a* - iMi - !)" SI. y"fy 1} *(.<■ - Dt.v - 3) 

53. y"(y + iMa + 3)" =-- IjVy" I) 

53. y"(s + U4(s:» + IJ = - « 

5*- y’tff lrt»* + 1) = 3(0*^ - J)(P + 1) 

55. y(V - p + S)[** ^ »■ = a(y» + IM*" + ** -h U 

55. rfV’ — a*y' + irp* — 2r"y’ -f 2ir — y" ■ 0 

57. ifiSytjr - 2*) + sqrtp - 3j:J"(y ^ 4f) 4 3 j 4 i 2y o 

OMaih tfao flret IKHt'IIneiir Hji-jkrciixmuitiiiUH hi fll, II) In 0>r- tiirvn gim'ii fii 

5S- (3? + P)* + *("■ -t- p)' = ** + y* 

59. |2:r - - (2a -pj" + (2a -kK** 4 y"! + *" O 

*0. (x -pV - 2{* - p)* + a" = « f.l. tp + 2 ^ 1 )" 4 2p* f* 

52. (X 4 p)" + 2fa + p}^ + (a + pH-=* - v'i + x* J* fi 
Draw the Dun'ffi givtm in Kaamjila €3-JSS. 

53. y* - X"(X 4 1] M. p* = x*(a + 1) 55. p" Jtix 1)" 

55. p" - - fl)" 67, y* = x^r* + X + 1) 

69. y*{» + 1) -= 2a* 70, + 1) - i* - I 

71. ay* - (a - C"(x + 1}* 72, y"(x - IJ" - ar' 


58. y>l(i 4 2) M* 


73. y*(x> + 1) « a* 74. p"(ii 4 - 1) = (» - 1J> 


76, y*4(*-lX**+ O' 

78. p*(x+l).-3[(a D" 

SO, y*(x + li "i* **<a — 1)* 

B3. i^(x + 2)' -- a"(X - U 
M, y*ii* i- 4K** 4 0) - a' + 1 
86. -ti*")/" - ft** - 4p* 4 U( = " 

88. y*(i -11' -a"(p 4 I) 

90. y*(y - IK* ■* - 4a* 

92, y\y - l)*(a + 1} = x*(y 4 IJ" 

94. p*(y - l)*(iP - 5) = !i*{a* 4 a* I J) 

95. (y" 4 IK*' + 41 = (a" 4 lj(y* 4 P 4 IJ 

97. y + a* ®- 2ay" 98, ^ + y* Say 

IflO. X* 4 P* - a(*y 101. *• -J- p‘ 2a’y 
163. x* - y* - aV '«4- ** + p" 0*P 
166. X* 4 p* fla V 107, I* H- y" Sil!"p" 

109, y(x - p)" - X 4 y 110. p>(x 


7S. y*a*(a 
77. /(x f- 1}* a 
79,yA*-l)» .X*[X I I) 


«l. y4(x l)(x l IJ" 

R3. p"(x 1)'(X 4 1)" 

85. y"(x' f lHx» t IJ 
87. p(p IK** + l> 
89. y"(x 4 IJ" >f^(P 
9].y*(i*4l} % 

93, (y I)(X r It* 


a' 

■ 7x* 
2x* 

It" 

») 

*v 


T| 1 


12 


95. a* 4 y* 2i’rf 
99, a* t p* x^p* 

102. a* I p* 

IDS, #* p* ar9y 

108, jt(x i pK* I .tf I) 

pj" = atp 4 St 


111. (x 4 yK* ’ P)* =p('1* - pj 413. X* 4 jcy ^ y4(i - p) 

113. ax* - - 2a‘jf — P* = o 114. x* \ p* - **(x" - S® + p") 

115, 2(p - x»l" X* 4 *• 116. 2*" + - -tap* - P* - 41 

117. X" - 2a*p I 3iy* - p* = 0 118.** ai*V | ap* - p* = h' 

119, a" - 4x"y + 2x*,v 4 p" =. It 110. (p - a")* - x" i 2a*p 
131. p* - x* -t- 2ap(a*y* - IJ = 0 _ [31. y* - a* - 2j:y(ap - I) - ii 

HItkJ the ■in giilnJ ' polnU of tbti i'urvcB given ill mpUt IS^tS, 

123. y"(0 - p)* x'C^a 4 0}" 124. (*> - 1>V =» **(y* - I J* 

125. x^* 4 144* 4 48p 4 432 = (t 126. (x 4 ly"(p - IJ" 4 OtaV - 
127. (X 4 p 4 IJ* = SJxy 
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I2H. 4y*(x + 1«) -- //•(! Jl»» - latli* + 3ttr + ISS) + 33<i* - 1>'(* -h 2> - 0 

Prore tbnt if a pctusoMa ciJ3d3 bfj|:iJjp pojjiLt it onnnrni mDit^ 

1 him eereo doubltr poLi^la b^aidea. 

UO. Prove that if a ^iurvis uf disgteD pga^aa Iwn triple It cannot 

|X)£iwaa mure thjui Kii* — 3?* —■ 8J duuWe pcintB besida^. 

^xpreM thn cu-urditmtcid uf a pdint ob thn <i|iTVBfi Ja E^rttplii 

tAtJumlly in turmi of a |UkrAixiC!t4?r { and draw tha cuarvi^. 
lai, JF* + - JT* 132. 4^' - V) = ir* - 

13». -h 4xsf* - s/‘ 

i34^ Show that flu? i|itiyi.Ju H” — Ij* - u liu. t-huLi'' doi^hh* 

iMvintA Alh) prove tliai thi'- Vntulbla imnia ^ ^ -S) • Q nai?^ the 

i|EiartLp in ibc puitil' givciL by z _-■ — 3)k - E -f- fiif’ ^ 4H, 

135 i ISketoh thr curve (x* — H- sbowjog that It h^a three 

Elnuhte pi^ihlA. By iJikltii^ Ji. variubla tlireiu^j tln«is ikiyd Ihc pd^iit Ju) 

Mhlain th& Ci>lirdltiatfn of a ptiint (Sf, of the i^orve ia (iin form 4t = crf(0 — I*), 

% - rt(l* + 21 “ 2HJ* - 21 - 2). 

136. Ttiuxi iLo cunnp giTCB hy + JM: ^ 1. IfJ! + a)y = 1 And obtaio (bw 
nl^hfalc rdatiuti conniiGtin^ z uid yp 

137. abowlhattbft fKirut givm liy4^ ^- 2^1 = P(3 lhs{l + 2lJ“ ^ + 0* 

lioi Oft Uw curve [a* + -\- = l[tiy(4j?y — 3? - 3y 4)“-. 

138. Slfidlch the curve gh^an by z; y: I = y(l + #■): (1 !*)■ s (1 -r 3^* + 

Draw ihp cCmlonr tLmsa uf tlu! anrfiuTesa giTfil in 139-39^ iind dllwaJM the 

4^ClltEn1Iity uf t. 

13^. y= — y" — a* 1411* = b* 14| „ ^ 

142. £y* — i* 143* x = 5^ + je* 144. = = + x* 

I45p - a^* + - g* I4b. a = xp* 147, ry“ = s(l - yij 

148. X =* -h B* + z“y S49, a =» fji + — 4^"} 

ISO. I = (i" + y* - 11^*. = xtz* -- 

IS2* X =■ Sic^ -|- y* — 3^^ 153* sfy* 3s(aj — y") 

154, xs{x — l>=x*—j>-z*-hy" 155. x « + y*)£zB + 

196. a =. (z^ - ~ 4y-). tS7* ^ ^) 

158. 1* ~ l)u = z(y- - + (*3 4- »*i 

159. X = f4z’ 4- y* - + 4y« - 4) 

15- - i/{l + - 1)1 - V(E + -rj ± Vl^ " z} lb. y*i{J + 1) ^ x 

17- y* — Siy'^ — 4xy 4* icfaJ — IJ = U IS. xM — 4xV" + 4 — U 

19. + 4{fii“ - a)y* - 4x“y< 4- 1 = ii 

20. y* — Sif^r - J) — Say® 4- 3^*(x — I)" - 0r]^(x IJ - x* - 4z^ -f- EU 1 

11- y* — aryfa; — 1) = zfz — “ 1) 

13. y* - aiy‘ - 2zy= + 3x^1 - 4- ^ x) u 

y ** ± - *■) ± 

14- yV(^ + = ± V(i -h^) ± v[\ — Jb). HaviiI wluiu |xj < J;, 

15* (ij ± yif ^ ya dz 1 J (li) d: 1 i v'^ esoh oceBXmig tince. 

26. (Up 0), y = B>: (1. 0)p y I - x ^ (z - IJ*; (fl. t). y = I - X-i {I* |)p 

y - J = z - 1 + (z - !)■ 

27. fU, 0), yl = - ftz ! (0, t), y -- J 4. 77x« ; 

42, IJ, ^ = I ~ 5!{jr ^ ^ 7t* - 2i*! t«, ^ 

38. •“ * + 4**. “ I + ii', a = — ix — fm* 

Sfl'. jf -* JC + ■« — X — 2i* 

38. ^ * 4- Si*, ^ = I + Ji*. y = — I - Js* 31. y = i i y'( ^ 

33. jf -I* J( ■* i*. y ~ I -I- j 3t*, I + 4" a* = 0 

33, y-a±i= 34. y = ±'v'(-#*! 33. y - i* i *• 

36. % - Ox -f 6 + S/x. ((E, (D): - 3) = 10. (8, ®) 

37- i: Sf - * - I + ^ *}i If*' + I - 8. (tl, tc). 


J 







advanukij i:aujuhj« 


Jf = I - ^1 (1< “>>1 y = - I + ip. (- U «) 

39. ST -1 - ”, (1, 03)1 ir*(* + 1) - - i. (- I. «) 

*0. y = # («, («)( a-l-^ (<e, i*)i 5 '(e “ J) — 1,1), 

4). 9 = * + J ^ 42. 1, - ./3 = {®, vaj * 

jf + V3- —i/3/i:«sr*}.fo3. V3);jrt^- l)-a,Cl.«hj^*{af + l) --Z.l-J,*; 

43. 4;r*y* = J, (0, ojJ 44. ± y = « 4 , ' -j- ^ f cdi <p) 

45, - ± 2, {to, OJ: ± r - p. tw^ ») 

1 3 

44. 3!jr = ± 1, (m, 0)j S' - 2 = — (w* 11 i 

5 ^ . I T ~ «h a*<v» = 1. (O, ») 

2 

47, ^ — 2* + (t*, w)i y*(* + 3) = SS, [— 2, o) 

45. sr = 2 +1 {». S); - 1)* = )47, {I, 

49. -2*- («, «) 

30. ±jf =1+^, {®, ±i)i aosfV-*1* = a. <s. *) 

2 ^ 

51. if “p) 

a 03 H o;t 

62, jf = » - I +^. (m, «>;; 3f--i+j- (ra, «) I 

6^*+ 2)*-. 670, 1-2; «) 

63. y -aae - 1 - ^ (®. «>; - ij -1. t®, i)j aj,V H 1) =a. 

(-1, 54. emu - 3j =- - 4«, {», 3) 

66. ^ = ***, (®, »)t f -1 - - P (£». I) j jiHv - Sj - 18, (®. 2) I 
2x^ = i> (0, ®1 

6 21 

66, y =r + 1 1«, ®)J y " — 3 — (m, ®)i {x — 4]y ■ —8, 

(4, «)! 4s(jr* - 1. (0. ®)! l4y^ - - 2. (®, 0) 

3 . J 

67. y -Sii; - {«, ®)s ff - ± aVS - p (®, ±2V21; + 3-0, 

( », 0)i + 2 = 0, 10, 

6*. y =-^ K ± V&f* 59. y-2* ± V'f-'**) 

Orij^ ieokled with r«3 tAUgeni z « y. 

<H* Ori^n JPHiUtrd with real Uugcnt y — — 2;^ 

63« y 4- s* » ± 

123. (0, 0^, fO. flh (- t «!- (" I- ( - S. 3) 

124. (0, 0), (± 1. ± 1). 125. 2p 0) 

12*. (0, n (-1, Q), (3. - 2). 137. (Ip M 

128. (± ]. 0). ID. ± 1), (2. d: 2) 131. if = 1 + i\ y = ^(I -h l*> 

132. ziy* 1-(1 -l■)^ HI -41") 

133. = (4f* - 1J(<" -4), y - 13*. f± - y)^ = ^ 







CHjVI>TER IV 


FUNCTIONS DEFINED BY SEQUENCES. I>ISCONTINUOUS 
FUNCTIONS. CONVERGENCE OF SERIES. SINGLE 
AND DOUBLE POW^R SERIES, EXPONENTIAL* 
LOGARITHMIC AND CIRCULAR FUNCTIONS. 

+. Functions <lcf1incd Sequences. Fimfitioni that iM>t 
atgehmic are called and it may expected that a simplf^ 

way of deliiiiiiK anch fuiictionfl k through Tlie n^edium of coaverput 
wqiicjicee of knnwn funrtinnF^. Thiia a function may be defined 
lin[i/(Fj n) when n m fnr thum valu^ of x for whiL-li the liinit nidfite. 
In mme caaeB, such n function may i>?q)reafiit>|e in t>^riuit of algebraic 
fiinetions Hut this t\<}m not make it Bli^ebraie:!. 

/lK« 

EmntpU. If >’{ar) = \im (ii#n u k^id ]j;| > 1, /'(x) x* bnt wlwn 

kl ^ U/f*j - - X. Thorp rin\ tlijcrdbrn^ lU j ^ L 

Since diHContinyitica are of frequent occurrence in functionH defined 
by Bcquencej3, it is convenient- lion? to classify t-ha various types of dis- 
ronliniiitie# that ailtAe. 

i.OL Diseouiinuifieg. Lai/(x) be definori at nU poinl-s near n, 
and let ati, a;*, , . ,, l^e an intfmdng monotone tending to a* Ijot f/^* 

tw th« ijp|.>cr Find lower bounds of f(x) in x^<x <a. 

Then > - . . > (fpf* > . » . > > * . . > La > £j. 

The seHiuemL-jes therefore tend to liniita f/, L reapoctiv^ly (if 

/(*) IS Houndc^rl) anfl V > £. If f{x) is iiiilioiinded+ one at least of these 
ncqucnces tendR to ± a□^ and therefore we shall include + oo or — oo 
m pdf^ble * valuce ' of U, L. 

ll niay ibtiwn tbiil f\ L jiru Jndcpcndcirnt of the ^huiof nf ruem Uoiriei llmt 
lends to a. 

The limits U, L are detmted by /{n — (IJ, f(d — 0) rertpectlvcly. 
Similarly by considering a dserciteiwf monotone tending tfl a, we may 
define f(a + 0), /(fl + 

(i) If f{a — 0) = /{o — 0) = fi^) — /(g + Q) =/fo + 0), /(x) is obvi' 

oufily at ^ = o. Otherwuw it is dwcontinmim. 

{ii] If all the Umiti; are finite, the diBcontinuity is aaid to be finite 
(or bounded) \ if one, at least, is infinite^ t-hc diiseontiiiiiity is said to be 
infinite, 

(iii) ff /(« — Oj = fiu — tJ), each h the aame aa /fci — O)' eumI if 
/fa~+T>T = f(a + 0)j each is the same m /(« + 0). 
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(iv] If f(a — 0)p/('a + 0) both exist {/(a?) not being cf>iii!ntiOiiti at a), 
the diBcontumitf ia said to be of tie first kmd. Othcrwlw it is of the 

kind. 

Tito dieconlinmty ih still said to be of fitst kind when one of the 
limits /(s -- 0), /{a + 0) is mfinitOj or both are infinito. 

(v) If /(a — 0) — /(ti + 0) the discontijiuitj- h said to be 

remomhlf. 


(vi) ’Fhe of tlia numb™/(a + dh/t® — 0]p/(<i]i colJoJ the 

i^f t,tw fuiwtiioA at a; and the IflJHrt. tf thpr numbera /^n + — 0 ). 

/(fl) li imlloi] itid minTmum nf the fqjwliioR Tlir of tbw iniLxiiuutii ever 

the mlaimiim is cnJltect llio at «j •whilflt- tfcw cwciifr^ifErji at a k dD^iH?il Ui bo tKr 


exeess of I bo grealer of/(a + iM* /(^ — tho heoiUpt d?f /{d H- i'll , /(a — 0 ). 

(viJ) If tbd Sf3t of point* ol dkcufitlliaity of the first ttnd ia infinitD, it b rnirnwr- 
ffUf, 

At waeli ft diacontinuiity, the iaEtua ia not iteio* hut the tascUIatron on raoh mdo 
ia tHiOp fidniitj Lbo fuiidtiou teKfilii lo a limit cm rwh aldfc bet h bn y pndLtivti n urabor 
and let J5[fc) hv (bo Hot of polilbl for wbk'll the oftltiw of/(a:) Ih > t. a bn m 
llmiting-puint of E{k}, irthk aiit. bo inEtiitf-. Tlieii nesir «+ tm nuinbnr of 

pninta of E{k) So ihnC on ouo abln of A WO mn find a paint fp? wh-kh 

the oBcdlliLtiDn Ji toA xeto, Thna a ii A dltUrontlnuiEy of tbn arennd bickd mid ilcwn 
not. bdotu? to £[fr). Tho ftot JKfJt:) i* ihiavrore wnd oimmo/aNp, T*tn a 

fteqnfi&DP of hiunbciA irj> (P) tEmiiiojt ttsftdilv to thro, Tim limiting ant. 

Eik,) . . . cofitAjoa onl^ tbo poinli of tlkHi'ctfitinutty And UMiig an 
mninDnfkhkj (or finito) act. of cnunie-mliED (or flnito) muat tw^ ■PiinimrrJl-bl-fci^ 

Exs24n£>leM, (i) = lim <S Emmplt.i 

fi-M + ft/ 


/(I + 0) = 1 

(ii> LoE /(jr) = liiTi 


1 -0) = - J - /(- 1) -/(- 1 + 0) - 1 5 /(I - =/(n - - I i 

(Bntb of first kiiuL) 

- IWx - 2K»: - 3t + - in- 

- l)(x - ai - ■(* - IJfj! 4- 2J + 3f' 4- 3‘ 

Hon*/(*) = X - 3. [X 7^ 1. * 5^ 2) I /(I) - t: f m ■= - IH (Itonitjvdljlp.) 

(iii) Lat/t^rl =flir(]/ij, /Vt\ - 0. 

/TTi)) = I, /^+<l )- i t fi^i = I. /( - - - 1- 

Finite dianontimilty of tho Beonnd kiod. SaJitts at U in 2r 
liv) ljC± f {T.) = {aln (l/j))/* J /(d) =0. 

JT+5) =/Pw) = + <*i /( + 0) -fi- 0) — «* 


Infinite diwontinuity of th* ao^ond kiraJ. f^rtlLne at 0 in + «i. 

(t) Let/(4 e) = J3 Fin (I/k) ; /{fi) = Tho fiitu^tioo. ia L<iiu(iiiyoiiai 
(vs) Lot /f3P) = the integur > i, 

Here/fn) =/(ft -b 0) »= n: f{n — 0) = » — 1. (ft integnLI 

liiui finite disiroDtiiLinttea (firat kind) at. ^ but id itiiitioLLOLiA no I ho 
rigJit of z ■■ n. 


L02. Series^ Fidtn the sequence ji) wd citn fnrrn ii Hemnd 

sequence iS(x, n) given by 

S[x, h) = u(ar, 1} + ii{3?. 2) + . . . + «i(4c, ft) 
und if jS(a-p ti) —^ S(jf} when ft —^ co, we write 


p5(x) = H(a:p 1) + 2) + , . * = lulx, n) 

the right-hand side hwiig caUed a convergent infinite and S[z) 

ita 















CONVERGENCE OF SERIEB 8S 

Sktoe Me variable n iftkaa oiUjr integer I, 2, 3^ * - *, it is 

iiAimllv more nonTcolent to writ^ it qji a an Six and obtain; 

S{j:) = fli(arj -h + . . . ^ 

I 

Similarly we may bavc infinifco mrm that diverge to + co ar — co or 
that oseUlate (finitely or infinitely). 

It id seldom poedible to find a suitable expreeaioti for from 

wkich the convergence nf the smm can be directly investigated, iind for 
this reaaon testa have been deviaed tint apply to the general term of 
Me scries Before ccrnsidemig Siicb tests in generals Ootp the 

following facta a§ a pivlimiimry: 

(i) It is m^vsmr{f for eonvergence that ^ D. 

For if ^ Men (jr) ^ S(3f) and ttscrefore 

^ 1 (ai) - S^i^) 0 . 

(ii) It ia mi for convergGnee that fim n^{x] — tb 

T,i ^ I 

It will be ahow^n later that, F^ir nacampkt di verges although —►O- 

\n ~ n 

It of counw, aufoeient for noii eonverggnce that lini ^0. Thus 
the serififl ^ ,Jt + a^T + . diverges, nince the nth term tends 

to T^- 

4,1. Series of Positive Terms. With the object of obtaming 
roifiparisoa tests for convergenoe, let us thnt aU the terma ore 

pc^&ive. 

iVofr. If tJifl <mly qu^^lijn thiil ia k L4iit of eauvergDnnr, « 

finiUi nuiuW of tf^rm# nuy bci omitted wilbodt oiti^ilng Ibo ^hBimc-terir of \.h^ mtiea. 
It is anlEiLLelll-, tliEirTfonv tlmt Ihe i^-miiKtiuCn shuiilii huld Jfciln aod MliHr 

tome flsed term; simJ Ihk will idwo-yn km imjilLoil in the ctiiintr of mtr worlL 

l^ct ns «upp€iac also that the varinhlo j that octam m hiw a 

liEkrticular value. Tbc terma are therefare coiistanta anil it ia Eimpler 
to use the notation = ii, + 1*1 + . . « + Since «„ > 0 (all n), 
Ha ia an incr^aBing iiionatoiie. tt therofom tends to a Jimiti, if bounded 
and to + 00, if unhounrfeil. Tbua: 

A §en€& if pmiiive Icrrm eOAer (*J cflW'Peifjici or (if) itmrjge^ lo + oo* 
4JI. Gfmartd Compartsm TheoTems (jfosiliiie terms}. 

» m 

A. If u„ and Zt\ ciutvcrgeHi, then Ztt, <'onvnrgC 0 . 

i ■ I 

« X _ 

If and JEifft dsvorgcB, then diverges, 

t I 

w u 

Ii, Tf iiivJ 2^v„ i^onvfFrges, then 2'ti„ CE>nvei;g««. 

»^+i t'di-i I I 

■JK "t? ^ ■* 

If —^ tinil £% diver(art«, then rtt„ divageis. 

M»+l ^ik+l I I 
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ADVANCED CAU313LIJS 


A. If therefore Zii^ ie boninJed And ccm- 

I 1 I 

vergenfc. 

B. + !^!!L• +. . . + <^i2V 

I ’V “!«■ 1l,«, . . , M, i/ w, ( 

fi 

Thereforo ia bounded and convergent. 

1 _ 

The theorems for divergence follow by eimilar reaHoning. 

4J2* CowpcErt^ Smea. The following eeriee of powtjvo leims ore 
the moit useful in practice- for ohtaiiiing tcflta for convergence. 

Xote. Ic Till bp ibowu i hmt ihe expoDcntul funetion iruLy hm Eli^ned by * 
Klin whon poovccgiHica may bo nt^blialied by mmuM i\f ^^mstriEi ieiin (lb 
11 £b ccmreqlc^t, hnwovEf, ml tldi fllage Lo nHump the pmpftftimnf thU futmtion In 
dnJing with the writs (ii| ujid (iill. 

(i) h" = ^ (fl i): 4ih[i = IP + I, (c -= ]). 


1 — ff 


The serieH convfiTgw if c < I Jinfl divraK®s to f w when o> L 

Noif-, Thfi pprin (for any i), I'cmvorgra ffnr |r| -f I. dnite-ly if 

n 

X ^ ^ I and DfiDjllatcw infinitoly whon £ < ^ 1. 

(ii)fi; let^!, = rl. 

Since nil the terms ftro > 0, it is aiifBcJent for mnvergenco that 
5ij 5|, ^ should be wjnvergent (M = 3^ — U = I* 

2 . 3 * . . 

2 4 2 ^^ I 

But Sj^ < 1 + ^ pcom^tnc lenes) 


1 


1 _ 21-P 


ip>lh 


The original series tlieirefore fvwrtjri'jws ^ p > L 
Agoin. the original series divergiss if Sj* S^, . * ,, ... is s 

divergent sequence (Af = 2'^^ tn ^ 0, U 2, * . .}* 

I 2 

But 5j, > 1 + — + — + , * . + a geometric Hwm which 

gji' 2^p 


divert if ji < 1, i.«. the iniginal Henen iftwiiijef if p <1, 

(lit) lly a methcxl of grouping the temia aimiiar M iliat iised in (ii), 
wc may show that the series (iiij also conwrget »/ JJ > / and rfMtPwjit'^ if 
p <1. 








tlONVERGENCE OF fiEtllEfi 8fi 


{ij A dmiiAi urmt mfry ba i^bULuacd to ^hrow tbat Ih* wrifw whoftc 

jrrtHwl imo* 

I __l___ .* 6 , . * . 

Tf log log n lag HJtJg log log li) *■' 

iirci kll ixiEivergent if p> I njid dirctg^nt if ja < 1. 

(UJ Hie Ofjnwgji 5 Rc?r 5 of thoftfr stories may bo ralabliialit^ by Jf^w+ottrin- 
tVnrrlA^ wbich l±ifrallVti!l lb* uao of flJi inOoite 4«5nito integmJ, (-3e« 

Chafttf Jf/« 

Tefito/or [poxitite (mm). The two priTJcipal ways 

in which couvflrgcnro maj be e&tabliah^ are (i) by dvrtct ouiuparieon 
with known SHiriefi, usin^ Tbeorein § 4*11* atwl (ii) by taiio-mmpfiHafJft 
with IcnowTi st^rieej uHing Thfioram § 4.11. It will Ija found that thfi 
wjoond method Icudn to inore pratticfll resulta thmi thi? first mtd 
in each caae the most u^fni foriij of the result ia one involving a limit. 

4Jit. Cofnpan^n Tfjd 4 imm). TheorDoi A rebtsi the con^ 

vcrgpnce (or divergence) of ii unrieR Xn^ dirwilif wnth that of a known 
Fierfea 

Nmmptf. ^ ^ log kg w> 2. ftnd rhHTpferre 

(lcigTi)l®t* > B** i-fi. thn ccmTPfftM idnoe ^7ri 


4.IS, Limii Fffjirw of thr pifw^jwmopi TfM^ (i) If Hni -- ciist (and 

ia not iniinite), and if 21% m convergent @o abn is 2dj,; For ft finite ntimher 
A’ {independent of ri) can be found m^h fi < < ffwn so that i«„ 

converges since Aiii^ con verges. 

(ii) If lim psrist (and i& not wm), then 2Up^ is divergent if ii% is 

'i? 

HivBtigefll.; for » ptmtii^a numbtir j c»n be found, independent of n, *nch 
1 11 lit w,» > kv^ Jiotl therefore iu. diverges flince Aio,, diverges- 

1 n 

KmmplM. (i) Jf (I is tiot nn integer.^—— diveisn boMUHIfni j-— » 1 


aik) divexBin, 

(Ei) Let % = 1»V(« + »nd ' n’*. . * .- 

Then {k„A',) -> 1 mm ki iV/(i» + !)»+« oouveigeii if p> I imd diveigw if 

P<1. 

Hota. (i) Thraw twtfl 4«e toflti hut Sa( Mceiaaiy. 

(b) When llm — ()«• ntit estot, Cm (—) m»y lised in tke WrtwrpEno- test 
Cr 

and in divurRiPHCL'' t 4 »t. 

(til) If % nm ha uxptcwiii fuyTuptntijcally in thf form f% ^ then 

cun verges or divcigtes willi £^1%+ for Una --1. 

^ ^ J 

Examfle. Let %. = (* Ivf! ^ | ^ ^ 'hen «, j^n* 

tbp eKpanmud, i.e. {» panrErgErt sillrE cEuiVrtjpe. 
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.ADVANCED CALCULUS 


i 

4J6, CaucA/c Tett. If lim Uj," exHts and » equal to ifc, Zk„ con- 
vecgat if i < 1 and d}v»gca if i > 1. 

tM k < 1, ftmd let i-, be niiy number auch tbet A- < l\ < I, then 

ultiinately < A,, i.e. < ij» and therefore ZUn eonvergieB if A < 1. 

The proof for divergence when A > I may be obUiiU'd fpom the 
above by levertiing the eigna of inequality. 

£W^«. T.at (l + ^) a\ Mptts Iir^'» —Tills •L-rins 

lii„ tbervfans if « < I atttl 6iv^m if S?> 1, 

Wlien Jf = U u^—* ukI Llictvfura thn B^rieg dlTtr^ua if * 1 , 

(i) Thn iesL faJEii If ^ 1. 

fii] \Vbt^ lim does jfesf faiat* l.Jie aerltsa. cfinv^ifgi# if IJm < I. itniJ divw^w 
if lim > I, th^ uj^r limit h^mg in bgih tam&a. 

4J7, Satio^Te&ts for CoKiwgmce. KAtio-tosba are obtfiinod by applj- 
iTifS TWiTcm B, 5 4.11,and lureg the (Io|t ,. 

for compuHson. 


m 


=1 

_ 1 

^ f 

"-n 

c ' 

■i' -/ 

'n-.'.y-i 
^ «/ 


{log 

-5?. = 1 + 

-{'+i) 

||l + log^l 

=(-^) 

|i + V - 

[ log H 

“('+s) 

1^+ / 

[ n Jog it 


fiapptw therefore can be expreeaed in the fomi -j- of—^ 

w-t+i I* \ny* 

Bitice tJiia covers a large number of eoaeg occuiring in praDtioo* Then 
(i) If A > 1. la convergent, and if J <: I, Zu„ lit divergent. 

For when A > 1, we can find a aiieh tkifc /I > - > I nnd mich that 


ultunately i,e, > ^u/'^p-i-i ^'bftre % = Xu^ is fjon- 

vergijnt sinco ia convergent. 

Similarlv, diwtjrgeiice ia eatablkhed when < J. 

(ii) If jf = 1, fl > I, £u^ is convergent, and if A — 1, B < 1, £Uf^ 
ifl divergent 





(X>NVERGBNCt': OF SERIES 


S7 


For wheo B > 1, can p auch th&t S > >' L and aucb that 

ultimiitely , > 1 + ?/«* i-fi- > ^ whcm Le. 

A’li^ ia oanvergeut since Zn^** ia ctunvergent when jj > i. SirniWly nmy 
rlivnrgance ba establiaheil when f < 1. 

(iii) If jJ = 1, B= 1, iTii^ B divalent. 

For ]oig»™ ti{rt) iinil Iherefore i ^ ™ ultimatflly 

^ «• V^nlogH/ 

««=(ioe«r’. 

4.18. T&e Limit Forms of the EatiihTestg. Bj oonipaiiBotia aitnilar 
l^o thcae used in hhe peevioua paragraph wa deduce that 

(i) If liiii exists uud is equal to A, converges if d > 1 imd 


M, 


Nfl 


diverges ii A <. !■ (d’Alembert.) 
For *'l + o(lJ* 


(ii) If lim tt( I j cxiHl'n and is equal to B, oonvcrgies if 

\“»+i / 


B > 1 and diverges if B < J. (Jt/tabe.) 
For — I + B/n + op /nh 


(iii) 


if Uw J Ilf — 11 — 11 log »i exists find is equal to K. 

I \“»+i / J 

nonvergea if /C > 1 and divargBa if ft < 1. (de JUnr^n and Berirami.) 
For = I -I- l/ft + A7{« log »^) + otVn logm), 

a./> , «(a-f'+ IJ L ► i 

^»ny»[M. (i| > + i;;^ + + * ■ -f whotB e IS net a m^atira 

The ternw *rr iillimiittly pcsltlve. 

THf flerieft if r WJ ft nnsl ditn^gica if e v f ft. 

^ fi.iiji-(2» - in*’ 

(dj 1^1 «■+] = I . fin J • 

Upto ^ ^ ^ “"'**5* if p > 2, 

luhd diTpr^ if |i < S 2 . 


NuiM. (ij irAJfiinbeirt'ft tevi fntld Vrhm lim 


^+l 


li. Wlicii il fiulflp Roabe'i 


ti»ti i# appUoifcbki hat fftjtii ftlivh wtwii Jim hf—®“ ~ IJ = li. If Ritabe^B teat fjiiJfli 


tha t«it of BertriHlil wnd MoTguai nluj Iw iip[4ied, wiiicih alio foila in tho cHtinaJ 
By GontinyiTig tho set of oQidpn.ri*Jti wriei 
^ (bfi log . 

tcfltB of gnatef ATirl gre-Aii^ ppoddem tnair bo obtAineid b^t no pmctinal puTpnse in 
HrvEd by dutfif^ m. Nw compcarieon teal eftli Ij* imivefiiaHy 


J 












ADVANCED CALCDJAJS 


sa 


fti) WhBu iim-doca HOffi ewO, d*AI(&fClb«n'i tml lUM.y be fakim in fdrm 

™1B + 1 

Ia if Um (—> I mid divergent if Hiin < L. 

— ^“mr 

Ckimspooding mcMMcittii:^EU mis.y ho nudo to the o^bor tesbi, 
fUiJ It k lad for QOJJVcfgimfie tliat > I for aU vidwm of it, iiBi»+ 

for thn limit of m&y be U Tboi if «j| ^ 1/fl, > ii„+i, but tb(» 

AaH«a tft divergfliit, 

(irj It Im rufficieni for diTEWgesiOH tbat eyienwben liro(«p,/ii, + |) |, 

for i« thflo > i%U|. 

4J9. Smnnus^j of GmmtQe»ca TeMn {pfmtim te/ms). Tho pneHMit,i»l 
fcaturefl of gg 4,13-4.18 may tw .«iiinimaiiz«c1 ns folloia’^ V rlenotea 

ranvergent anA D djvojgont): 

A. Dirffct Comparimn. 

( 4 ) Tf ttj, < ( > 1 ?^) md £v,^ is Cfli), then is f?(/3|, 

[TheoftmAA In puitionlu' 

(ftj) If = t?rt + and ii'i?, is th^n 2X C{D}, t.e, 

rxpand for n larg^i, 

(6,) K lim ttjj" = k and A < 1 ( > 1), ZUj^ ia C{D). 

B. Jferfw-fertA* 

(a) If A- > ( < ) -!=_ diid i* €{1)1 tlicn in C{/>). 

®n4-i 

{Theortan H.) In partlculftr 

(6,) If ^ ™ ,4 -f- ? 0^ly acd {A > 1) or (/J = U 

” 1 * * I " / 

B > H Xti„ is C’, hut if (J < 1) w (^ = 1. » < 1), i\ 

ia D. {BromwicAA 

i.e, {v;vrnd wlion fl is large. 

Si-hi 


(6,) If lira ^ =. ^,and ^ > 1 f < IJ.Au, ia C{D). {d'AIetf*^ 

“»?+l 


(i,) If Jim »| — ll =- JJ, and > I ( < 1>, 2ti^ in (?(D). 

l“»+i J 




(fr,) If lim log — l| = A* ond A' > t ( < I) 

iTti^ ia 0 ( 1 )]. ((fe Morgan ujirf Berfmtrd,) 


4-19]* Niititt on Oauchg'4 a?wJ d^Alrmb4:fi''* Caiioby'’e lost n of grratof 

UKoraticd importmico tb&n d'Alumbect'i, hut tbe \tkilor ft mcoTf lueful in [mistlD#. 

OnQohy'a tost, Lo ite ELEopjf?? form, faila wboa lim ai — naA a wrim of tcete m%j 
bs dovianl to doel wltb. thin bus uialoifoiid to HJioae oibtiiiiied mhm 4AlBtnljort'i 
test fidift. (Eef, BromvtirJt, Infiniti S^!^rie 4 , II, 
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CONVERGENCE OF SERIES 

1 

It ii be eipected timt LT both Liiait« l\m lim —~ axia^ thi^ afo equuJp 

-f 1 

but we tLuvfl givicn no reascm bo iiippoAQ fjliit the eKix^oe of tho ope impliee th^t 
at the other. 

Ootuiider, the Borinii 

w* + -f 4- I ^ * + '3^^ + ^ - (fi > 0> 

Lrf't 6?* = [im Haiti o = Ifim We have Alfemtv ahawii that the derieH 

i?oflVPT;gea when Oc < I ami diTorgeS when ?- 1, Hlld nn iiifnrmaUnn ih pTxsh 

bv the d'Alnnibra-E test wlieU \/G < c <i Aho let /I *- tint JUWi 

J_ 

h - \im iCp, p+ Ttw JiRTiEa k tsunvErpenl when //f^‘ < 1 Ewd dlnsi^sont when ifC' :> I 
(even when Ac > 1J. Thiu Lho i^cxLerul CtLUi!'h^' t&at wiaot thaa d^AtcmberE, 

1 1 l! 

»nr| full onJy when c// = 1. It followi from the fthofe tliat Le 

(? > ff > dp rknd Wo liklucti fpom IIil‘ onniiijiioraUou nf— Ihet (? > Thus 

|L_|- I _|_ -- ^ Tl^ii +1 

iim ^< lim II, ■ < hiii < lira —* 

— ^ 

The Bxistfitice ofllni iin|itiif?giihftt of Itn] w^Tand thal tbollmiti utt eqaaJ; 

Ofc 

trai the (Tonvene » ant aeDQaaikrily true. 

4J9i!^ Ch<ing^ in Ordtr of (pemtive tsrms). Let Ttip, 

be convergent with a aam JS. Let the order of the tenne be ehiVDged so 
fkd to form a new serjea and fefc lfp^" denote the new nth tami nnd Js,' the 
aJuni of n terms of the dnw mik^. Every ia contfiined in 3^ for some 
value of m and therefore 3^^ teadB to a limit S* < S. Slmilsprly S < &** 
Therefore S' S, an altemtion in the order of the summation for a 
lieriefl of jwin'fivs ternie lioGS not affeet the sum, 

4.2, Series in General. Wlseu li scries contams an infiEute num¬ 
ber of terniH of both Bign^H the comparison tmta Gannut be immediately 
applied. 

4.ZL JlhdMle fJowwf^noe. The coiupsrisoa tmU may^ however^ be 
appbed to ir[M,] and if S\n^,\ is conv^igont, so also lb 

Let and 1 \ = ; if eonvefges. ia idti- 

I L 

mutely small (wi, n both large) t hut 

T^rt “ + J -b > + \^m\ > l^n + t + **rt + a+ * - - +^| 

le. >|S^—SJ. 

Lfc |S^ — S„| ia BOiittll n targe) \ or Sj^ converges. 

When ir[Uj,| conveiifea, h Buid to be &bsot^ty 

l — 2-^ + a-r _ 4 - B ^ ^ AbBolutely oonv^rginit if > L 

* 

Hinoe w capra^al. 

1 

iJl2. Nonr^tluKitute Convergcncti. CodvUMly, may b« oouvarj^nt 
when ia diveiigeiir. and in this cnee £u„ is said to be noa-abtal^if 
converg^ (or conditiomUy amoergBtU m utatti-eonvergeta}. 
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4S3. Siilefcr Convergence. This is a teat of freqiiL-nt Jippli- 

catiDD Ui aevies ib&t may ntit he absolutely OoaVefgi^ut. 

If (L) > 0, (ii) liita = 0, tlien 1)*"*^^, converpa. 

If S, = i(- 

i 

Sir = “* ■^^S^ . ► * + (“Sr-l OSfJ 

^ " {at — Ht) — (Ot — Cl*) — , , , — a — %f-1) ” *if 

i,*. ia a f^oeitive morea^mg moMtone < Sj s ftlaci 

i's#+l = ” f^l ^ ^ ^ — C(i-r ” 

= (tt] ” ■**■) ~t" ■ " ■ "[" (“sr-l ^ ■®ar} "H f*J 
so that id a flecrf«asiug DiuDutona > 0. Thua 8^, ttoth Uiiul 
to Umita asi r —► co md tlicac limita am eqml since 

^ ®lr+l 

whicli 0. 

■c 

Thus the ^Tim 1\ has a mm between Q and dj. 

i 

Nai£Jt. (i) Tha eum Ilea bcH^veea ^ 

(ki) Lt ia^ of coorBe, aulfitjciit tkiit HhiHild drarodW idHtnahmly |m9vid-ial Lbukt 
tpqda HFfa. 

ExAmplr^. ii} 1 — 1 -f- I — i + * - - QfJtiVi*^j 2 ij to a autu bedm'ct.'tl J ailrJ 1, tl^p 
ccniVar^glctictr dUl boiag abA^Jnlo. (AMeibJ valtuci ia O-ClOrtl , , 

: 1 I 

(ii) ^ — ^ + to a msm tjtrtwBen | and I, Iho dun¥iq|'^ 

gcaac being dhsoluie. (Artual taIljsi M 
It* 

(iii) _^ - (where no d<!noTOu:ptoT TftnJflbea). Hs-re rj^ ji iikiTflAt*ly 
poeitiTe imd t^^nda to mro. A1 bo» by Eadiajs Ibo DnuEimum vuIuef of tjui raUorud 
function ^ ^ ^ We doduL'c- Qmt d„ dcciraajHai ■tea4JJIy wtn^ii n* - "Aa. 'n3e?efnfe 

m ff’ 

j j»^i___ aouvtiges (not abudulely), 

434. Fund(irnef}ial Propertif ^ Abscltiichj fjonvergent Sericft^ The isum 
^ an obsdtii^y corwergeni seriet utiedtered bg a chaf^ in the atder 

M 

the terms. Let Zii^ be nhsaktely convtiTgent to Jj and denote hy 8^^. 

I 

Let =■ Uf^ when »„ > 0 and when u„ < 1>, 

Let — 0 when > 0 and when < 0. 

n n 

Then P, ^ £p^j are of tvmis where 

i J 

Sn = “ Q» I I- Qh = K where so that 

1 

KT + S). Q, iiT ^ H) r = f |hJ. 

I 

Let the temui of the original aeriesrt \}C derangial nt\d let on^’nlfft 
aymbnk be wml for iJte earreapunding series anil temui, Thrii 
lioiS,^ = lim{P/-g/) = 

since Zq^* sre deFangenieim of eerica of jmitm tertns. 
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AWm. (i) It piw-fdftF]^ f(ir aljetillltc Cdaivi!Tgr;ii™ llaat tba Beritta tiy 

ijinitting fill tll« pgmiivc- or Jill Lbo Icrma nhauld be i?nnTiSi|ifiitr 

(ii} If % Hsriw h i-auvct^enf , thr Bprfefi ip !Ccit45 [i> Uiiul 

rti^psffltlwiy to + ^ - m. 

4.2S. lyenmgfmpffl uf ft Non-aL^uitlii Vonverffe^t^ S^riejf. If the 
fj^nm of moh a acrinn he deningtstl. thti aturl ia ih general altered, Rift- 
iiiaiin han bIiqwq tliRt the sum cmi be Tmide tf* have any nrbUfar^ value 
by a suits Vile ilerangfuiient.. The satiea nan nlso bt* made divCTgeot ur 
ojwillstfiry* 


A’xumpff. If i — |1 l — J = ki timl the mitu df iha isL'rica 

t + l + i+l -i + *- ‘ 

fihlalned rnum the flrvL by laldTi]!: 4 pontive temifl lr<||riWL^I by 1 ui^-iitiviL 

1>cdoI£ I hfi Burn (jf ft Iwinfl of tfcifl iww by ; tlieis ainjoe tbo nth terra 

lenda to sGisro^ ib convergent if Ift (*onver;peat uicl has liie biliuo litiiiL 

^p *1 

DoiKite jSr{— J by ttml Xlr'». by 1'^, 


Then 
HU lIiaL 

Now 


17, 


f. 


F 


4rii 




‘'■n = + 








In 


t'fN \- f",, + f^'ui + 

. I 1 V. 1 1 1\ 

= 1 + 3 + 5 + . ■ • + J - + 2 + 3 ‘ "f" nJ 


i.e. —I' Sit fliiUMs ^ —► If. 


= % “ “ 11 * - + l^?s 


SB 


4:2G. AMuttijtlUvdwn of Series. Let S^ — Zti„, b(i alm- 


lididy coavetgeut to tho Bums tSj T jespectirel}’, so that S„T^ —> ST, 
The saries obtain^ by uiultiplyiog the teinua of by those of 

n D 

ii'j, is abeolutcty converfi^Dl with ^iiini ST, since (LlujtjJ X (i'b,!) con- 


I 1 

verges. The tenun enn thcTefoTi! he Hirniiged. in any order without 
eflectiug the sum. The simpleat way of ezhihitihg the prod net ia by 
means of the array 


K.i-, -I- v,Vt + MitJj -h * - - 

■h WiVi + ifii’t + w,t!a -h . . . 

+ «sP> + «»ttj H- + . . * 

+ *. - p 


The HMm * by aeiuiire^ * is lim ST* TliiB must be equal t4j tb*> 

mm by any other uietlii^d tlmt Jiitiluctea each tcTun ont?e and once only. 
In particuhr, it h equal U\ the sum " by dJagnnak' 

H,(>, + {«,«, + -f (lf,V* + HiO, + . 

«C ^ Hilt 4>- 31 

Baimplt. ProTC Uiat X + 1 )}■) ^ -=-i-when |;| <1. 

D □ Q 1.Z 

By the ntiu-teet it ia o^y abmi’n Ctutt the Betlca Ali5 nil B.hflaluUAy mn'r^stgmi 
whsm If j < 1 and otlhDnvia^ Am Qdt ccuivef^tiDt. AiTHii||ioni 0 nt by dwf^oimif ^ the 
pirDdnot on tbc left gives ttis ow^fH^iient- of fto bv 

1 + a + a + *.. + (s + 1) - 

NoIm. Tbs eqontEiJii X wlinro 

«'■, = 'ti^B + + ■ - ■ + 

iibu I'm proved iirqp under Iw reelnoUve <oi^tia£i« thiaji thoap giveiii abovD. In 
particnlmr* it him him phoifll by 
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(i) i Ibal ■?< ^ if 6om*er^nt (wf 

11.37 (U).) 

(iif Mwiem : Ihikt i22u^) K t^Tr^) — (■1''^^) if flfi# nf tb«i a^riea 
pDnricrgvrit alsd tba Olhi-'r 

(iiij i^rifi^hiLimz iLat {2:{- A t«- wjji^ 

*,p ttTP FiMsnirfawM doiMI^AIItiig ti> iRCPO limit, pmuricifid 


r- 

4.3« FuncztJons defined by Power Serieia., The series bi 

ealted n Ptm^r Series and may be regarded aa deSiung a fiia-r'iion 
for thoM valueu of for whioh the mum converges. 


AlthDURll ioitiftHy ba datio^d: in thifi it Ifi of tali |jrj«(iibk] 

Ui tbo meAniag of £\s) twynnd the domw of lianTi^ciiciE nf i\m imrirt. 

For cjcaiti|)ild, dafiaisa ti fuDCtioTii only for jsij < h bat wo can pioTa It hi 
u 

(1 — *}“! which ii ddlTtEd for ali. taIqh of ac* aswpt i = I- 


4.3L Dfimam qf (?/ a Pomr Series, By d'Alemhert/a teat 


the aeriea h abaolatelr conversant if lint 




exJflta and ia gre^iU^r thiin I. 


Let lim I Then 2*0^3^ ^ absolutely convergent when |^| < R. 




It ia convergent for |x| > if. For if lim — R, ilipn f§ 4.191) 

*■ + 1 

1 L 

Ltn — 1 /R and —»■ Aj/A when [xj| A|, i-e. there ia an 

infmity of terms >■ I when Jf | '> R. 

The sedea niay or may not wn verge when s: ^ ± R and more 
exact te«ta must be s-ppli^. The number R is calbd the Rodim 
Cttm'ergenoe ; and the domahi of convergence conalsta of the interval 
- A < X < A and pmdtdy x = R, 3 ^^ — A, 


ATflfci. Whru lim doea CTirti d'Ai^w^rf^ tat dxxA not. givL* the 

rodiuB of ccmraraBaoc. HowevpTp Cautfhy's teat, la iU gsneml fnrm. eIiowa tkai 
^ 1 
if - IJm 

4J2. Subsiiaai&H of 0 /'olyjwwiiaj in & fiomr Series, Let. 

I = 6fl -|- H- 4,f* H- - - . + 6p|f“ 
substituted in (of radius of convergence R). It ia legitimate 

to ammgie this os a power series in f at leadt whim thia twirfftfl, written 
out fl/ iengOi^ ia ab^dutely convergent. The rearrangement is ihoefoze 
correct at least if 

16.1 +wifi+.. . + 

and for this it is Tmxssar^ that \h^\ < R- The ineipality ia then cer- 
taiidj satisfied when |f| < k where ifc b some positive nnniber, It may 
be expected, however, that the greatest value k obtained in this way in 
less than what is actually necessary for the correctness of the rearrange¬ 
ment. 


Soft. il may be proved by the piiiK^be aiudytifi L-cmtiDumtioii tliat if beili 







POWER SERTEH 


93 


^ ^ ^ ^ and iba tnurJliJlgdd aenea are duiiti!t;]|ciiE;, th«n the 

0 

rwrrfljigenimL li {CAop. Jl\ /0.7^r) 

Example. ]/(I + af + *•) IP(* + **)(”> 

0 

TParmagcd the Mrtoi w I —— Ui* DX|M.n- 

flion ii lBgitiiiuitr& bt Jeftai- when |*| -S- \^\* < Ir wlvflii |*i < &‘fl2 (ftpprri^x..^ 
Ai-tanJJf, boworor. l/fl + ar + ~ (1 - i)/(l — *») vhim wy; 1 nad iJimfow 

l/f] + , 4- a4j «, (1 _ *X1 + »* + »^* + ■ ' 0 - 1 • 

fflf [*| < i» 

4^, Pomr Scrict obtftined by Term-by-Term DiffeK»ti^i(*n, If We 
iliffcrcntiate terni-by-terro we obtnid uew funetioua P |, J'l, F, * * ■ 
detiaed by the ]iowcr-*erirs 

FJ*} - £(it + ; F.(jn) = k« + 1)^« + 5 * * • 

il 0 


FM) = £in+lK» + '2} 

9 


. (n + 

The ritdins of convergence of Ff{x) fe linci j ~ fljfsiiiEO 


r Ib lix-ed). 


Notts, (ij The nulij of MjurtiTg^uit^o of fj, f,. . . . nil w|tjjiJ wlaea 
lim 1 ^"^, osiaE. 

{u)*'J1iiP wri» for ‘ ^ tiutwsiiLtfTH ftt j? = ± H, er^a whra 

1 bo m?rk« for F b rcLiivorgi.-nt at w = F iis - ■ M. 

4.M. The OmHnuitif n/ fl Pomr Stories^ If f’(^) — then 


F{x) = fli + 

where h hmind^ when \x\ < R, m thorefure eSffmfiVrifmiif at 

j = 0, (il 0) mil tnnda to tbe value Ab. 

Let z = -f hi w^liera \x^\ < R nnd [if, + A| < A and let \h[ \m 
leiie than R — |;r,j ( > 0)- 

Now -P(x, + h) ^ + h)*^ and the taries when writUn out nt 


len^h ia almluielj/ cuuvergenl since r|d^|i[j,| + 1A|1" is convergent, 

0 

It iiinj tlifiTcforc be nrranpMi in powere of h withont nltcrini; its vwti«. 
The L'oefficient of A“ in Lint nurnmgfnnqat i» 


«■ + +-l(** + 1)*» + Wn+* 


{ti 4* IX** "1*^2) 
1.3 




Thus r(;c, ^ A) - F(a:u> + A/’X*=) + ■ ^ - + -, 

the mt«vrtl I A| < /i — li!,|. Thui power uehoB in A \a continuous At 
A = 0, sijicc Ii — ]x*j > tl, i.e. continuonfl at x — Xn anti has 

the vidne F{x^). 

i.35. Abd's Ths^my ffa ihr af a Power SmtJ. The 

vious paragraph hfliS eatahliakwl the continuity nf Pf:^) the inters-ai 
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of convergence. Abel’s Tticoreni gives tbe condiHoa for coiittnuit^ nt 
the ands of the interval. 

If ^{fl) is coHi.rr^^ thm F{x)^ F{R) wiAm Bijiularl7 

Jf(*)-+■ JP( — if) when »"► — /? if f(—if) is convergent. Since we 
may write ifz' for Jf, it La aufficient t*i toljo tmity for the mi I inn of con. 
vergenec. 

Let therefore «nii^ be the iwlitis of oonvergence of F{x) — 

fl 

>K. 

Biid let be convergent (not nec^esnrilv ahaolutelyj. Ji ia roquimi 
to prove that lam .Sa^st* = ila^. 

t —»-I Q tt 

Let f (*) = B, + a^x + + . . . ^ 3 «-i + p^(a-) 

oiuj + . .. + fl„_ 1 + r„, 

where p„(*) = + a,+i5e“+’' + . . . i f„ = fl„ + . 

Since Ik.„ convergea, we enn find w, Bueb that Ir,! < t i»U n > «,), 
Since —f„n, 

Put*) = — (1 - - . . ,) 

and therefore < e + [J — + «*"+“ + , . .J for h > «„, and 

0 < a < I, i.e. 

I/»«C^)I < f + ee^’ < 2e. 

Now f(3!) — f(l) 

“ «.(^ - 1) + ’!)+... + '-!) -[ r,. 

K- t 

But given f, we can fiinl d. Buch that — 1) < e for all x audi 

m-t * 

that 1 — d ■< X < I, Bince ^^ 0 ,( 81 *' — 1) ia a iMilyuotnltd vunidbiag ai 

» = 1. Alao |p„( 2 !)| < 3e and [f,| < e, 
i n. — f’Cl)! < for 1 — A < X < 1, 

i-e- /"(x)—*‘F(1) when x—>1 from the lef. 

Similarly J'{— I) when — 1 from the Wj^A( if 1) 

eonverguB. 


4,36, TAc IMnnaJmsf of a f'otoer i'?mee. If F(ar) = IVijjX*' anti 
— if < i, < if, 


where the tferie* on the eight in n power eories in A uith a How-ffirra intf rvni 
of iionvcigi^nce e^qual at least to i? -- |3rj|. It is thcrefiire rotiliimous at 
?l=0, i.e, E* or the iiiftt derivative (ruid Hjiitikrly any 

higher derivative} is obtained by tenn-by-tenii ilifTere&tintiun. 


Jfoie. If J ccjovflrpH jt m the dtfrivKtiv^a of F(s) on ihc Uft of j ^ Mwi 
^ caQTisrg^^ tm the derivative cu. the ri^ of a? = — J?, fPy Aliel'^i 

Tbeoa^em.} 
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4St. of Fatcor &rtcf, If f{ap) = (]*j < JJi), 

& 

f7(;E) ([^1 <iltj), then wliere 

« <1 

H” ^1^11—I *4^ + * * 4“ 

anil \^\ ifi k&sL thsm the smalter of Jfn R^. Thin follows fmtn the faut 
thB.t f(^]p ore abKolutel^ tonverg^t mi/iia their iufcervoLi. 


Xu(e^, (a) If L‘u0Viiirg^ far Jl^ (lla« irmciJ3er af i?g), iuiti tlip proiliii^L 
conTO[]g(» fur tbm tbo roault m true for by Abd'b ThE^olT’lil. 

(it) IT iinit^ b this pamtiitiii!i ntdJiiri of rioiivcrg^acfr, wb luve Abci^i TfaiKimn nn 
the MnIttplicaUuli of Sarits t K * (2^^) If ill ihtvci M^rkA eunvrd^. 

(jii) [f miity b tba riuliai af i‘i}fiv€:ri;ciu:i]> af bIhI Ji{ > 1) b tJie JhAdj-oe of«?Oin- 

¥f^:r^f!^c 0 of tlicti Aferf^zn^# ThmtM {f fthawH that X 

for ihm fnOi,) i* oAetiiiiJd'y rtuivui^i^t. 

£'x3jttijie. The we^m j: — ix* + jx* — ^ « b oimTersent for — 1 < x < 1 

The BtrLei obtaij]^l hy sQiwu-ing ie El— Trhrre 


= r 


I 


+ ; 


1 


Mil - IJ 2(rt t) 


■ + - * ^■ -\- 


(rt - IM 

(*+ s +^ 4-2 + “ •+”1 + 0 


“ + i + 5 "*■ 


■fi 




Thufl Sr — lx" + ^ .)■■ = I* — jx*(l + JJ H- Jx*fl + i + u ^ ^ + fur 

— I < X < U ilnci} thif iwrritMi ua Lhci rJ^t b ecifLVEr|tEatj fur ^ Xet&nu'tf itiJe). 


4.3S. Identity ttf Pmiter Serifs. If f (x) =? k idi^btlcally 

b 

reru for alJ vuluoa of ?: in ft aou-oto intorvul, thon d] tlio caetficiente must 
vEuiiah; for l''(j;]i und nil ita dnriviitives must veuiMi at ^ ^ 
i.e. etti = 1*1 = tti = * « * = U. 


Similarlyi if it ja known thot for a iion-aero interval 

0 e 

thou ftjj — for xill valoes of 

4.3!i^ Taytnr'a ExfHmmm fiw ri Power Seri^^, If {:e 5 + 

within the inter^'^id of eoJlVefgtsnce of then 

n 

+ A} = + A}* 

it 

and it has already boon ahowii that the eoeftioient of A** in tho refiriunBer 
mont is #^''j(zn)/ji1, 

i.e. F{x, ^h)= f(^,) 4 hF'ir.) + J -f - - - + . 

m that the Taylor e:xpftriftion is valid for #^(irfr4- fM at Icmat 

the interval |;A| c R — 


-f,pj97. UnlfTe (or FuntiiotiM, 


If lim 


^T, 

OlH-l 


is infinite, the 
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function ifl dofined for afl vaIu^^ of X and is caUjBti au Jfnlif 

0 

(Of Intc^mJ) Function. It pctssesa oJI d^ivativ^a and iti d^Ffivatpivea are 
entire functions. 


R«gaid tjiifi RH ft iw-fH-CF smE4 in *■; than Ibn 

^Tl 

in i^flllitl^ Tins runctLan Sb tlicrefocc ^fmCirt. 



wliicli 


4.4p The Elementary Transcendental Functions. The ukiDcn- 
tary tranflceudental fimctdoTifii are iiennlly t^ken to be 

(i) The B^poaefitial Function and its inverse, ie. the f^jurilAmic 
Funciwnj topctiier w^tth the related Il^pGrbolic Funciiom jind l.hEif 
inverses. 

(ii) The CircajAir FimctioDs and their inverses^ It is not oar iiitra> 

tion here to develop all weU-known propertlea of tlim* fiinetionSp ns 
it will be pieeninad that theaa quo knoift^i to the reader. However, it is 
necessary t<» show how these fimctionji may las adequately in 

terms of the ideas that have bsen introduced in the previous |uiriigrap]ui 
nnd to indicate how their propertiiM may be established. 

4.4J, The Exponential Fujuiion The crponmtial fwiclv»i may 

bo du&ned by the power neriest 


ff(^) 


‘+E+ 



* + 



Since 


limifL+'W 

nl 


is infiDitej it is dedned for aiJ Unite x. 


(i) Itfl ebaracteristic property x B{y) ^ + y) follows hy 

tlio rule for multiplicatioii of series^ and hy repeated applieatbiui of this 
result we fmd that E{n) = where e = Jf(l) (= 2-710 . , ,) [n intepalb 
The ziujuber may then be identihed with E{p/^) 80 that E{x) ^ 
for X rational^ 

The nximber for it irrational is li&tumlly defiiit^ te lie (if 

this exists) where is any sequence of rational numbei^ tending to x. 
But IItu c'" ^ ^ £ {lim = B(ar) since is nonilfaiiAU^. 

ti —^ 

Thus it ifl consistent to write ^ e^ for olj a:, 

KiluiljtFly }£[■*) jtt wben a W irratioiliJ il dcllirad to bci lim {^(ir)|*- wlirre hiL 
any wsqiiemM uf taticirt*! numbere tendiDg to n, ami tlua is iwUy ihiurwa to be 

or 


(ii) DilfercntiAtiion t^m-bj^'-tainii bKowb tkit 
vulues Df fi. 


da^ 




for nii 


(iii) TJie function e* is abviousiy > 0 for f >' 0, and since e 


I 

e'' 
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then ^ >Q tor idl Also riuee = e^* tlw funutma incicitwBA 

CUB 

ateodily for all m \ wheii x + oo, and wlieti x —► — 

ft'—*-0- {Fig. L] 

4,42. The Logarithtnvi Ftini:iian log x, U c* m y 
steadily from — ao + co, x mc£«Mes &te6d£y from 0 to + k ; tie 



n^latioi} tifttefore determioesi y aa a single vaJued cootmuaua function 

Jjf* 

of as for a; > 0. Tie fimclion y in denoted by log and aince j- = 

dy 

it follows t.feat A(1og^) = -* (Fig. L] 
hX X 

4M. The Funttiitn a*. Let n > 0, and fet b ^ log a, tien 

thus debnmg o' (or at\ niad all x. Also 

(i) The derivative of in rt'Iogo. 

(ii) The derivative of at" ia ^ for all tihEJw values of 

a£ 

a, a;, n for whiol) thn fonctiooe h&v« bwiii de^^. 


4,44. TAf iojariiAww jicedir. Sinc« ** > ±“+V(** + (‘F > U) 

^ when (H is A Hxed positive: intf^r, bawuTer loige, 4r°/i ?—* 4~ ^ wteu 
* ^ + CO {« any real number). 

AJbo e *-0 wifin »_>. + cf>, a being any real mimber. 

It foUowH that u/(Ing uy —»■ >|k oq wlmn u ao, (any ft). 
Taking ft > 0^ and wetting a for 1/^ und x for it, we d«due« tbat 
(log x}/i® 0 when x —► 4 oo, Imwcvor aiuull s ( > 0) tnay be. 
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Wriling new l/^r for x, we obtAtti finally that xi^}ogx^(\ when 
3r —^ 0 from the right, h^iwever mnwW a ( > 0) may be. 

SuiTUDarissing : 


(i) + CO; ► 0, when x -*-h co, (nH a). 

(ii) (logjr)/!* —0 when IT H- QQ^ (a 0), 

(iii) I* (logz) —n when a —► + 0^ (a > OJ, 

Thus and therefore (Jt > 0) LnereaSia to + co more rajiiElly 
than my power of amt therefore inore rapit^Uy than any pcilynmnUl; 
and log X inereasea to infinity more dowly thnji any positive power of x 
and therefore more abwiy than any polynomial. 

A eot of fnnetierna, rfl.llecl the nmy therefore be 

confitnicted as indicated io tho following snhemo 

. . . < log log log £ < kjg log Z < log Z < z < < e''"' < . > . 

which aO tend to + oo when ^ i each function ia the log of 

the one that follows it and tends to iofinity more slowly ihan (he one 
that follows it, i,a, such that the ratio tends to aero. 

NotUr VVe uBe the nulstJun/(je) < whe& /(je) a [#{zH fer ^ 

Other Functions may be iaBerteil in the logarithnue Hcate. Thus 
log X < (log z)* < (log zj* <. . . 


l>leruii£i« the miative poifctkiyi cf thu fimi^-Liciu [kts^Tf, 

(log Id iIm IctgaJitliniii-' icato. 

log X < (log Jf)' < HuKTcfoti? X < jeN ^ < eK 

AJflLi e* < (Tog a;)^"p hut Biiwe jc hig log x < a* < s*, it iIihC (kifl #y < 

AguTi (log Jug : logjp inivl ihwAw r* 

ThiiH lugi < (lag ujhii tci« * < * ^ jlcHi' ^ fl- ^ [Utg 

5#.45. Th Exptinjsion of {/ + x), (z Tf/(z) = fog (! + z), 

— 1)1 and Maclanriii^s expanairm gjvea 


log (1 -f z) = a —+ is* , 


+ (“ ir '— + ^fli wlioffl 


\K\ = 


im-i 


in + 1)1(1 + fej|'‘+ 

Lf n is fxed and x is smallp 

^ and therefore 


y, (0 < 0 < 1). 


log (1 + i) = z - -{- . . . + t- IJ"-'— + 0{x’'+^l it SJiiiill). 

^ d n 

In particular, 




( ir 

(«+ n’ 


JVc4^3f. (i) Ji iH muy to aw thflt if |i3;j < 1, ► 0 when n —iukI llieirofuFr 

Eho infiiisfe Aeriia for |ng(l + rf, (wlilch » OcrtlvenfCJl t for < 1) h VkIilL fftf 
|i( < 1, U mmy Jilsn Iw ^nwTt valwi fffT X ^ I, but IL fliiiipTf'r to ohuin die i»>¥rt4fe 
Mji« by integr^tian, (jS^* f [\ | 

1 J 

(il) an™ -logtl +ir|—+ 1 whon *—^0^ it foUuwfl thut (I ^ 4f]^—^ 


p" whrti 
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0, Iq paslJimUr 4" ^« wlwii « —f- w * rtmJ it h by msKuu of thk 

[ihf. ExpmeMud ihtbi tLe- oiponentikl fu^l^feip^ h wnMtimw (kfined md its 

pmjwirtioi fi^Twlopffd. ll be ii«7t«d hIpu timt 

tim f lH-'*} =*c? liPi (I "h nijr)' = Iim +') = i** 

t — J —►Q M —^ 

■/.JW. r/#^ FuncliottM and thm Invert, (c} The hifp^r- 

t>alic fuiit^wna ooeh mnh :£ are uiciat sim|!)ly defined by the equatinn^ : 
c;osh a? — + !(“■'}, fiuili a: *= |{ef^ — e" atid the other hypeibobc 

funetione by the eqiiaticnw tanh ^ aa coth ? ™ C?/jS^ Bocb x =a 1/0^ 

c-wech = 1/St (S = fiinh G ^ eodl 

(I) Ttii- fuifurLiujift csotAutn tsech 3f ure Lho uthert tue odii and thej 
hsTv ik iTclAlion tp f.ho roolan^lar liy^KirbcilA attalij^PiiM fcc- that uf tLi^ cLt^uIat 
niiactkmA Id lha gMd. Many of tbcir popcrtiiA Am iuiaIc^mui Id l<hoaei of lbs 

drontiLT fuDGtkms, hdt thi? an^^lical fTlntfonnbfcp ihcr hyiwtbctlip aftd lb'' 

aiimdAt fiiattloiu rrqtikrei thG had of the mmplojs vjkriable for It# eKfjrftwWHi. ThiiiT 
^^plu am fioMOy ohlaidGcl riDlll A ktli^^bclge flF thoie of f* Atid f 




VIO. - 



<U} Tbci moal DaefLil of ibeir Himpler propfinisa atd 

Lirtb* X — pinh^x = I ^ I — tanh" Ji = snch* *: ainh ilx =* ^ atali j nonh j ; 

CH»li 2af -■ omh* X + dnh* x i sinb (p + y) = «mh m coab ff + cKrih x Einli t 
coill (X 4 ^) = «oab Jf + dph xwTth y ; esaib x > 1 ; [mob x| < eoflh X\ 

iT* X* 

Um ttanb as) = 1; (ro«h ^4?"^' ' 

ccifthO 


(tbs infinite bcHw boin^ rooverginl fcir <011 x); 

" ' ■ "" ' ^ "inb X i jf 


^(itiihx) —cmhx^ 


d 


1 i sLoh 0 = 01 
A wah BUS + 5 Hinh m 


AAijufiw the €H|iiiiticHi. ~ w"jf. 

tfi) If — eoah jft ^ eaoDot be less than 1, and for ;£ > there ale 
iwo values of y for a given ac, mA tnny h^- JM>en from t.hts gr-nph. The 
value tfi iH taken to k? utwh”* ^ {m nrg coah^!). The other value ia 
therefore — cosh~^ 

By solving the equation for we diid that 

yi< Vt -- io« (3= ± Vi^' — 1)) 
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im 


Sbuiluly, JT Btnk^, detiarmipi^s a valued fuilcICioil 

y = j! = log + \/{x* + 1)1 


where 

And 

function 


J 

dx v(x' ■+ ly 

X = tank (for jil < 1), determines 

y — tanh'^' i | log ^ where ~ = 
] — X dx 


a aiTtylc'valued 
1 . 

1 


d,47. The Circular {or Triyonomeiric) Functions and ifteir Imierse*. 
The elementiLry metlidd of establjBhing the propertioa of ntn Xt eots x 
mvolve the assninpinoti that a citeukr arc haa a Isayih wbjcli pmviiltn 
the nieoeun; of tha nngj miHcnded. Various ways tiiuy ho »ii|;sgeeted 
for using thenn projierl .ea to provide neu! dednitioiin that nro strictly 
arithn^eticii) in chantctor. From our present point of view, tlic moat 
Htiitablo method conaiflto in indng potcef tetfes au dcfinitioiin ^ mid 

Maclatuin’n expanaian enables na to obtain what these eericM niiuit lie. 
Thus, usnrning that d" (im« xl/dir'' =coa (x + wr rRsfly oh^oii!! 

cosa; = 1 — ^ _ . , , + (_ + If, where 

/ -iit+t \ 

^ “ l(2irTl)!j d- i (« + Jh*). (0 < « < 1). 


But ] t!Ofl(ex +IfB -F 1 )t 
thoj-ofoire R 


tiprl 




- (2. + 1)! 

0 when n or> for aU finite 


■ 0 wlif!*ri w —► a> ; 




006 7 ' 


as* , 7* 

at 4f 


and fiiimlnrly flin x » ^ 


31 ^ flf ■ 


^ for alE finite r. 


Tliftiw fKiwer 


soriea (wkich^ like are imiffc; funfitk™) may he aa rtirHi 

of ooa 7, Bin x. 

(ij For the pinblom nf re^f^tebbahiliif itc |irQp(*rtiea uf fLUicH iiMifl, 

rfaul IfAiffdlrr and IfafiffciMH aVf«dem ApjM^ir^ 

(ii) AnathitfegKrtiy»ingUir>d of deitiiin^ Bin (•*« ;^{x)),Gqfl 7 (= fJfiicJj ixnuiilji in 
liMinj? tbe rebititraa ^ =<7, I7 = — ^ ClfOJ = L (Jllf/ 

Infinite iSerm, { flfi,} 

Tbe graphs of the circular fimctioiLs Bhonld be familiar to (.lie rtTader. 
They eie iiiiefiil, for ojcampk, when dealiog with the jiivci^ funetiuoi 
arc Jin 7 , arc cos arc fan x, 

Tima (a) y = (jj;] < 1). ia defiiid to \k that vidue of y 

salisfyiDg the e^uatioa as « bio ;y and fdao the ItLegiiality - |jt v. y < Jrt. 
The Dthor vAllies an* i%t + (— 1)" aro ain 7 , (n beioK a p^isitivn or riFsga- 
. d 1 

tiVB lategor) and ^ (arc &m x) = -j -^ 

(*»1 y = nreci)ax, i;|i| < 1), is that volne y satyTying tbe relatiuii 
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j; = COB arid t.ho in&quality 0 < < te ; tihfi other values are 

2njt ± arc cob i a^d ^ (arc cos jc) « — ^ -- so that 

dx V (1 ” ^*) 

aio Bin 3f + arc doB X = 

(n) tf -*= art;; tan x ii thfit yalnc f/ that satiiaGaa the relation x — tan 
and nl^ tho meqimlity J-t < < Jji; the other valuea are 

fti + arc tan tr 


tuid :r{^ = i— 

I + a!* 

Aho lim arc tan x = 4^f i lim arc tan -p = 

4- ii' ■:—* 


— 4jr. 


S<ikv pirn BHF I ^ Aft] titm (I/jb) t are eww = rup ain (I/JJ) ; lUc oOt s ^ 
UK tan 

4.5. FunctinEiiii ddined hy Multiple Sequ«ttceap Fiinotions af 
j^everal variables a^i ^ may Fifco Iw dp^fineil by the limita of 

Aerjueneea of the <th order fur thijw values a:t» ■ ■ -i which the- 

multiple limila exist, Thna F(X|^ r„ . * x^) may be defined aa lim/(jit 

j*,, * * * ri|H Wu . . nj where n^, ittp ^ * *j n, arc integeEs that 
tend to infinity indepetidenllv. Definitions could also be made by fimita 
of functions of the type f,. , , £a) where tendfl to 

infinity by continuous real variulitm. In many caacs, however^ such a 
definition is not moM general limn that obtained by integral variation, 
and in any tnm tho fuiictuiTi / may have significatice only for intSigrBl 
values S^* 


i.51.r Fnneiions f/ff Double Series. Eroin the terms of a double 

so<]ucnce fd)w, «, Xi - . *1 we can form the rionble sequence 


n., £. if, z, * . ^ .V- *.•■■) 

j rw L .r I 

and if Sj^n tends to a limit F{x, i/* , 0 when m, l* tond mdependently 

to infinityj F{x^ y, , * *) is called the sum fPringHheim) of the infinite 
double series. 

Writing ni, n a•^ suifiieii, we may exhibit the double Heries as follows: 




+ 

+ «li 

+ * 

‘ ■ + «i» 

-h... 

+ 

«tl 

+ «*l 


+ ■ 

■ ' + '**■ 

■ ■■* 

+ 

W-S, 

+ .. 




1 i * * K 








+ 

“ml 

+ 

t +* * 

PAS 

' " “b^jAti 



+ . * , P ir , 1 p . 

It is obviously ns^^mty (but not sufficient) for convergence that 
liiu ^ 

The nect'^rtf and .v^dnU cmidiiim for couvergence is that 
I — S^] Bhould be ultimately small. 

4.52. liepealtfd Scries, If the mth lovi in summed, {m = 1* ^1, Sp 
* p p) and if the s um of these sums in taken, the rcBult may ba written 















102 .VDV-4NCEi) IIALCITIX’S 

nod w chIIih! til*? sum by ram. fliiDikrIv d(inobe« tb* ^iMtn 

*»• 'mil 

by txiuntna. It is not true in ge^F^Tnl that «ven when 

w H ii IP 

the double Etdes E»?nyeige« in the Fringohemi seruu. 

Xikt, It Eb nltm wnveiilcnt to lua tiu jiriiiiliol ^itnia for the' mm of the influite 

mm 

doDblc scirilia- 

£otIn/Vc. 1 -f 1 + 3 4. 4 4 S ^ 

42 ^ff- 3-4 — li-* , . 

+ 3 — 3-|-(i4(l + H4i i # 

4- 4 - 4 4 0 + ii 4 n 4 , , , 


Here —»► \wil Lbc sam hj tows tvmi th* mm by c^oliimEU *i» mil «oiivee- 

sent 1 imiMi, for rx^imple* And ^tfag tiTn( to -h 

M m 

Again ^ niFiy be equivl to ZZti^^ when the c!oi]b!e mnm ia not 

mm ' nm 

convergent, 

I 4 I 4 0 4- ri -|- d 4 0 T . * * 

+ [ _ 1 4 1) 4 0 4 0 4 0 4 . . , 

40 ^ 041^14 Cl _^ 04 . , e 
4 (j 4 U 1 4 I 4 (I 4 0 4 , , , 

4 ii 4 tj X f3 4 f| 4 I _ I ^ ^ , 

4 (I 4 Ej 4 n 4 ij _ I 4 j 4 , , , 


Hero n 2{ = ZSu^ ; thit is eisher 3 or S tuirJ m Ibm’fijro twit eon- 

si a nm 

t^edU 

4.r%3^ Pringinh^m^s ow Dotible Henex. If tho rowa nnd the 

rolumiia converge and if the double Bcne4 verge* to E, then 

hH A Hi H- 

For^ flince lim exists, Jlim — 8„^\ is iiltinmtety siiialh (all m and 

H M 

n large); and sinco lim = S, then \8 — is anialh (ffi^ w large)-; 
j.e. Ilkn — iS| is smalls (m brge]^ i.e. lim lim ^iniilarlT 

«■ m m ^ 

lim lim = S. 
ii m 

4,54. Douliie Series of PoHUf^e TtrmA, By a method eimibr t(i ihut 
iioed for simple aeried of posith^e temm^ we can shaw that a chmbb mnm 
of positive termiSp if boundodp muM convei^ and if imboiiisdiNl, must 
diverge to 4- 00 , jUbo its buju, when convergentp is indf^pemlniit <if the 
mode of summation, providetl every term is iiicludcti on(!e ami ijikso 
only, lii partfqukTp the sum may Im offeoted by rows, by edttipjwi^p by 
diagonals, ot by reciangtes. 

A sum by rMlaugteft is wliijm m -< #(h) imil #(11) tondi slndily lo 4 oo 

H- 

wkon j* —^ 4 fc'T eKBunpIo, if w ^ jtiip (lj txiidji 
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Abo if the mni^ FonYcrgca by Biiy iUfih method, it C 0 DYerg 6 A to the 
mm by any other nppftjprittt* methfuL 
J-SS. /or {7ofn;CT^PEiw /oj' a CorfAfe Series of PosUiw Terms^ 
Teftifl for oonv^gcnoe (or rUvergeacfl) may bp eetabtjahod by difecfc 
eomparbon with ii hoow'n miiQM of poaitive terms. For 

(i) If 0 < th^j-Ti En^ converpa, pjod 

mm 

(iij H > 0 flnd diverges, then Tm,,,* tliverges. In 

mm WP 

paitir^uloT (aU tJM5 Iwing poaitivo), 

fi) If t^on vergcfl and then cotiveiges | for 

r«»„< whieh eonvurgcs ninco (-EC„KiX’J = (ZCJ*. 

WM ^4 TTP 41 41 

o 

(ii) If 2X7„ cnnvcrgps and < —2±iL, j^hen iw,„, converges j for 

41 m -j- n mjt 

+ "^11-11 I + ^ • « + “in) < 

mM n » ft i" 1 n 

(iii) If EA^ ronYnrpea (nr divergesJ and EDf^^ diverges and 

■ p 

then ZVipnpi tUvnrges ; for Eu„^^ > EA^Df^, > {EA^){ZD^) which diverges. 

wm mp H «4 

(Lv) If i7J„ cUvergcH and ^ {j,g^ i-'u,,* divergea; for 

^ ft I 

thp Hiim hy diagonals of is > £—|— 

Mit Ii Sir. -|- I J 

mjcamptM. l() The djiipk Mfloi 2^, cofivergi? whc-n a > ip ^ >■ 1 uad 

^ ^ ppw' 

di^^fitge when a < 1. ^3 <1. ThuHifoni onqavpr^ wiboii a > 1, /3 >■ 1 but. 

API, 

tlivprgfv wLonofti? fll.least of tbe nuFiiheira ot^ file loa Limn or equul to 1. 

(ii) The (cfiiWi E -m“ + b* > tha bctwh cenTcrgea 

when « > 2. 

And muL^ ^ n^< (m + nf^ (whoa a > Ih the mm by dmgonj^fl b greater 

ihiLR E -T whieb dbpiVea if ft < 2. 

AJik^ when a < I, Urn Hum by mwa {or ccjlainiM) obricnialy divergoa. 

L56. Eznmplr nf a Dtmblr Stmm. An esainplo of a fairly compre- 

henaiv® type ifl given by whore a,, > U, >0, 

nm Pmw I 

and > 0 (all large ih, n). 

Prftw Newton's polygon for aies of reference being Of, 0#; 

and suppose for flimplicity that the coeffimentii that toiresponitl to 
those sides giving approximations to for wi or w large, are positive. 
Denote by to, the regLon d^termineci by f > 1, > 1. Theo if the poly- 













IM ADVAKC'ED 

gon m (in latdot tifiiiHel, tbe double sejim is conveargeni; 

othemiBet it ia diwcgi«-rLti 



It is obvious t hft t V ^ converpies or divnrgm witii V wh^re 

*^pM\n P mu 

coDsiatfi of the thiit. tie on tho P!iving the Approx icniitioiiB to 

J>«p, at (c, vl tWf «»3f <f}- 

{)) Siippom tlut the polygon overlaps at. (Fig, 

Then (i) there is at lean one vertex A in lo, 
or (ii) there ia no vertex in ru but there ts <w<t aiide ending <0 (lik^ 
LM in the Ugaic). 

(i) Let thfl ietni corKapomling to J be where B| > I, > 1. 

But which is convergent, fi), | 

(ii) Let the terms cunefijHinding to LM he 


From the well-known ineqimlity ^ *> (all the 

\ Pt + pa / 

numbers lieing poHittvc)^ tli^ucej by putting 

piPi — (J jiipa = 

that > Km^n^ 

where 

K - ((,. + 1 _ »J?L+, , M + ^A 

\PJ \Pt) Pt + Pi Pi + Pi 

But eince LM crosses fo, ni]ni1'>er» pi. p, (> 0} can Iw found aueh that 

A. fi > 1. 

Thus the double aeries i« convergent. 

(2) Suppose that the polygon doea not overlap m (but that it niuy 
be in contact with the boundaiy of ej]. 

Then (i) the whole of the polygon lies between = ti and f k 1 
incltuivcj 
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Hir (iJ) the whole af the {Tolygoo lies between tf ^ 0 and = 1 

or (iu} there ia Jit kaat one Bide US lying on jisiBsing throngh 

ike {jiokit (1, 1) or pngisiiig between this point and |0, 0). 

In cftse (i) overy iridcs a is < I rtud therefore the autii of every coJiiinii 
rlivergea aud in cuae (u) ev^iy index ^ is < 1 tuid the lium of every 
tow diverges Tbcee cAaes itlc of cotlrae dot mutually exclusive. 

In (ui), let ft, a be reapecdvely the pointH (ai, {Oi, tuid 
let the equation of the line joining be -f q = )f {ft, v >. 0), WJ that 
V =r|(a, + |di = + jP,. 

Since the line through (1, 1] or paflaes betureeii this point aud 
(0, 0), WB must have »* — /i < Also, there is no loss in gencmlity if 
we assume ft > 1 (since, if necessary,, m, n can be mtemhanged}. 

ijet /(s) denote tlie greatest integer < x ; then /(ir) = fer, where 

J < i <; 1 (x > 1)< 

If trt = /(h^), then o.]r»*ijiA -f = aw'', where il ( >■ 0) is 

lioiindHl. (all n}; whilst, if (sri ^t) 1^ another point of the polygon not 
cotlinear with ft, S, the corresponding term where 

V 1 

!■'' < )' und A' ( > 0} is bounded. The double series r:— therefon! 






1 kn^ 

h in^ 


utid tliei^fotE V* . . 


is groatiir than 



wkioh 


diverges aince r — ft < L 

Notes. (L) l!hit3 niLmtiQii df thu lias joiniag (oci, ^|) to {a^ fix) ^ foand 

Jii + 7ri ^ I wlifSItj (^Ip — ^ = [a, — ctff/dp ^ = *1^1 — 0^1- AjmI 

(Op 0) is otl ojppDSJte skli^ of tbu linL' from (I* i) H! ^ ^ luiu? Hkle 

if 3i -f gp c 1. 

(ii) if pc I I ill thii vquntdUD of a Higiufi'Ant dilis -of tbo pcil}i'||i3n. Jti h 

iiec?CBiary (bat aol saffluiEuit} ibr mnvEi^gEmtx ilmt ipertf p ^ ahonld b 0 < 1; 
whilst for dlVd^ooLv it ia aEithcr noc^Baiuy ncKT BitAinjeEit ibat ^ ^ > 1. 

(iii) The iDoDilitioiiA for the edavergGaae of a donLle serUs rif pwitlTe decTDaaing 

torms may aIuu be ralnlcd io thikt. af a double (ar Bimplej iTVtegriiJ. C?Aap, XjT, 

S iJ.iW.) 


Ejxjjnpita. (I) r-— wbnro =± mini + whVa3 -|, mW, 

jj + ^ for the two terrms is ^/Sl < I ; p + T tbfl fleoaml aad 
third ii 12/11 > le Bcries 'm dlvcn^Gat. Tfiitet h-nwor^Tf that when 

^ ihfiD double Atiriiia ia aiil] [liviifigeTit Alihoagh /.i -j- gf < ii nincc! 
itudJcoB for m ue both <1. 

(il) jp^ ^ mJ»1 + tJiild 4" Tbn finrt two tmvm are thn same ai in 

kljfttmpii (i) ? P + fur the Luat. two ii I Jit; J |7 < L ^odee ii qgiPTtJrgBflt^ 

(iii) The where ^ > IS is BJiniliiTly rnaver^at or diTeTfgaat Accqrd- 

lOg (D whirtiicr Lhe [.loly^o of sotcra or dom ooi enter the rpgion eppuihed by 

c/m !> Ic i> 1. 

For cdtaiuiilc. If dm* + 2iiw?i -|- ca" is of sIgD for tdi W > 0* then the 

1 

Msrioi ^ onnviDEi^oa kt' A > 1 ftud if A < U 
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4.57* (.'tmiwrjTVKJ DaaMt SE/irJ- Tht> 8crif« in nftiil 

W-n 

to be dxsduttly winvuirgent if 2.’|<ip„,| is oonvetpeJit; uud fw for niinple 

IPM 

e«!ri«s it wiay be proved tbit (i) tlie convei^nc^ of iiiiplics that 

of (ii) a derangeiuent of the tornii? of an afifiobtely t oiivurgent 
double iic]B& not alt^'T the & 11111 + 

til 

4M8. fiahuf^fuiion qJ Gnt foiosr Series irt rtnfj^A^r^ I^f-t ; — 

\y 

have fl mdiuji of ccinveigence ^ 4ind let. y — tuivc a mdim of nuii- 

0 

Verj^eiice ;p. If jf ifl fluljstitated jji ^ we cau amiUf^e the Mi&lllt fts a iloijljle 
series thus 

H" H- i . - 

-|- i * where z iis the 

+ +.. . r * . * r , * sum hy rom !|jl < f/} 

-h 

If the aerifw ig ab^lutely ooivverpienl, tJie Jnini Uy coIuiiicin ia 

equal to the sum by rovrfi^ i.e, it is to iirraiij^e the expru^ion 

OA a power eerieB ill X. It ifl obviously necoBaary for the tii he 

convergent when it = 0, Le. when ^ = fi* aiut tilitirf-fori' <*{ in a 
n^cesmry condltiQD. When i\m <}i>nilitioji U ftatbihsi there itiimI lie 
soine non-rero iiiten^al iif x for which llie doulile ftorie* in iibKolutely 
convergent, i,o, the rMUTangement ie terr.ainly lugitiinate if ^ in wrtmll^ 

(iff/. Injimii StrieM, T, 38, wbefF tbi?iJptf nnu3ftlkn! of iicil'Ii ein mtfirvaL 

ia dii^cTissocI.) 

4,S9. The Rei^ersion of Pnwvr tSeri&t. Let y =? afx + 
have fk mdiuB of Convergence p (^0) j then we may e xpeefc l\mt wlien u 1 k 
it ie iiostilbk to e^rprcaa x ob ^ pow^er juries iu y baling n iioii-poru radJufn 
of convergence. If we assume this series to be tjy + ftty* wo 

can find fomuiUy^ by sitbetitution and by equating coefficients^ ilie vjiluca 
of bj, 6a. 6a , . . in terms of di, 0 ,. * * , h^ni thege equations if 
ia pnaaible to deturuiine asi interval ^'ithin which the t§eriea iu y is abso¬ 
lutely convergent. The problem ifl in this way teduceil Ut <.vrui of t.hr 
same type m that in th^t previoius paragraph. 

(ife/* r///| 3S, fiTtft Vni^ IK where 

ihn dciterniicuttLoii «f tJid m diflcuHieti. where the caw U 1* an-TiiiSdoretl 

aud alM ths rtintinUfrlUp with Lj«TwniEe*fl Mpatifti-oti. Ifcfl Vhap* X^i 

ExximpUs. il) Lot — "'h ^ =^^l, fm => n). Find 

the aacu hy mwJK hy ^rotuinns hy cUagutiab of 

mm 

—~—T "h ” 1) + . r P + {1 \' i^~ s) + (^ I -h 

m —. I «ii -r J/ \ 2m — V + I 

^ ‘ ^ ~ ft “ w* Si + ft) ^ 

- ~ ^ - -S—) - .f ,(7}' 









DOUBLE SSEIUES 


l-p. 


If m Bxed - — ay+m' 

n 

— lr»"fuiiiiip tlip TTflii]! 


H>7 


StmitAflv 


jn H 


J.T* I; 11 i>n Num hy dijLj^rouiUd t& ^h'Tu. 

- i"*(| +a-) 


It w j™ J I -4- k 

fU) Vmve that if |J-| < 1. Y1“~^ = “ (1- >) * whcft ^fi)■m 

tulinkHir Cif ^Mancm i.if n., fl, n indiKlrd), 

Th» dtsublc B&rJ«: 


this 


+ X* "i- X* 



T a ■ . 

4 - . . . 

-h X* -f 


a 

+ - - - 




a . . r 

_J_ -j-tm 

+ *^+ , . 

a + 

1 - . . 

_L 





Im abriouJlJ^ ttlmilutcly ccFnTPrgie.m whien Jf f < 1 ^ tioing purt tlf tb& 

itm 

Tin? Hum by row* ii i;- 

' “ ■ j 4 


:i 




Tiikfl the first row jvad rttiiniiMJt'r cf ibo liriit toluntn ; thrai tho remditJcf cif tho 
M^Qbd tow anti thifr renuiiudi'r af tLi? ifcmiH ^iluiiitL t ood Jot the proc^AS be gou- 
tiUDod. 

XcFw in jidWETB rjf 'llicrc; h ono tern^ to eneli dh’bor of thfl indicjc of 

I bn powcir, iJr. tho Hiirkjft is eqUAl 

1 

4,6. FUDctionq deHii^ by Doubk Power SorieN. A fuiietion 
y) may be dcfinofl by n duLible power SKflea of the form 

for thoi^ ynliie^ of y for wbloti the seriefl 

If all the BenoA and 2 m ttre oDiiiVOf|^€nl and tlie double 

m M 

series b ooiivergentp tLeo 

F{z, 1/) = ^ 

fpn -rt ■ f(l. 

if the donlilD uerien u abaulutely ^rojivetgcnt, the i^uumiaticti may be 
elTectetl in any order of the teriua. in particular it in equal to 

0(t» + (fliiT + a*jyj + . . «(u„^ " - .+d,„rj+. * 

the euui by diagonal, 

d.6l, Th i^'ifwn f/ Uontwnrniof! of a Doubtr Ponw Serietf. This » 
iwt of auch a rample ebameter as that of a puuei eerteta in t>ae variable. 
However, if the double wrica ia abtialniely convergent for jf = 3 ?*, ^ = y^, 
then it mnat ohidoiifiljr |]eabolnt«ly convergent for jjtj < [ai^f, Jyj < y, . 
Alao in thia case /’(x. y) ia a contiaiioua fimctioo at Icasl for [af[ < r,|, 
Ijfl ly™|j posaesaing n&nilttlluua denvativea obtained by tcrin-by-’tenB, 
differentiatian. Tbo region of convergence of the diiTercntlal scrie* may, 
however, have quite a different boundaiy ftom that of the origiDnl series. 
HMtnplt. Jf f(jr, y) j .f. a* + + Sa* + , . . 

+ Ujf + SiSf* + 27y" + . . 
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this rB|||;ioii of coavM^Qfim af F{x, |/) 'm hf Ui* [x\ < \lf\ < i I 

bat that of ^vm tb» hwd Jvj < |- 

In the peneml cussp let ^ =fcos0, ^ = 

— eufl" 0 + i, i mu"'" * 0 Ein 0 + * * , + ^ui* Ojf" + . . . 

wh'^Q it n siinmietl by diogoiiAls, Th^^l tB abaolutely <.5(niverj{fMit wheii 
l|rf < 1 where, by Caucliy'8 Tcftt , 

I = lim j(flj^o coei*fl + * * . + [if this 

This limit I is a function of 0 and thcjefom the polar equatioTi of the 
boundary ia given by r{[d) ^ L. 

Ixftfaivw ^voa Lhp botualary of nbacluta cQovefgoncci ia tbw form 


K 


|*|^|j|f|/|*l) -1.r miKt 11 

»-+»1 js + ? ^ » J 

Suamplta. (i) fl2« + (3»*^+V + 

Here ( = liin | (3^3" euP A iia*' eee B 3 iis 0) 

*-►iW. 

trh&t the bcTundaiy i» « 1^ \^\ ^ |. 


(See CAa|>. XL) 


V |Cy OQii 0 All ^1 no 


J = lim [ODB" 0 |H- ■‘C’, Iw' -10 Bin «, + *-. + ["in" 0|)" - »[ + |*iii 0[ 

jM that th* bduiuluy {a |#| |^[ — L 

(^iii) The mgkm of nbeolute converB™™ ^hc c-Ji|^Daicia iiiWir (l>, 0) of 1110 
rapfitiem [(3 “ af)(S — a^)i(2 — x^*)(3 — w bcmfidwl by Ebo ourvui [f| = % 
1^1 =2, l^-l =3, 1,1 .-2. iFt^,44 



(iv) Tbe eerim 

0 + (1 + ** 

f ae* 

+ 4^ 


+ 

+ t» + <1 + y 

+ 0 

+ 0 

+ 0 

+ 

+ 0+0 - jeV’ 

— a*"y>‘ 

— 


— 

-j- y* — jqf> + 0 

+ 0 

+ 0 


+ 

+ - 2V + ft 

+ 0 

+ 0 

-hb 

+ 

+ ^ “ 4j^* + 0 

+ 0 

+ 0 

+ u 

+ 







5 

I 


4 


i 











EXAMPLES IV 


m 


‘i'lM funnnlA ftit' a fiiiilc nambet of tenoa ia 

(I - + 2i!> +. _ + + 0 - + a#* +... + a'-y-*) 

wlikh tends Id ^ | ^ "wiwn < i+ l^ij < |* ttw Kiim beuajj. 

nbsalntdy fWTorgtHit. 

Not4L hovrever, lliat Llie setitt oaniriBi'giiB (In 1^ HOHe) tap mo when 

a P= I Wld ^ ± i. 





m ivi^ 

ii 12^1 < I. |t,|^l)-2lh!*l<l.|2y|<|l-x| 
^ 12x| + ]y|< t ; \x\ + |Zy| < 1 
^|2x + yl <1 : |x + 2y| 


nri . A 


(v) r^^on uf p^hefilutn ociciv9fg^l4(re tJiQ&i nol in ediiR'kiD with tJiat 

of the Bim by Tnwii -tir oqlninnji or diiiipMik, 

Thus the Bmofl iE*(m + 3*)/{mr^^!J Wbit^h in Uip ex^Mho^Dn of 

(1 — 2 aJ — + (1 * * %1 ■ w ahtolntnly onm^ent when iwth infiquftlitlefl 

fSjrl-f- [j^l C Ip |ij + lSljf[ C J mv Efltijifl«i. 

The vuiu by rowtt ii ftliwlately cdnvra^^i far 

12^1 < 1, fy| < |1 - 2r| with |t| < 1* ajy| < [I - a^, 

Tbo Buni hy coJiimiu Is abkduteJy uunverggont for 

]p\ < h ajjcil < [1 - with \i^\ < J, \gr\ < [J — 

Tbc nun by disf^cinnb ti shfinliiialy oonm^ont Jar 

12± -i- y| < i M’pth \x + %| < t {jPip^ i.) 

B?campl^ [V 

Find the dcriYa.li™ of the fqruMinrw given in 2-i5. 

t, tju3 (J aiT? Ian |t) 3. I tun" y — Im t * 3. Icig tMl (fre + in) 

y 
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4 . 


atei 





5. 




+ b ftEHt ar ^ 
+■ ^ (iMar^ 


r \/<3b* + fii + S7S1 

Ift. (kig xji^ * i I, log, 4 log,, X la, (Igg kg log xj*“* ■ 

13. 14. 4{>W»^ )6. «*“ 


16. W sill - Kila(f/ |.t:). ppoifio tfmt S = 3i4n*(i( + 

l?. if u = *(«,(klg#)» + l!,!ll)(te)* + tf:,(tl5g*) + D,), JBfDTO ibai 

aY” + 2*V" + «y' + sr - 0. 

IHr If ^/^l — C^J (411 X tjtn If piora tlia4 

v'il — e" *in* xjdif + V(1 ^ «* ain* = 0, 

ttfj ii^W 

Fithl ^ ttnd for thfi funatiow jg^ren in 

19 . OCH C£d! + W {M = i 39 . (ilf ’f 

31. *“Ti+**-» 

UbUia ih^ iptih ilerivwtiTin of the fimutiotift giri?n in 

31. «*^2f 23^ ooi^;rnase 14. 16^3r"]uM£ 

3*. CM 3f BOA jLc CHH Bx 17+ ^ iin X 39+ (Scig 

39 . af^i —IJ-i 30 . xViims: 3 t+Jf 8 m"a! 


33. If i - ilti tall 



'fTlirl 


Zp ami Ymi£y Uiai h yz, — Cl, 


/v\ 5»r 

33- if V « (acf* HH V*} + 4^ O" t.<ui Jp Bhorw Hmt ^ ^ 

34. LT af floft 1?^ y = B" ain p* prorne that ( V„ -f S'W)*** ^ 

33 . Cluitiga tbfl indopondmt TumWwi from Ui r in tlie «^ti*t.l<iTfc 

na:^ + 1*3^,; H- -h "t- ¥l^ii + e - ^1 

when j ■■ 

3 ft, Ifx^p'ODi!?, y-. J'lmillp thfljm that «= F„ + ^ 

whom r in ft fmicibwti erf 

37* Show thflt the nth duriTalivn of in (— 


39. If (x — IJ [l Btaallt Ahow that 

i* [12 f 

fx — + ti 'ls(w ^ 11* ftf-r - 11 + kT ^ “ '' 


39, Show tlmt noftr ir = Jtp 

anift -t- zTQtwg 2 5T 

(I — n)» (* - Jr]'» “ (15 - *) + 2 + 

49. I^haw thfti tint ^wfF^ClieGt ijf {f - fitl""! in tha onpeuumm of , 

(f — n)"(l — fflj 

nwr i M k - --»-/-—#ii- - rf a jii 


41. ffliiu} 




43. Sbinr tlul 

S(5<. + M + <^* 4- 4. W * + o*w^ 4- 
n 


= (e, + <1 + ai:^ + 6a, + Ific* + 
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4A. Silitnr iJial 

(i) akn * c tana? <ecffix<Bis<!f ccfrt.* < itovec^ if 0 < » < « 
sUi ^ A! c him < cot 47 < flcojc < iiKiAeoa if a <4i: < |.i 

(lii) DDB £ < sin 4S <; cot £ < ton £ C OOSCO £ C !IE« IF if |rf < ? < Jn ^ 9 

(Ev) tsfjAX < DOt X <idn £ < £ < Ian < necs if — n < ^ < |.t 

v^bcirv a « luip sin {■= ^ 1 i' approjc^^ 

44. SLcinr that 

(i) tnnli X <. Diili X <x - x < coM'b J* < oot^ r, \£ <X 

(ii) Lonb £ < B 0 oh t mhh x < coMKh x < ctL&h x < eoth Xg i£ o < £ < 

(fii} atsoh X < tJmb f -: x -; i^tah £ < cotb * < if c jr < c 

(irj Bsoh. K ^ citneoli ± < lanb x C coEk £ < silili £ c ^loek £« if 0 < £ 

whfiZta n = Hr VS)p (**13-73 apfinl^.] i b - kifl{l Hh t'USS %lrpViiS. J{ 

(L = Igg |{\/b -3- I + -h 3)J, (« 1^ approac.). ‘ 

Vrore tiw incqiuiiitjjm givnti in J^xuntp^u 4S-5&. 


4 !$. 

i 

JTi'=^"«(‘ + ;. 

) (»> 0 ) 

46 . 1 

:-3'>(-i; 

1 * if a> Jf > It 

47 . 1 

(■-r<(‘- 


48 . 1 ^ > 1 + £ + + 



49. lies between 1 — £ + ^ ^ ^ + (— 1)'^ ai*cl 1 — x H- ^ , 

St ^ ' ft! 2! 

so. <!* < f* '•* ^ ■Io|f af + > DJ 

B*. < I — « -»' < », (jf > - I) B9. {1 H x> l{ig (1 + X) > x (jc > — 1} 

54. |p* - 1| < [e!*l - IK t*l***' 

aC* 

SB, rr a,(x) =ar-•Pfsrrjji 

*t«l <,V(x) l-^ + .,,+ (-iPj^ 

ilmi tm X ibfi Jarj ttcd Jmd m x lios bptw&en C^{x} ami 

h6^ 4ljtw 3^ tha following fun^ions in order of greatness wiifn x is Usj^a alsd 
dntemiine tboir pUwm in ilia lojgAhtkmic Kaler 

(J<igloax)l«fS (jN)g*fig»". 

[log i)* •«■ *, 

&7» In n aef|iii!fu(ie a„ il is given Lhot Sn+i prove that i£ Xj^ = % 

^ ^ ^'*1 ^ * dj^^te limit, (ill) oadl- 

lutes llnitely uibh two linuLicg vntuce. 

Draw tbe gmpbB of the rtmotionii given in 58-6Q, whiwa/{x} is tba 

grtisteet integer < x nnd point out nny ilifiefmlmiiit^es ihmi ocoor. 

M. /(*) - X SO. v^£* -/{X)) W». 

Ji^jiyuBS tike Jirifnantitiiiitics, iif xiay}, uT tba funotin'iifl ^v^eni in €1^7• 
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61* 63, i, (j: < 1) ^ (it - j), 11 < 3) s 0, (sr > 3) 

iin j 


61 . 


64, (* ?60); I, fa 

X 


66, x*ain 


<l| *B, -^, U. (* =IJ) 

(^ )p tlfc (4r= i>) 67* yfiln0;), (af^ UJi *>* « 0) 

b&. Prqvfl Jbnt the fuTKiticiTi gJTiGai !f = 4£*. < 1); J7 « (i® - — 3)* 

(1 <^ < a>; J* = :2^ — (**— 3)*(£jr* + 3), 2J, IitMl ite ftraL ikirirntitP but. 

B<it iVi htglber derirAtlViH, Am ooctinuoun rtmoliudiL for all vmluu of jr. 

rM^rmim th& fimotjonii th«t are d6Aiu>d t» tbo liuiita whi>ii n baudfi to ionnit^ 
of tbe rimoHoDn givrai m Emmplm t}9^7S. DisL-LtM tboLr d^MintlimitbA, 


6 <}. 

71 . 

75. 


1 + 


70 . 




71, 




1,^* — lH»-2)‘ + - I) + 1 

(Jf 


I—X « 

- ») + "(* + IJ 


^ 1) Hr w + i 

ir + (*-*r 




76. 


+ lH.1i(.r -f 3) 

*" -L(jp - ir 

^ 4 * (jf + ij- 


niiHTusH tbn cniciveigence of the aeriiiii wEhjm t{rru5ml teruw and ^\vm in kmmtdrjt 


77* 

BO. 

H3, 


2 t* 


{n + l)(n + S] 

_3* + a_ 

3.6 , p , ( 3 a + 3 ) 

. 2 a -hgy 
1 , 3.5 * . . 2 « + 1 / 


78. 


1 


I 


81 


2^w + IK8 + 2) 

3- 


’’■ r»i + IH>» + aj 
1,3.5 * . . 2n -f J V 




i -hgft^ 
1 d’ A* 


36. 


(Mt)" 

(3»)S 

p 


_ /lAA * * * 2 « - J\* 

t 2 A.i , , Srt V “ 
(M + lrt» + 3 U 


M. (- If 
87. 

<»a. 


^ / 1 , 3.5 .., a^fjv 

* ’ U*.i - ■ . lj» + 3*^ 
1,9J} , , . 2n H- I 


1 


2.4.6 . . . 2» + 2‘2rt + 7 
™ H 
aS 


J + ™ + n» I 

a,4Ji . . .^ + 2 ’ 

(2.4 . , . 2]i)(?,tl ... 2(i (.*)'■ 


62 , 


B^"a * 

n\ 


91 . 


1.3.fi . - . 2n - I y?*"+l 


94 . f- If.; 




an + I 


95. 


97 * 


IDO 




93, 


(I 

, ^ (4^1 - iy»» 1 

ip-L-“«■ 


(B + J/ ' ''■244-..2« 

(? - a?)! ^ - 4 y) , . , (y - 


2 , 4.4 

96 

99, 


'2h + 


' ■»)* 

(2, - I f-lj^ 

i»r 


{" -h i;i 

Find thn radii cif ounveifEiBW of l3w‘ lujriw givcA in awI ^‘rtrify 

tlmt thp sunu iuitkfy thr |iABOoiAt>od diRidrefltiAl oqiutBoqe, 

I* a 4 I* 

101 . j 5 f ■* I — j t|i|i ™ p tfii t ^ ^ 4 ^ 4 rv = 0 


103. y = 1 ^ - -h 


103. sr 


1 — 


(IS)* ^( 2 !)* 
1 ,^ 
Ct 

2 x . 2 V 


(sr)* 

1.4.t 

01 

2 V 


tiij* “*■ (w rasr*"*" ■ 


5 23 ^ =0 

+ y' + Sjtf 


0 


, , 3.LD 3.4.L0.1] 

184 . y = I + x HK + , *, I 1(1 - + (4 ^ 14 *ly^ - 3 (.>^ 0 





























EXAMPLES TV 


11;{ 


lOd- =■ iC* £n> + 2..4.IO 12 
2*1 Si* 

JO(i. |f - 1 I MHlVa 


(ir):iu fat)ai.4jj + (st)3*.7.8 


+ (*i _ |D)j^ = U 
3i* 


+ . . *1 


107. Find the nuiii til oOiiv^iKPtlod of tho f^rh!4 

^ f "*" B 






+ ^ + 




i4iid qliow ibot y = trr |f = .flfi(?) lag * — iatiallea ihc cqufiti43n 

- m^i + i% 

lOfl. FliwJ lliP nulluH uf (*tmT«T5eiiiL'e of the mfImi 

y{#) = * + 3 + ■ • ’ + .s) 

Mui >»haw t Iml St = I'Jg * ^ i “ ■«? + JJ* — afVljc) (MitisB** thii flqiwtirKi 

jrtf" -I- (X - f J/ - <1 

series la Ejctunjiaf 109-11 ntv demij^iiKmU ef ibcr 

^ 1-l + i-j+.. , (-io«a) 

KitiJ limlr inittiDir 

109- I + 1 “ 1 + 1 + ^ ~ i puaitivfl IftfiikB Mlicmcd by fm* 

iifTgalivnr^ 

no. I + I -1 - i A - i i+ 1 - Vo - .. {Two iHHali^'u Inrtm M- 
ItitimJ by fiw 

]t1« I — i 1 ^ i ^ 1 + i ^ ! IF »• * « [XHutiYi! by four 

nnffaltViir} 

113. SboW IjhilL 

(I- =f(‘ - i+S - i ^ ■ • • + <W < "■ 

Eabafalitib Lbe raulta givtiD in il^-l£&. 


113 


■( 


« L2.fi . . . C2 m - 
„ iOTTTai* 2)* + 


l^\|l j5.#*.1Ii 14# Zn- ' 


= £ 


Si^ + . . 3ii 


... /. , ^ *'3 1 . . V 

114. + |-f. h ^‘ 


^ 3.5 > < • (Bn + ]') 


/. (|i| < IJ 


, 3* 3,5 _ 3Ji.7 , . 

" + ¥ bT + 0 X 16 ' + 


ns. (I - 1 + I - T 4-. . Kl - i + i -1 + .. 0 

- Ki + *J - i(l +1 + * + i) + - . * 


116 . r 


I 


7 m*{n + If 


I 


I 


I 


Il7 P— .__ _ S - __■" 

* 7 "(** - 1K*»+ i) 1 (" + 1K»* + 1) 

2 "-) 


2^ + (- I )(• “ + (- Jf )• 

] 19# ^ ^'1 — ^Jii+1' tl*l ^ J 

■1 :j^ ^ * 

130. ^ ^(H 

Ob -j- ir 


I 3a -h 1 


Oa + ar' 


, and lim lim and lim Mm u- 


M ill 
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132. Find Uio valae of llm Ltin (ooi [niLii;) 

m B 

123. finii mm bj to^Wy Uj Dgkimu, Ijj dji^itmlH aiA bir mivcltw of ihc 
double flori^a 

- ii + I + 0 + 0 + 0 + . . . 

+ 1- S+1 + 0+ 0+ * - . 

+ 0 + I - 2 + S + 0 + . , . 

+ 0 + 0+1 -2+I+ ... 


I2'l. tf /(M)> 0» ii»d isi ^how tbat ^ clivcti^iitit t/rhiai 

/(^* + *^‘)v 

l>5tirtnliH5 tirJiQtJwr tlin mka. ia oo»TVi]^nt Sr when Iw 

Iho vifeJnea ^iitOi in Evtm^iet 

125. bUhJ + m^TiA + witny + I+ mM + mIh + ml 

127. i^iiE + pAliil + mW + m't ]28i in^ni -h + tuliit 

Detmnlw Ibe banndary of tht nsit^ioo of cocLVnK»!iM» of tho im im in 
E^zampU* mSJ. 

120. JE\2W + 3V) 

irui 

110. 233^,^'*wbflreei«H 0fr^rqtJynsr vl^ll|f■, 

IMi 

lai. 23il^±*V‘, Hflifi*"'*!.. <• =• "w. m = /*“* * 0 f<™r (Jltw ValiH#. 

mn 

K«[)n!wif]ti in a dtagram duo Mpdtia of ifunvofs^nw of tbo dcmbio botJwi obifiineil 
liy &xpuD(iiDn tho fuiKitiofui (lUdor 0, O) gi^ntt in give tiie 

rcgionn of coitvofgemM of tbn turn by iowb, GolmiinB. awJ diogomilit^ 


ni 

I T I ^ 


2r T 1 _ ^ 

134. , ■ - + , i 

Sf I - 2* - y 


12.3. 


5 — a* — i 


I 


I . > . i 

' “- Ztf ^ “ ay 


1-3*. 

liopnieciqt in a diagmiq tbo region of Iblwolute fKitlVE]H^EmOi!i of l.tie ckHihb rnatum 
oblainj^ by oxpuidmg (iwsar Of 0) tlao fiiiwtion* givifli in fSjnmftrM 

1 1 I 

***■ (l-*]f2- yX4 - 1 - *< - ay -- y* *'**- p _ j,i _ ^ 


- ^T4>) * 


S. — 

■m* omar 

V^l + s?^ ^ ^ V#° - B*)" 


4. 

0. >-v-r-* 


JC* + 35* + 1 ^ + 4 

VIS 


5. 


{*» + Jar + 4J + J*e + S) 

8. (iDg3j-(^JflglD|ga + 

10 .Hr loglirg a;) 


6+ 0 COttf 

7. (JlQg»).abH(^-A 
0, fl!**jE^(|eif i)* + Jogi + 


zDogaiJojE JO 


,a. »■■**‘It. «)■»>«- 


1«K loc k>)} a/ 

14. <<'^^‘>*|(l<3ga)^.llQgkva)^+ J 













EXAMPLES IV 


llii 


15. + liigaj 

19. {.lia + ^) + S iin (jf + + {3 siii (2* + (f) + m (^ + %31 = 0 1 

]iflii (2* + y} + 2 ain (» + »(1 - f2e + y} «»■ (» + = 0 

^ 1 — *y — Sf*^ (a + + Say + %* — — 21 

™‘ “ 1 -*sr -»•' ■ 

ff 

21 _od^fiL j; - (jiJth ^ ccTBciist* ^ 22 , (^ + la Un * S) 


23* f* sfca (Sat -f 1 HU (S + iitw) 

24, + riiLL^ +. f t^n - IK» ^ ^ 

25. «i!(lag;c + IP - i"iii + *%+...+ {- D* ’ 

2b. 2» *[t'o(l (2* I' JjfWfl) + 2" c™(4z + Jptet) -(■ lV*«)ii{fl^ + 

J7. (j:^ - (Va{pi - tk" + nl« - l>|i» - 3J(» - SJ>ain.(iif + Jjw<) 

— [■liif* ~ 4Pf(Pt - 1 )(pt — tjw J «fC» (» + il«) 


JK. 3f- t)"- 


.{ft-))! 


sfl 


(k«*- -H-l) 


[- J )“J2n - 4)1(3*" -_4itr + 4^ H — J J 

iO. I[i2*» f Siw) am (* + - (2PW + »(» - l)J oM (S + 4«M>J 

J1. {a: + — 3* ' aiii (jl* + 


t — l)rtj — 3"-*ialn(3i + g(n — 1)"}} 


11 -^v 

' *■ + y*’ ** ^ y* 

.15. a;., f 2 As4, + (k„ + (3y - nja. + (3/- fr)?, + = 0 


37* Uofi tb? izifiiuic iHirktft for 4L | 

4S-34. May bo prf»-od by nAkututmir I b» ralDimiiiti (iff iruHciniipn) valtw* at ihi" 
iipprcpriatfl fooctifUii, 

55. * <(tilHkig*)'^*<(loexj(N'>* <;«» ^(logxpajaa <**• 

< tloB*)!»«*c (log*)*'** <tf‘ < astt®**!* 

57. (ii) Thu limll ui ttwi amtiilfr rogt of log* — sc log(l-3}i Lo. l‘2fia (Kp;»rQix.)i 
(iij) Thu acKiiictitio iMdllatM betwtnn o, b riatctiutned from (<>02)’* — r, (IHH)* = «, 
i.o. bcfcwtxm 0'03)'i l^fid 0'8^ (Approx). 

58. /fn.) -0 - + it}i F{n - 0) - - 1 j jxpmteforwJiiicl)» <* < a + l 

lio ctn tliD Imo )Ciililt(g (ft. 0) to (n + 1. ^ 1). 

59. /'(n) - 0 - /(fi +tt)j f{w -C) - 1 i for 0 <ie < 1, ft*} - V* fli«l 
for oLhn pointi fl{ft H- ^ ft*)i (0 <* <!), 

50. ^(0) utKlcflUod ; i'I+0} = + o0i; fl[»} = (1 + tt)Ap 

fltt + o)! if(»-I}) =iw/(3n - )}b + *} = < * < 1). 


6i-/t + 0} ^/tO) “0? /[*} undeitermincd fat * < 0, 

63. Ftoito ducaollatiltv of tt«i lint kind at * = 3 -wUili/tli — 0} =/(3) = “ 1. 

/(3 + 0) = 0. 

t3. Infinitiii diaoatiLlliTiily Cif lh& finst Idiid at J! -■ 0. jfl+ Oj ^ ^ ■^p 
/(— Oj ■= 4- 00. 
fo4. C™tLQiIDIi&* 

65- Infinite dw^tiiiiiity of the sowtid kind r =* 0- fi •hO] ^ 

/f±_“L= - 
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CouLmdcitn. Ii7i UonbuiULKiJv 

•• 0, [xj ^ I ■ ^*113 = I; n— : p?niift-rt.ble da- 

unntutuity iti ifae fint kind At; # — K 

7ft. J'tx) —[x] > 1 E Ffir) « Op fs| < 1 j F{1} = Fi— IJ unft^-^^rmincd s 
ji finitfl diACQntlniiitiy oi tLe iirat kiml mt x = i, with ^"(1 -f 0) - I* F(i} = r 

- 0) = Os dso F(- 1 + t)) = 0, F{- 1-0) -- 1. 

71. F[x) = I ^ 1*1 < 1 t Ffj) * |ai[ > 1 " F(:l: I) tiuiliilurmulnJ : 

Fjl .|. 0) - ^ M _ i-fl _ /y,. ] + 0) a Ff- I - 0) = - J. 

73“- C()fit[ni]£juii ftU x« Ff*J = *1+' 

73. F(afJ - * — S. 1^ aF^ft) t F(0) - J+ F(l) = Oi timfi itinifjvftSjJit tlii- 

miLinutURn hI * ^ I, x =. 0 ixiih F(i O) « - 2. F{i ±it) = - L 

”* ° I't > ^ = Hi I'l ^ 

>’(!)= - e) - I j Jl(- 1 - (IJ = - <o: /(- I + (.IJ = y{ - ij - 0. 

7S* ^ ^ j# « < ^ j -< * — 5t ^ uiwli.'iUiM.J. 


7li* Fjx) = Op X > 0 j. F(r) J3i>t dokirniinrti for * <" 0- 
77. I>. 7fl, a, 79* cr. V, ftl, r. RJ, fj. 

/ip R 4 . c\ as. ih sa. r. at, c rr. a 

89. C, 1*1 < I, ar = - t. MJI. C, |jr| (. i||. V. |H < I. 

92. C. 04. 0. tl|<L 

1/1 X" \ I 

'^11 - V_*(t _ J, “ j~'*.+J' Uj 


a io 


1 


(1 - !fj‘ 


if 


W > >- 

96. 0* |#[ < I hjchI X » — 1. 

08. C. |*f<i «. £,*[r]<i 


JM, C. |tf| < 


1 


77, C?^ \4 < 1. # - - J. 

J 
2u’ 

1 


Iftl. q0 102. S5 

1(17- ££P ifta, as 

Zft* L a 

It 


stii + i)j * - “ (p? > 0}. 


116. Talw 


lOJ. 4& 104. I 105. « 

100. |)pg2 110, 11(14^3 

^ + ' ' 

^ i 


106. 

I L [ . 13 


+ 3 J" It « 4- 1 ’ (n - 1)* 

117. Ettch aeriivi w ki Sio|F2 -- L 

11 a, lift* l2'P. ArrailtC^ JU ■ dnubki ihtifh aflur rtK^iaiidiii^ liici f^iiiri-oJ f«rm. 
131* UiuiitQ = ii| lim hm - 1. 132. L (x 0* [* imuinnHl). 

IM 4l ■■ M 

t33r Ikmiv “1; fxdu-ininN^ — 1| liu^rjmLli, 4iiscllljfctoiy Iwtwwijj 0 nud — 2| 
iqiULftiip = 2; dOdb^ awics (H0innt«ri bet^wn — I and — 2. 

IIS, D, 126 p C* 137. n. 13a. V, 

137. benndfld b7 W - L |y| = k 

130, Ami bmiqndKl by |xf< 2. |^| <3, [*j^| < L 

131« TLei arc* brniiid^l by |af>|^] ^ 1/iAl, = l/!^|* 

133. All tbfi Bcrkd ttbaoluldy tQfivefgimt- whm U[ < 1* |^| < J. Tbcirlcmyn 
bvit iHji Ifae-olitf^, ii if!OiiviS|tctitflJfio wbr-n X = 3, = 3. 

133. IXmbk amos* [aj + 2tiv' < 2 s iiialqmnfip Ip] < I mth |jf C 2fl - ^ i 

tWSti, |x| < a with 2\y\ < |2 — x[; dlagnuak, I* -|- C 3. 

131. Diiablr ix-rieip ix[ H- fj^j c 1 with jixf 4 \y\ < 1 * |f| < J with 

M <- |1 — ^l* flJid fxf < Jj with < JI ”3x1; uolututys. la! * ^Ih 
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[jr| < || — ujqil < I mth < jl — j dif^;nnllll^ |ar + < J with 

l^jT H- yl < L 

1A5- EkmbljB amm within thfl kipm* determliwd by \x\ + |^| c 1! dia^^ituk^ 
viUiic the hojcn^n f ± 4^ ± ih (i* — Ij, U If J town, within lie fientojiea 

llvUh<0. f il {- I, ± If; iJiJlumiiiF, witlib th^ fO, 4K(;i i.Of, ( h h-ih 

iSh. Arm within the PK^n>eiit nf (he Mrele + .v* ^ ^ bptwwn ttw lioHi 

31 = di 3- 

137, Withm thf! im>A (‘tuiiirion to 3 ;* ± ^ 1. 

138, Within ihtf mreft inruncJed by y" = S — Jf, (* > Ci) and * = i 









CHAPTER V 


INTEGRATION OV FUNCTIONS OF ONE VARIABLE. 


5* The ladefiElite Integral. A fujoctiou ilerivutive 

ia/{a:) is cniled an iiUrgfml niid bi vrritteri If fl{xl 

ime two integrala af /(i)* the deri^ntive of F{3^} — ff{3?J iiiii££t \w zero. 
But the only cotttitiuous function (lossessing a zertj dorivativo at all 
pointe of an iutarvTil, h, by the mean vulne theorem, a csonstMt. ftincc 
the value o( this t^natant nrifitrar^^ the ^noTal value of the irt&gml 

+ where C is th^ JirbitmTy fcmslant. geuemi 

value la known aa tlio tydr^nii^ of /(jc). 

Whon GdtiBitliirinj; ef wci nh&W oftcnn. for t^icivi^.hiiTdiL'Ki, tmti 

Ihix ocjiiiitaiil.. 

5ML fi/ Vmm thi- Jiimvc |Kiini of vii*w, inte¬ 

gration in a proreaa kiveree to dlffcreiitiationk ami it may therefore Iw. 
expected that the process will mi alwaye be posaibJe in tertua of fuiictionfl 
or opMfttionft that have hitherf:o been eon^idoretK We eao. Iiowever, 
from OUT pre^dous knowletlge of deiivatives obtain at the out>iot n list 
of inte^pnalg of certom euniple funetkna. In order to nbtain the moait 
u^ful expwfwir>u4 for thiwc fliinpler rcflulL«i for Htainkhl Fomw, m they 
are usually called), it H better at this stage tfp er^iuddlcr llin elTcnt of a 
change of variable. 

Chatty of V<iriablf. Let — J/(3-) fLF» i*e./(r5) and 

let = ff3{u) be a contiiLUDUB fudetiod of li posse^ug a ilerivaHva (a ); 
then F{^a}J is, for an appropriate interval, a continuone fimetioii of u, 
posi^^ng the diMivativo with nespect to u, 


ije. 


J/(a!) d£=F{wi=F im )= J nm 




Eiampl^:. -;n“ «V’ ir¥’ 

5,03, Stumhni Forrm. Directly from the results of difrereiitiatioD 
with the iisG of a suitable change of variable, we obtain the list ; 

(ai + 6)"-M 

i. (i) J{a* + by>dx = ^ , (C(M + 1) 0) 


+ IJ 

i I™ + *1* f" 


IH 
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(iii) 

(lit) fius. {ox -)■ fi) rfir ■= i itn {iw + Hip (ji 0) 


(v) J*ill (cMC 4- &3 ^ g Qe» {^ + ft)* (cl 5^ 0) 


tMXiiciL^ *« — ll^|ddif7[ 


I'wli) ftsc^^ dji H Joj^ I Bin ji| 
(rm) - ■ ' 


^iM3* a ^ tmn a 
biMaa* wdi ^ — fw^t a 

1 


{i) Jmnh Vhf dx i;rnih w* (m , 

(lij locmh wiiili (m ; 


U) 

5 0J 


(»“) ^ arc 1*11 ( -), f» 0} 

J Via* - *') " f« > (»■ \M < «1 

J V(^ -*l ^ ^ * 


iifuifa] appcntiix tfl thi» lat i*: 


1*^+1 

II. (I) j(**i]-f(*} ^ , (* -1) 

(ii} = loK |^*>] 

(iii) ie»tbt~ ia hi^ g 0) 

(^) pc^ X, iff A 1) 

{vj JaoBOG a ifx M log jLui |a[ 

(vi) Jbbis xefa = iu^ Itan ^|a + JjiJ| »l^g 

(tiiJ f0in*aifi « l(i — MnaoMa) 

(TiiS) Jc«* a dx *i* ita -h M a oob x) 

(ii) fUn" X cia = um a — a 
(*} foot.*id* « _ ^ _ afltifi 

J(a* + i)l “i^* +J)l' 

(xtii) lV(a* - :e*)i£« = }fci''(a' - «■} + ^> tn ^ (a :> 0) 
(Xlv) Wi^ + Aj<fa = !*>/(»* + ^) + Ids f* + + -<« 


1 + HKua 
oDia 
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ADVANOKIl CALCULUS 


S.04. hUegmtiait bg Parts. Th? formula ^ IitUi^alion ttif Part* is an 
MUptation of the fonnuLi for Uto dorivativo of a praduot. La. uf the iwuU 

*J. («U) = vv + w'r, wbpns r =5= Jtttr. 

ThuM = ujodir —J {i**J*’ ^! *tcj or 

J(l6t FoDctiDu) X (2 d( 1 FanotEon) liu = {Ist Fanctioii) 

X (Integral of 2iui) — |(l>erivativc of IstJ x of 3nH} «U. 

Tliitt fonnulii!« effBctivie if u is iiu imscTas fiinntiLHi auoh an? mi X 
or w ft power ^>F m or log ai, whilst t> Is ^ or a t:ircular fimcttfin 

or A power of 


&mmpiar. (i) Icq; j:e^ - (N ^ ^^ “ 1)“ 

_ it ^dji 

3j 1 + 


(U) M Ua 

— are tnti X 


" an? Lott £ 


|(' - ^ ^ ~ 2^- 


3.05. Wtviyi'iioFi Formiilfi^. la soiiio cases ati integral nmf Ije evakiatad 
hy ropenM applicatioas of the fonnuk for luljggmtion hy Partic. This 
is one way ia whieb Rtiduclimf Ffirmulae ansa. 


Thus if / 


-I; 


‘ it 




where m ia a positive integer 


|sr>*^'-/(l + stVj' 

= *“ - V(i + ^‘) - {trt -1 KAii ^ S + U ot 

^ j. z*) _ m — I ^ 

“ ~irt~ 'ST'-“-S’ 

Bv repeated applicatinna of thu fornriiln, 1,, ]» exprcsfinri in tenns of 

^ii= V(1 + nt U= loB li + v/fl + *’)}]- 

S.Od. tntii^faivm of tfie- Ralional fittuikw. I-et dt'injto a 

rational function where P{x), (3(») are pfjlynoniials with no oomtnon footor. 
The denominator Q(z) tnay, theoretically, he expteased in the form 
Q(a:) = liz — aF’fe — , , (ar* -J- 2lfZ. + eUiir* + 2rSf + /)' . . * 

where p, v, ( . . . are positive ihtegierB, /t, a, h, c, e. /, 

, , . are real nu mbers and 6* < c, e® . . ♦ 

Then P{x)/Q(x) may 1 m expressed lu partiki. ftaefions, as folio vrs; 

„ Tr,, . 


•wii 
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where T{j!;) is the quotient when P{3i?J \a divided by (and may there 
fure be seid). 


The reader ip*y verify by multiplyiiig up by equating eoefltcMsata 

J.hiif. ihmi Sr exwnJy th^ tiurrecl numbfrr larUnw tjqnatkwi for the detemijEwticni 
\}iv iinkiiomiPip {Rfifr /* ixhm a iiialillcattOiii of lh.\* 

nit^hr^J of dewfnpoiilirni will In- fuiindo 

TJte tkeoretieal int^gtaiiou of re»olveti itself into two pnrta 

(i) the detenomfition of the unknow-n m the i^rthd fr^etionSp 

(ii) the integration of the frnctionii. 

(t) The lifiermimtUm ttj fhr These constants tuay iiHUBUy 

Ihj iletenninfl^l iiioKt, simply by tinding the apprrmmatmnH t^o 
near the infiniiie^ of P{i)/(3t4F), ThuH 

(a) Neaf a multiple teal root n of 0(3e) = 0, we may take * — a + f 
jiJid expan I i near f = 0. 


(fc) This terniR of the form Z\ fcMind by de- 

velopmg the expansioii in the fortn 

+ b,) + d- b,]S + d-.. - 

where f = ^* + 2te + c- 

But it may Iw sometiiues simplor to use the method of equating 
coeffioienta in the case of quiuLratic factors. 

[c] The function 3r(ac) is simply the astpa^^ptotic p^Aspioftiial. 

{li} The (a) The int^^grak of T{^) and —^— are 

fi - a)« 


obvious. 

(faj By icdiictirjii-formulae it k po^ble to osipresB the integral of 


“H 5f„ 

(jr> + 2bx + c)* 


in teirnfl 




xdx 
+ 2bx +€ 


iklMi 


ever, it Rirnplifies t|s.e analyst Ui wrll^? m 


Ii 


dx- 


H.OW- 


** -{• 36cc -f- <5* 

X + b mill the} ihtiif^aDd 


beWlDus 


yu + r 


(M* + |t»}' 
The inteffra] »r 


wliiw tj 


fij» + it*r 


tn 



bL 


I 


;j, whilst if 


L«* 


f/u 

i» +1fc*r* 

WH easily obtain the reductiuu-fomiiilu 

u 


JVc*e. may iJifj be oipn^cd m JodA***" “ * wbstv ii - Jptitn^k, 

These various points nte illiiftratiKi in t^e followiitg examples i 
dx X 




by the above formulA^ 
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ADVANCED CALCULUS 


AEm> 


f dx M t f 

J (Jf* + 4)* “ + 4) - sji!* + 4 


!«(*» + 4)* ■*■ IdSfjJ + 4) BsS 
f *’ + a** - jr + I 

- IX* + ix* - 2)'*^ tiu) intcgmiiJ by F{xy 

-:r^ + 3T+B+o(i). 

New * = 0. FW — p(J - * , . .XJ + J! . . -Ml - * • ■ 40 +4* ' • •) 

= B*' ’ E ^ 

New * - 1. ff*J - ® 3jj_ ^j + 0(1). 

I 


1K1 (kiAl the j^reu intc^jfjid li tit 

^ ^ ^ 4 J 

; + iire Um tr. 


S\ I 


Nw ji = — L #*(*)■ = — 


mx 


-f-,-,*'W. 


J4:l 


ftirttr aj =3 2, ^ ]^± — 2i 




- 3j 

13 1. 143 


:4M»d 


Jf(») «te= ^ + *• + ite - ^ " log [a] - |k|g I* — l| - ^ leg I* + I] 

+ k “ >1 • 

^ » JO ^ jj 

(lii) ;fi(s}dc whero f\9) = jTiTiji^^r^riji^irr'aj* 

^etdf s ^ 1, Uikf> f 1 -h f linil tutpimd. ^ 

ii». n.i - + «+a?iu_-<±Jf5!l±f±i? + „,., 

»■» 

- 4^77* “ 4tr^« - ll<^) + ein.pUrK»ii,p. 


^ituiorly thif lufiilfl tcqmA?d near ^ ^ — 1 


i 


Nim. 7 ar » 2, tbt^ t&rm i» ; 


unsj pnalf j ^ the tarmn jith x* ^ Ir -|- B. 


Thfi int?^gr&J ia 

13 I T \l& I 

+ 2«» + fti f ^ 3 , _ JJ* 1 4(2 _ “ M ” 3^2+ 1) 


-_^1ob!* + 1[ +f log|*-2|. 


3 


f^+1) 


(St) whai^ F(x) = ^ ^ ^^ 

Eitt Iba part cgmepcaidiDg Co ** + * + J, dcvelbg E(*) u fullow* 


n») _i_ »_ 


(*+iX»+ai 


**-l+3x+S ~}x-i 


■(H+*-2X*'+*+lXa*+*+a3 {-SK**+*+lKl} (*•+*+1) 
^tctabiing ibr eigalRceitl put). 
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Similwly ffir it* + * + 3 «p nlitwn 
I 


-T- 2+ aiff + 2 


'ITiuj) #(*) 


(-4)(-tKai* + x+3> (»* + *+a)- 

(K* - 1) 3(x« + * + I] “ Sfai* + a + SJ 


fflja)(L- = JIdg|sf — 1] - llpg(iE* + X -{-1) -r ileg(ar* + » + 3) 

t 


l*> j ^ + 2 j! H- 3)' 




am tAEl 




fW 


I 


3(* = i) 


» _L Lf + , 

ai ■'■ X* + j!i + » ■ ' 


0. I bicki 


4*rHj if w — 


i-i- iV + tJ' 

i If i , » »\ , , 2a la 

;. * * = 5( + j I + a;- 1«- £ - jjj. - ji- 

f#V)*r « _ i log [ar _ 1| + lug [t - S| 4 . log (*« + 2x + 3) 

Sy/a /* I 1\ 

irii 

For theiilctorf tjf* + ^ -f- l)Makn 3^ = — I — n + iJi no that 4?^ — 1 + — IJ,. 

j* = r + 1 )* ff* = — i — ^ 4 - fE -j- 2% (iffTMirliiH Jwul higher ptiwm). 

Tbaci 

(x* - t* + 2K^ 2) _ _ HI - ir) + (4z + 7]i3}P + 0) 

(fl - 3)0* 


(fl - 3J0* 

ifivum the rciqinT«) Iwnu 2j ^ 


"WT 


m-1 ^ 


(* - 1) 


lUx+S) 


9(jp - I) ^ 3ta* + -h I)» m* + «^ + ^ 

oittiiig thaL 

il _._ “L+J. 

(^Igp* + * + if *■ + AT -H I ’f * + S)^ * 

ilf - U^) = ^_^JbL, 

tfjc^x* + flE 4- i/ (liC* + jSf + I) 


we tinct 

^ eiai 


*J(*"+ 


— a 4 - a 


*+l}* a» + * 


-a 2 /ax + 1 \ 


Jl»' + * 

Thfl inbignil !■ x + ^ Icj^i |ic « t| 


I j 

Hh ^^AKII^TI 


n 

iS 


Jog (#* -f * + 1) 


* +1 

3{x* + * + 1} 
/1tr+K 
\ V3 A 


ere tsn 


27 \ ^3 

5.07. ^oi£ai tm tks ^ ike Bationni Funetum^ (a) Tbs abovt; 

«x&mp]M Lodicate iliat the above methcMl of btegratiDO h of no practice] 
value when tb« ratioiial function ban mmy multiple foetoia in the 
denominator [especLally if these be quadratio) or when (aa in the [jDQiiemJ 
case) the faetoi^ of the derKominator can only be det^miined approxi- 



























.UiVANCEIl CALCULUS 


I2i 

Tilt! theoreticul valuta uf the methoJ (apart, from ik^ use in the 
uiinpleT coaea) li^ in Uie fact tlu&t it |pVea th&form uf the kllU^gniJ. It 
ahowA that the integral ia exprc^iblt^ In teniia uf the ratiunal functionr 
th^ lugarithmic fimrtion imii th^^ iuvtifle tangent, 

Noffi. TtiB inYcrm tojig^inL In ei;piwiib3e tennn of the- L;iJ£aH Ibinic TEincliDii 
hiy mPAzu Elf Uio cDiEip|e3( THilAble, 

(6) Even when the denouunator eannot. be fact^riwi (e^e^pt approii- 
mately) it h alwaya potable to deteminc tho nDii-logarithmic part of 
the Integral. 

(/fp/. C'etffJt 4'Ami§^, i, 6, wtrans UijrnkiteV metlKMi of MEAbklBhinB 

Lhjji mull ti ^verfi.) 

{c) SimpUficatinna ixiAy lie itiade in the method of decotnfjoHiliun into 
partial fnwitiuiw for typea of rat toiia] functionfl. 

^TnmptfA, 

^ aar* + + a ^ Sb* - 11 


t\) Pi^) - 


m 


(»» + JM** + 4) 

*(** “ ® “ 3(*1 + i; 3{** + 

«* + a: - 1 1 


\x* -t IK** + 41 (»< + fH-t* + *) 

filt 


en \ / I 

3{a* + 4jJ ■' r 3<** + i) 3i(^' +'4y' 


(**+* + IJtaf* + * + 2) 

fuflcLjon of I* + x}, 

m ^ * 


-I- £ + 1 ' X* ^X + 2 


(iMnga rAUoaal 


1 


1 I 

^ - 16 “ S{a^* - 4| ” 8 (l 8^ + 4) " 32tj:« - 2) “ Safjc* + 3) 

I 

“ 8{a!» - ±r: f 3X3^ U + 3) 

ir — 2 X '\-2 


_!_r_?_ 

WZ\3r-VJi r + : 


I 


fl4>/Z\3r-VJ* r 33(ji;‘+ 2K 04(x'- to + 21 iM(jH'+ to + 2} 

(Fur a guddml lieaiUnJntktiOt uftibc lypex~ d*" It better to mle i'om|ilfix numLiiQni.} 

(iy) fix) = ^ ,.. e 

atfi oil diffpit'ot jyid vhm* (ff»r nimpliEUty) tkii* di'grsie la i« 4 M tbiin 


Then fix) - “ f"" ~ 

r« 1 

1^ n^>~ 9 “0 whert x -e + 0 




V V ^ 1- iy 

“Zj Zrfe-9»)‘+' 9*-" 


■uthmt ^*)“X(iKJ‘K - <n^ - «r) * 
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Etampit. 


*+l 


{X - IKa - ax* - S)" 


V* - 3 a - l/(* - 


if 


= - [{I + fl* + (I - 0 + 3 - « 


I.e. 


*+ 1 


_ a (- if 

(x — i}(« — ix* " (* " I) 


1 


(vj Lei /^x> 




(x-ar 

3 

' (* — S)|»-S 


<* - 2)"- l 

a + {- i|"-i 


(* - *} 


iti j i Tf ^1"’ {IciSItw of ii ft, nnd Uiiiti of i*^ 

(fir — I) lit loo^, Aammn 4 




when rl» cif 


di [Q^f 

^ — 1) — I HlhJ tknL af )« (tl — 

1'hen i* = — (r ^ j^vin^ ftr rtsLatSotw fnf tii* ilet-or- 

muuiUoii vt nr tinkmiiirti <NJoA.'i[?ntii in jI, B. f)n iiitBi^tiEig^ Wn 




l>t ^Js) 


^ ^ + ^ + cr + dl 

T»ko # W - si tx* + 4x+jp -J + 


X* + llxl + 4*r' + life* + I43x + m 
" (x» + ^ + tf)i ■ ’ 

ae +/ 


so iLut 


[*‘+■** + 6) 

X* + I la* + 4fti* Hr I ISx* + l43i + lM={**H-ix + 4- 2bi: + cj 

- 2(3* + 4HU*' -r ia» + « H- tf) + (» +/X** + ^ + Bp. 

ll »ilJ In found thot 4 = 0 , B = I, c = 1 , << = 2,0 = I,/ = 3 , SP thfll tho intt^gntl 
^ ( ^-Mx + Sj» *** + *^ + B) + “™ t*'! (* + 2). 

5.08. DiffertrUiaiwn under ^ of Intt^ralion. Let ffar^ a) \}e 
£k ^^ontinuoiis fnDctian poe^ie&smg contmuatui ileriv&tiv^ ¥i hich 

Eu^ th^mfcire aqiuili 

Then F, - ^ ; (>Mi «) - jp, dt, i.e- if 

we TiTite/(ic) for w# bavft 


^'jcnm/daf. If by intf^ntiun ui' t|w riktiamil funetif^n 

wo fliHl Ihiil p)- 




9t»*Kw - f>) 


whww Pfj>) 0, 


That {!) 


I. 


r j^x)di I _8«“% 


_^ 

- 1){» - 3X» ■ 


«J j {(3 - 


I 


aKw-aj (I 


(2 

iO 


' at 


kg I* - at - 


(l-wl 


^(« - iKtt 
log |r “ t| f 


m 

1 


«X* - i) 

Jofce (aU 2) 


■ w). 


(a - lHa-2) 
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VriVANOBD CAUJULITS 


I. 


(n — Jj timcfi wp. JibiH 

(* - tp- I*" ~ 

1 j 


ffi - nr (2- «)*) I 




(ii)^ Siltar 
wt dedtii^ tiUft 

f£f 




- P") 


ikm Idij] 






^px *1* 

^1^ 


f- 

(" 


Jji*—f ] / I + ^ '^1 

- l)! V""* t v'fB - p'J ““ V(9 - PVJ * 


1, 


_ {- l)''-i i jw-^ f_ 1_ 

(*■ + 2px+ /)*• ~ (m — i)fiJjiKi^-a 1 v^(7 — J*')™’' 




I, 


r *: 

J (**+«') 


t . * 


Thtw nine® 

Hh J- il") ^ 


J, 


rlx 

{3 ^+;*>■" 




3jr 


if ^ 4^*11 


I 


ahiJ flimiJiffic-Ation). 

5.1 H Integrals associated with Algebraic Curves. Tliu iiitegnil 

ff)d£ when i?, y ttre cunnoct^.^d by m silgebmic relatifjti /(sfi^ ff) = 0 

in called an laljif^mi It is mU in goiicml, expfemiJjfe iia tamis 

of elcnieiitnry fiiuctlot^n. It. however^ so RSfirtwiiblij wIicq tLu oorre- 
Bpondiiig algebraic mtv^ in (Le. boa sseto (bficipniry, b>r ihe 

rchcirdinfltea of a point oe sBoh o curve mn l*& cxprcfiBEicI nit.kmiilly m 
tertua of a p44rMineter i). 

K^eatnplt. Jj^rfx w*hL«ii — ISS^^ ” x* —> 

Tho catw in n cjimrtlc with 3 doolib penotv (41, ii)p l± 2, 2) and la tJusrpfqrta 
uAicutsaJ. Tke c>o-ufdiaa.toa cf a. paiiit pd it iSQE be frxpitafdd Iq the fEmi] 

X T. — aj, « 4fi ^ ^ 

DLild SO the intepmt bwxfmBfl ajj-W*- — -h 3 X 24 * *- 1 

Not*^. (I) WhuE the defidertcy k not tfiro, thv\ mUsgTHil may he eiriifwwble in 
teiE^i of olemiuitiLry functiowJ Sn ^niftycnhlf OJlSM. 

-p V{ I -p ^ x*) V(l + a* + *•)* 

(li) When the dflhdfincy ia uttU^, je ma ha prated that the 4^-Ejrfliniit4ii of a 
point on it can bo expnj^aed im 4 miiomi fnuctkWL oT Ij ii, whiira ui a {nr 

eifAwt) In Crtme^ fl4, 2lfl.) Abisliati Inlegrala qf thta typo ftW called 

Eltipiic lud they cue hc flxppwiftecl in terms of riomontiiiy funntioni i-iwl KLJiplIc 
yVinutiansL 

SJl, ImlijffTQh eown^akirf tciih Conics^ Tbc cotuc 

01 * + 2Jtnj + i9f* + ^ + 2yy + o = 0 
being unicursAl, tLe ibt^mtioij of J^x, ^)dx can be reduced to tbui cif 


Tbua 
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ti mtiouftl functi™ of vBjiftblo t taJibongt this genorit theoretical 
method is not ocoefisarily the siinpkst). 

f</jr 




. Wiwi 


when *■ + aftf 4* ^ ^ Jfv 


ivnii 


. . 1“' 

Lot •/ - tx, ihim jf - j ir - j ^ ^ 


-Jlflg 


t* - j^}*j 


] r2t-h i\ 

+ ^lofl(l +1 + 1*) — 


- are Un 


6.12. The Cmic y* = ax^ + 2&^ + c {ue ^ &*). The cnnii* of iimat. 
frequent oociinsinoe in this coDneertion Ui that given by 

+ 2bx + c 

which is a hyperbola, a parabola or m eLlj;:tBe according m n >, = or < 0. 
T\m general equation of the conb may in fact be redueod to thia form by 
a aqitsble change of the asuEsa of referen™, 

(i) ti — 0+ y’ = 2ft® + <Tp Then j} and 

ft —m that the integral may he written where Jf| is 

mtionaL 


= an? trail (■^) 


4(z - 51 


(Sb; — 11* + ani lua 


{^T- 


(ii) Bj ;z£0^ ^Zi^. + e (ft* The ^abEFtittiiLtm of 

pj +. 

n:r» + 240? + n for 2^) tt* the fonn ' ^ 

Cr + yX' 

where j 1, fl, C. f> are polynomials in jf. Aasotning ihflt C, JJ do not 
vanish for any value <if ® under eonflideTtitioii we may mnltiply niiniGmtDr 

and denominator by (’ — and obtain JJ(jep (^) = d" 

+ 26ffl + <j beiop substituted for j/* wherever necessary), 
being rarional functions of x. 

TTio mtogmtion of Ui[x) haa alrnfiiiy hwn coniideied ; in the other 
|)yirtp let be exprcBSCil in iiaxtial fracrticmB and it will then he seen 
that the integration of Itt{x)fy fiepenfla on iutc^ld of the type 

£ / ttL ¥w ^ f£^ 


(c) a; 


=J, 


(#* + ^j4iE + q)^y 


id) Z. 


= Io 


I {af* + 2px + q)’^y 

whori' iM )ri a [insitivn intfigor (or aiul s, jff, real witli < q* 
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ADVANCED CAl/lirLUS 




Differentiutiuu of wjt?®’'* wUl »how ilmt 


y«./^ + A( 2 m - - l)/„ * = K {m > 1 ) 

nil + BO tW /jH ill expre^uMblo in tanna of 

Also J, is easily retlucefl to oiw of the standard fatais (if w = j: + b/it), 


(i) 


1- f tt J'-Y I f f„ 

Vi] VRTAi 7t “«)J 

j oe — 6 * „ 6 * — oc 

*4 =--—, if = — 


< ( 1 } whom 


Tbn IDtegTft] IFt I«I< leal if a. < 0, dC > fr*. 


ffc) J_ = f —^ -- Diffcreutiatkin of w(# — will ahow tliat 

(w — !}(««* +2&X + ti}Jui + (2wi — . I + 

■-= - ,vi[# -*)‘-" (W> !), 

(das* + 36* + flVi + (iMt d- /»)J, = - f)(r - *)“* 

Rtitution u(x - k) =2 1. 

(o), (rf) Dinferemifttiori! of 

Ky(z* + 2ja: + j)* awl y{x*-\- ipx -|- “ “ 


will give two linear relatioiia Z^. j, 4 , 

KO that are theoititically eyisrcflaihte in temus uf A'^,. Z^, {= /,). 

No u^ful pur|jo®e, however^ fe Borveil by obtdining the reflutitmn 

fonnula^ owitig to the nunicricjil lalxMir involved ^ thry €vnm Ib? 
of proctirnl value. We nhall therefore only cifnnjicler ih^ integnitiuii of 
K.. Zp. 


SJS. The 0 / 

^ jp X tlx ^ _ r dx 

' J(a» I ajw f^)i/ '' J(,r' f 2jM7 + ^rlv’ 

(ij I kiTK^idoi' first the eiiuplcr i^ase? 

i da r. r 




(^B + i*)V(/lx*+jj)’ 




In E, write n® = Ax* + H aiu! J? 


jTjy ^ ^ 

In write = A + —^and F lieoament — — ^ 

X*- J k*ii^ — 


du 

At^ -ff 

du 


if* A + !1 


a[iJ 


these new expres^ioiu^ for F are ^t^danl forms. 

(ii) We shall now cjrpre^ Zi in temia of integrala of the type 
A*,; F. The quAdratie (x* -j“ "h j) “ + *26ur + r} iff a peri'ect 

aciuare if = (1 — — eA) —{p — 6A)^ — 0. 
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The toote of this eiiuatioD in A an nal and dlBeient, sbce ^ (l/o) < 0, 
= 5 — j»* > 0, If the Tnots aw li, wc have 

z* f 'ipj! + ^ — Ai(az* + 2iix + e) = (1 — — «)* 

*• I 2pr + + 2hr + o) = (I — — /*)', {Ai- A| 1/a). 

Thun oz* + 2iz + e = A^r, - ft>* + - /T)*, 

z* + 2px + J ™ -4,{« — a)* + Bj(lC “ /?)*. 

3f— « 


Novr take t 




then 


J. 


(/kc + A/) dx 


” "j®* + B.y *•'• " '*+ 


I (*' + ajw + f + 2ft/ + c|i 

7f' + Si)' 

The uaflcr whcd n coct ef the A-miiiatrae ii 1/a u left ne an excroiw to the mMlen 
f 

A'xnmpfe. (i) Find J ;7f5i ^ g, 4 . 

ti q y'f I gj, _j_ jg 

SmoB ^{vV(x* + 2< + 2> J « iiTa)’ 

!I - W 4 i. + i) - 


i,*. 

/ - lJrV(** + a* + a) - Iv'l*' + 2* + 3) + J lo« [ac + 1 + Vf** + + S))* 

f dx r da ir ^ 

1 awid + *•! “ I v^iSv* + 4« + ll“’*“jr-2 


->{•>!+ 

^ 76{ijc+ 1 + v'ffijtS + fi)} ^ 

3 


,...L f (*"3)^/_f , f Jp 

J{** + 0^(4* + t) “ J«“ + 3 + J*B* - 


(tr«' = **+),o' = i + i) 


1 ^ 1 , /3V(1+a*H-*v'3\ 

“ v's 'V V 3 / " 2V5* ^VO + **1 - *v'ar 

r Lillie 

(S - - (6 - SAMI* - BAJ 

from whicih we liiul AL <n 2. ^ oniA 

~ lex + 14 - 3(£ - 3)* + a(jB _ iji t aa:' - 10* + li = 3(* - 3)' + (* - IJ*. 


liT> 


’fboa the iatc^nJ h 


r m ^1)^ 
J{a- 1M2C + 

it - 3j(af7-]y^(a«ir3) ''fi 

f dtt 




lM3f» + l) 
dl 

(a** + «)v'(a» 

r dv 


3C — i 


aj 


2 


























r 
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llA vaIud ii 

3 rVflO** - 32*'hSfl3+» - 1 

dx 


IVflOs^ 

{¥) EVulLUlt{7 


^ 3£* 3&3 + I - n 

-’Siic + 38) -i + iJ 


- A BJti Uii 


I. 


in ternu of / 


I + 14)I 

f_ ^ 

Jf»*+ 


(w* + a*iv(is^ + o"^) 

^/sVCk* + a*i\ 

M (a* + eijf 7 " (** + a*j* I 




ft'Jv't** + 

{3^tt — a*>z* 

a*T*Vf^* +■"")’ 


Thn. tha u ^,36* - <»■)/}* 

yaiif, (1) Au. idtismatiT* nabatitvtiQu fijr 


(ii) An AtteinAtLve iiu<tttLid iuf ths origigutl intii^cn] 


+ a'JVta?* + »■) 

at) lit 


ii r =• a Uiu 0. 


fj^?Lt. 

J (*» + ijj 


IjrMUiiiirA ddbjtitnliJHi M* = y/fx^ 2px + g)r [Mf. f ^tf 

FuMiwtbf a/ A FifruiWffa 

5,2- Intefirntion of TninsceadeDtal FuncttoiiSi When the inte¬ 
grand is la jatioiial function whoase argomcnfei jiro powora of espoiiBn- 
tial^ lugairitkiiuG and ciTcukr functions, thon, ApAit from particubr wukw, 
thfltt! appear to 1 ?^! only two types of intregrafid that am eatfily dt^t^irmincd 
(thcorrtioajiyj in torroji of c-lementary funotiona, Tlwine am l^^rlaidcr^Bd 
in ths follofring parogmp^jj. 


5^/* 




p ■ Pk i5^)e£r, •uiher^ H it rffikutal nwi fAa 


tt, , * -j K nrr €otm}UBnmraIitii^ T\m oonciso djiacriptbii of a 

suitable integrand is natscJ liene for c:^□d 1 ?'eninnol:l hut we sliafl mgaifd it 
us InduidvB of the type B (sinp^, eos jM, Bin dob . *) (wfii-n p, 
7 , * * . are commonsurable) sinoo the latter fuuttion may be shown te 
he of the some type aa the former by the iiae of complex nmnlieni. 'I'Jlc 
mtej^ration qf the latter funi-tion will Imwever be cionsidered seprirately. 
If Bc, y, - - me eoiomensnmbto, a niiiuber e (^ 0 ) exiRta Hm-h 


where tW|, mw, 


dfj 


am integem- ff 


ij ■— = und the integral 
■ rise 


that * = w,e, /jf = m^, , 
y = (i“; =1 

where A|(y} ia rational 

=a 2 !<gg y — Iqg (I -P y*) &to tan ^ 

= 2tr — lo|^ (1 + y Bfu Lull (ft*], 

5^. Thr InityraiioH of Jj?(ainx, cos x)dx, £a) A method 

oonsiats in naing the subRtitution t Jx^ for then 

Hi ??' rV^)lTT‘ 
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fmn at — 0QAX^ 

( 6 ) nHing tie geueial inathod^ wp abould take the simjier 

Bub^tntiDnA (i) u ^ gbi (H) u a coa or [iM) u — tan x when tJi^ 
are suitable, 

EmtAples. (i) J Bin" x ooa* lifas ^ JwHi — 9t*)dM if a = ftln y? 

= i fi£n* iT — tin^* s. 


(»} 


f wu^iE 

*+n ’f’‘ = 


W»T 


IB log fw + 4J-»(» + *) ++ 4F 

= 1 «»* # — 4 cCB * + 16 log (4 Hr o« ae) + O'* 


— Saiuareaiaf + ' Jtlfct —’lX(i *3) 


w = taji Z 


‘Tilog 


*-2 


Zu - L 


. jflin z — 3 wzi 


3"^iSa«lS 

(e) Aritluneticiil labour may !><" JutA^I sometimes by the direct, kite- 
^tiou of i>art of tbo integroud. 

For example if 

Ji» + aH.ry + %» + 2tfa: + 2Fff-;-C 

(cai 0 , flinP) =-=-: • , ■ - ,- 

' rtaf 4- % + fl 

wbote X B ■» aiaO, Wf} cbb (latPEmioc uniquely i?>U!iUnt« jrj, q, 

r, A, ft, V auch tbati 

Jx* + 2Bxy + Zfjs + 2 Ga! 4 - 2 ^^ + C 

= {oj + 6y + cKj« 4- + ^14- »*(** + y* — 1) + +r'- 


Then Jj2((!«i 0, nin 0)d9 - — q <xs» 6 

+ rf + »log |« «. 0 + 6»n(i + .| + 

f3 (K»* & +■ 4 i 

' J- 


Exfimpie. 


[^B oom9 ^ -f- 3ctDB6 — BftiftP + 3 


S-cemfl + ata® + 4 
On detflcmiDif^ lihe potiaLaMi^ mi llnd that the nuinorator Is c^usl to 

(Sans0 + rin (J -h coi & + eln0 — H- iin“ fl — 1) 


64. 


Uit 


4- — Zmrn i^} i- 

Kud the iote^iil h 

j5HiiiO-^oMe-^+“Jog[3ociiifl+iilnfl-|-4) 

4St9^/S /t+bui^\ 

^ "iflir “*‘*''v vfl—>' 

3'/k* luUiftaiittH «f Jfliii'' x coa* xdr where p, q afe integen (J;)* 
The Hubetitutiou u = tAU niukcA the iutcgnnd ratiaiial la u, but it 


j 
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is better {a thifl case tct obtaiQ the mliK^tiiDD formula’! tlirm'tly^ Tlie 
obvioiiii ptinciple ih to relata the above int^^grtil to a Bimilnr oti© la which 
one at lea^rt of the itidic&i ia numericadJv 

For exnnnpie, if -m, n denote jmitim mtisgeim^ 

(i) (w + 

= as + (n — 

(B) (, - 

J 009" X —."-I ~ ' 'I 


(iiil (jw—Ijf , 

J flm'* X eotfi^ X 


J 000 " 


1 

ain^' 1 ^ - ] jp 


+ (h* f 


« - 2)f , 

J HIB' 


dj 


OtJicr suitable foimutiU! will bo founfl in I', ,94~f/. Impor¬ 

tant patticalnr cases atw when p = (t or y <1 nr p -h ^ = 0* for whicli 
formtilae of the following typcjare tineful r 


(i) nja 
{ii) (n - l)jt 


|aiu"4:e£r = — nin""* ircwi a + (i»— IjJbI] 
j tim" xdx =. tan"”* ® — (» — ))Ji 

{iii) (n — l)Jsec*‘ sriifcr = ain aec"'*^ iC -J- (n — 2j|j 
((Sw ctJW £j!amjtt(» V, S& 


iDn^~*3t life 
tali'*”® 


(ij ITlt RtibetitmtiniiB n • piin jf, oqp j; *kr liUl aT JiMy itira^itbftea bti imm^ 
ditkUiy cflbcFtivc. ^ 

Thiii (i) if p, ^ AFis hoth iidd (J;), tjiki* ti =f mm x rt = jslii x; (ilj if p m odd, 
f JHrtm, uke » ^ e»ir; (iii) ifji id cvim, q odd* Uikti M » nn XI (iv) If B. rf lijpe both 
0f%wia Izy u = t Jill X. 

^ 1 *^’ {'J J = -J'- (if a = >», 

=^Bl»J] + 2 eO 0 « — “ n«!* X. 

if 

rHiTi"xda! f I 

Jsoi»+»* ^ ^ I). 

^ (ii) may he iairoducnt when q nro prmit[vci iotc^cni. 'JfhiJi- 

dm P X ooit< ^ mvj bp iflipttoawsd m n tiiiw of oine? ruhl wkujiw of ma\- 

tipl« Lpf X, Thi# ^xpi^oD m moat c<my^‘entJy obtatEiDd by tbs um of tU& 
pomW, bqt cMin ahio be ifuirkly found by thp rndditiiin when b, a «i« not 

Im^p. 

^nlTVij^^, Kill* XeoQ* S ^ain" Sx>|(l — om Sx) 

= IV “ A 34; — -3- ■*- ™ ft* 

wd f-hi* 3f isofl* Xdiaf = ^I^sf _ pij. dn Sx ^ »]« 4je + ^ «ii «r, 
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The IntegrtMlioit smJfFw H n)^ * . 

WlH>re the integrand cezuListfi of h &dite: OLtiniber of termfi of the form 
Hxn^ te ccwT cx Bin*' Asr . . . md p, rf, r, i im po^tive 

iiiticgisra c«jt, , , , ilto jsmy real numhei^. The iotegtozid is 

therefore equiv^aleat to the mm of a finite niuii ber of pairs of tCTins of the 
type cos As? + sin Ajp, ivbeie jj is aporitive iniegieT or zeio, 

5^. The Iiilef^ation t)f ^ con }U Ac and 

5p = Euh Jb: Ar^ 

By rliffcrentmt ioii of voekr, wc obtain 

rtCj, - AA'j, + i = ooa fjE 

aS^ + + pSp-i = kr{p> 0). 

The^ie reduction fonnvilEtc, t^ogether with oC^ — XSt tf^ cos Axi 
fj5» + AC* = Hiu Ai* determine <7^* Sp. 

In pajtioiiliir C, = oos h^dx =- cw Ar + Aubi AaJ/^o■ + A^) 

and = Jfr“ Ain Aj^ iCc = nin Aa — A cos Ai)/(a'* + A*)« 

Examjjtfi. Find ucib ffdLr (= 6*j), 

Hmi 3C?, — Si -t- = XA^ «»s t — jkc**«Lii i: 

2C'^, -- = f“ eoi i4* f4 * 

Thna, coe a + #UiJe) ? •• c**^a rin * — ooi *) [ 

5C\ = w»^2o«i* + amM) - aC'^^ - 

m that finally i\ = ^e*^{(lObf — 2} eos ^ — 4) mu *}. 


(f) TliJbiriKdEf tnay tfavidienmtiveredui^bnformuki 


f-?p = —— mA (At — aj — (If — ^ 






~ EltL 




^p“irin{Ir — 


wheir? {fi. ft) ttro I hr psUr 
^ t^o^unhnalMi ekF tJiE poiat 

{a. AK 


KxamjJA. Jj»*' cas^rdHi? = efl» (i — m) — f* ^ 

/ , A 

^pr la aiii a H eXM ec = -^ 

t= oM * + «Ji *) — ^(3 MW a 4- 4 «in af)| 

giving the »rnf mult as hefnre. 

(ii) The b* found hy pndeir the intesrid vign, flioM 

Find 

fiUocr /oqflOJ'cfa 

. /a* a \ Ee 

AIK| Ji' toil a;f dtr = 1^— — iSn trx ^ j(X» ax 


h“ ™ It dip 


}' ®''»{f' 


iin Ax dx k 


JCxamfle. Find far* ww a 4^. 

^ sin oof, we Juve ft irin titdx «= -* - cw iiz;^ -h aln ox 

□I n ra* 


d o-/ - a» 

“ — 3J Jiiii JT + sir no* It (If ft 1 
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(iik) Other rSSeatAve of Gp* Sp 

(a) by tba tab ftf ihb cfjmiiitfs nambw wly?wbr t?p. for iD3cmm|dE^3 li iht iml p^rt 
*f thfl intr^kJ {ChU^* X.) 

^ 6 ) by Dsiog ibe ptopertkiA of tbe ILimir npemtcKr D 

ExampLfiH V (a> 

Pind thfl IndDlkill^ of ttw foTiotlonH giTon iJi BmmfiifA 


5. 


2j: -h 3 

‘ 3ar* + 4 

X 


i 

fg+U 


X tonlkix; 

er. 


3. 


^+1 


c**- 1 

4. 


a - 1 


fttiT— i 

Z» + a 


12 . 


(X — IK** + 2* + 4) 


13. 


V£4 - 

ID. fliTih. ^I 

i 


1$. oecb^f 
4?* i 


jq. 

23. 

26. 

23. 

30. 




16. 

20, 


I 


IX 


II. tjfcnli^z 
14. 

+ I 


l». 


itnsf-f oDii (4J-im+ 1) "'fi-l 

41“ 

1/0 - *) 

34! -a 




(#* + IMx* + »J 

a* - 3 


V(4r« 


" 4jr + S* 
1 - X 


24 

27, 


V(4 ^ J^l 


Jl — 4z -f- 

jf + a 
+ 12j|j - 51 

29. 


**• ;h. ix - i»t 


31. 


33+iXn«/ir 
3 +_rin af 

cm" at + 2 Bin* JD 
3cofl*je +3 w*i 
it. oPfl“ 


t 


32, 


v^(7 - 34x -i Ulr*) 

_ 

s/{x 4- 2| + \/(ar-aj 


37. 


1 + rmr — idnjf 


5-l-7i>Mx + siiii 
39. ooft* X X 40- Mu* X STOi^ z 

42, fe^ sTECiBeo^X 


44. v^(t«&x] 4h, «• 

2li!" -r + 1 


43+ BMS* X I3«w* * 


■f a* ‘f I 


47- 

49. 


-1- IK*' -h + 3) 

3 (KM * — I 


4H. 


50, 


(x^ -8- ir 

Btnx 4^ 2oDi* 


ow** on I — It * + 3 BIB i -f- 2 

51. iwxDoftSx 52; iiIn 2x oaa Bx 53. Ddi>f UDOf 
^diixHl-^MX X* 


54. 


55. 


oqi2v(op9z- f 3 ^x1 V^(** — D 

dji* g + 3 Bin a em x — 10 mn * — K oOft x + 3 
2 — OtB* — dB* 

IntBgntB tho functkHJA gjven in 37-7^ by thfr luothfd of IntB^rjitiDii 

hy Pwta-" 

57**^|i^x 55. (kig x)» 59. *“(tdg xj" 60. KTodu* 
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EXAMTLEa VfA) 


6J>. xjkDOikk j 


bl. nrv tan iV t»2. arc ton 

6^5. J*irfl tJUi3f fe*. b7, 6Sr 

TO. ^d-n^coBf Til 72^ 

luc tnn ^ 


M* RD X 


7A. 74. 

77, v'(< - 


75 k 7t- E-*fflnEz 

7^. a^l - 


af* 

Td. 

CkbtAizi Reducbktn i^L>rmnbD fuf Lba Jntif^gruln (if thd functions ^tycn tu Sxtimjdf.^ 
SO-9S (n full] m beinif paaitliv intogcftt). 

aft. — **) X^logx)* SjI. a^i 

Hi. ^ !)»■ H5. (£KB* H- abi + ej Hfr. (iM* H- Sfio: + c)l" 

aT. jj»{i + $ap * 


Ha. 


I 




ai. 


1 


(r* -h 4- b®) ■ Bin" X fa + b w ^l" 

a2. cOd 19ooa* ^ aa. jaas Miin'*^ 

FUtablEfllk thfr Rednotion FcittehiIjii givan iii KtUimplr,* ^4-104- 

94. (fli -I- dSS^ xdx = X ociaf*-^ x + f» — lljlifi™ a oOd'*-'®-! fix 

■“ — din™"* X DfK^n t ^ e^ia.^ 


as. 

at. 

97 . t 


fo(»*_* 
jdn^ j 

■ Jflin" 


■ X J a — 1 


j da" gi^ 

bQd^X 

dx 


ginm- 


(h — 


X «» — I- 


i 


ri " + 


wi + fi ■ 


^ (n 1) *Iii*«-l jCDOO X 


an. 


^ f dx. 

jiPiri'*'x DOd^ X 


1 


*-1 
If* H- li ^ 


(HA - i| tali'"' I X EM" ^ I X ]^i — 1 


t ifij ri - J 




99. 


= Jflfhn'^XKfjt --edn" I j HJd X + —-—/k «^ 


J — I 

too. /^ • • JtsM'* xdx -^iiin y; m"- * x -(- -- 

• « nt 

t|jj]H-ljgi 

101. /, = ftna"*!!! = - ^ ^ j — /n-a 


lOa^ 1, =;?itrt-a-rfa; = - 






41-1 

a - 3. 


IOi. /, - JWirfj!--1- I,-* 


lOi. = Jcxidda^ » — 


fXJiiXlMWdc9~^li: — Si, 

ft — 1 JEL — I 


inlcgratir thje fucetiaiu giv«n in Kx/m-jd&a /0.5-J4. 

105. —i^} lOb^ iln^xcod^j 107. iiji“ai5nB*x 

109- dinrxdBd^x If Ok m**«»b0** 

IJ2. dnQ^aduri«*z 1I3» 

I tS- xMnj?x3* 1 S*« 1 i?- i -31 -mb i 

119. (ix* S)-S 130. + ir i 

flOd X + Bill X 


t0». dill*XOQd*X 
111, X ttWK* X 

114. (2iE® + 3)f 
I IS* (2x* + aH 

■n^ 

ill. ^ 




122 . 


^5 + 4oudx)* 


122 . 


(X® + + 3 J 


J 
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M>VANCED CALCULnS 


124. 


1 


126 . 


(X h IXx + S)v'(** + 1) 

I 


125. 


128, 

129. 


(» - S>V{^ -f' 1) 

3f 


I27p 


2 


(i* - l)v'(ie* - ^ -I- 3) 


}3Q. 


(3#* - JO# + 0)i/ta* - ft# -h U>) 

_ :=* +1^-1- I 

(Ir* -f fiji -h i + 3) 

m +1 


(3r* - 2^ -t’ ^5* 


IJI, 




122 


a:* - 4-?;r _ 2 


{* - 2Xa* + IF ta - 1)^** + *)* 

1J3, c*ov3;(rooi^ir 1.34. aln*^# oga z nin 4^ 

mnilta t^v«ii in 


U5 


•I. 


»• 2 Jiln l &£i 


V!(« ™ aK* - 

136. I ^ - 2 lofl( \/lm - o) 4 - ly^(* > a > hi 

I{« -*})<*-6) ^ b -a*J C - a)' ^ 

(:?i) 


f U+x^)efa 

Js?* - va»» +1 " 


oro Um 




S 


159 




+ ij» 4(i+s‘)^»i/a 




140. f(a** + c)id* = V('**' + <i}}t2M“ + ifc) + /*j 


dir 


+ r,} 


141. i{ai^ + '*" 

142. If /|[x) w 4 rntjpiifiJ fnoctiou gf # BAtLafyin^ idcutk^bLlly Uti? rrljiliuti 
/I*) -f/(!/*) = Oi nhw tbftt /{jl + |/)/(l “fi) ia ttLtkiiiaJ fiitu-t^tim nitJi 
thfl proportj /’(s^j -I- F{ — j/) = 0, 


fl«TnE» piuTB tJiat if tf* = oz* + 5z* 4 cat* 4 4 a, the 




enll 


In expresiad in tcnna af rlpm^lary fimatiuiu. 

B^’ icie«w (jf ISmmpU 742 InU^grate tbp fooEtkiiut giv«a in fjbrxmpfrj 

* + 1 — I 


143, 


{Jf. 


145. 


-a- X) 

w^l 


144. 


(a* + + 32^-h IS) 

»*+ 1 


145. 


(Jf + 1) + *•+!) " (*» - 1)V(^ + 1) 

147, Shtnr ln5w Id intfgmtd Jii*’(l + in thB tliRn liucn (|ip q mUdtuI) 

(i) p integral, (ii) q mtegrftl, fill) (p -i- jf) inljoiipiil. ^ 

[nt«^t« fuortkvrui giym in 

148. #*(l + E3!«)i 149. a4(2 + iriji (iO. ^ 

151. #3(3 + 2i4F 152, x-IHl -h *l)-l 15^^. x-^[l + 
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EXAMPLES V{A> 


137 


1^ + 9 




:* + y )^ 


J * 


ia eqml Ui 


v'3 ii + V, (*, ys'iO}, 


155. rr ^ X. — 1^ expTBss ftfdx aH the of d riiliDllBl 

fxincftlcm. 

156. If^r* — y* = shtyw UiaJ. 

-g + ^*“1 + <*• 

1. jjtig{3*'+4|i+^»fist»*l(^) 3. kJi^wsliJf 


4. loB**'- l| 

*• S>ftS 


[d« -1 


«' + l 


3* 1** + » + log [i - 11 

S. liog|*-f[ + mf|a + 2^ 

7 ^ 4 wt etn |z ~ 

S. l3=- - 3b + ikg |i- 11 - Jog |T + 1| + IPB \x + 2t 
9, Har H- wh ^ ooih^] HJ. Ksmii ^ ocah x — ^} 11. ^ ■ 

12- i ]«3g [* - 11 — i ki|f fx* + ^ + CS) 1 iJw tAn |(Lif -f I) 

.. k- il I5x‘-l^ + a 

“ a (a - * 


timbf 


IS* umhx 


17. s - 


- IJ'H* - 2) 


(r+WI 


1 




*f4: - IP 

Ifli * H- k — 1| — log t 4 If a — 2 Arcs Kmx 

36. - Aj^^ri - -h l<3x + J2x- + 1(M) 

31. ^ - x}m^ - mj^ + 2i*k> - SSsr^S 

33. i i^Bijiy + -h 4tV(l - 

31. * 4- i m twi s ^ Afn (All fa* 

34. I Jqg (x* — 4x 4- + 4 ftK‘ tJtn (a- — 2) 

”■ - S *^1** “ S •‘H! + 1| -| 

3b. iV(4*» - 4? + bj ^ lug ISJi - ) I- - 4* + 5» 

». iViftr* + JJir ’ as + tfci* f(to + S) + + l£r - »)! 

38. V(_ (J ^ 34 ^ _ HlBij -( ^ mrcaln (2x + 

- fi|V(7 - 3U - in*') - f| swi Bill (IT + tl 

30. - H** + B) Vi* — **) ~ 2 ftHsiSTO i* 31. 4{a! + 1)1 - - Iji 

32. ^\{U + ajv'flaf + IK* -H 2}f - i/a + i + '/«* + 1H*+ 2)31 

- ,V(2* - 1]V({a + IM* 2J} + A IJ* N - * + + IX* - 2))] 

2 f V toz] Jt£E']l 

S3. jjg'i/tlOOl «W tMi I- IJ. j* 34. ^ arc ton (I ton Ji) 

1 itln |c + S I»ia 1 «| , ^4 12 sin §* — tm* 4=1 

.5*^ iin 4* - fl Wd 4=1 ‘ i? ■*■ ifi £ei 4= - 2 rt* 4=1 

It 4 , . ^ , , 2 , 12 + tJUk |id 

37. gg+j^kgH> + tocai* + mo=| -^kg|— 

V& /V^UjixV 

38. *- -^iwtaia^— 

3 ». J cMi'X “ I eoft* * + 1 *»■* ^ " i w»* * ^■‘1 "io* — 1 ^ 

+ 1 . ^{tiJiar]li (7 — a jdn* a) 43 . a turn * — cot a 4 - | tan* a 
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ADVvVNCED CALCITLLW 




44. 


4S. 


4^. 


48, 


4^. 


SQ. 


i51, 

53. 

54. 

55. 

56. 


S7. 


S9. 


6t, 


h5r 

64, 

65, 

66 , 
68 . 
66, 
7U, 

72, 


74. 


75. 

77, 


78. 


76. 


86, 

81. 

82. 

88, 

84. 

85, 

8b, 

87. 

88 . 


Slog {iftJdlfj + i' J 

tvi ^ \i 4- V{it iin acj + tanaf/ y^i W — tail i / 

. 2^/3 

log {eP + — J )J-|- w ain u“ 4b. -g— « 

1 

u wk h n-n I^Ti _ . * ■ n— ■ pn 4 "ri«, _ H-vn i-Hn ■. 1 


i^J) 

\ V9 ^ 


6V3 1 

—^ JUV 


nn? tflffl -»FQ Imi JR + ^ 


1 . + 
a"®V + 


') 


ax 


«{! + St*)* ■^34(1 + *•)* 16(1+ af*) 10 

/taiiix\ Sv'S / „ I \ 

V2 Mi: tiu) Wfl v3 t"" 


&x 


Jitu Ufi ^ 


n + 2 r4iiilaf\ 2 + t. w 


4^/% , 

jtpo inn 

I idio. ^ 4- } iki ^ 52. } Ddtt z — iicm 5£ 

™ t vm s — wM Si — I BOS 3z 

^ Jc:g 11 +■ 2 tdii ^1^1 I tui X — I ] — ■} 1ti|; [ I -|- Lah z| 

ji(x-+ 2)>/(z^ - 1) 

^4- 2 cod z — dn z — 2 Ing {| — ooi z — dn z} 


s /a iJLj] ix — i\ 


V-i 


a:«fi 


n ' 

a 


|(|Dg » - ;j^j) 5®' »{(l“g »)■ *- 3 kg ic + 2J 

*)* -1 Jog; * + 64. janfelax + v'fl - 


nx I 

* mtc tiLQ X — J (I + X*} 62. — — Z KTC ton X +■ - J[]\^ (1 + Z*3 

Jj® m dn X 4- i^VO — — i *-tiq dn x 

— Z><JCWX4-2iCMl*H-2(MlZ 

ix* APO UUJ J — ix* + log (1 + 

- 3C* + i4C - t) 67. - + 4^ + I- 124j + 74) 

(lx* — JzJ Hill 2x + f|«' — §} CO# 2fe 

Is* — iin 2z — |x (Mi 2z + I tin 2x 

-K IdiizdDtx 71, — |z e^o# Sx^ dn 3Lr 

— + X* + 1) 78. 1#- *^z* + £z* + 2) 

— - ftw tan * + leg j — 5 lf>g (1 + K*} 

}«:^bki X + 2 dtjux) 7b. ^ *{S E]0i 2x 4- dn 2±]f 

|z v^!( 4 — z") 4- 2 uTO sUi Jx 
o 

=^38^3 - aOx» + 24x ~ 16Xz -h 1)* 

0 Iw 

J*^{1 - *)* + ^’(1 - + ^*^{1 - *)* + ^(1 - ^ 

(tt + 2)/, « - **-1(1 - **)t + (ft - I)/,-! 

(» + 1)/, - *»+l(Jl38 *)* - *'- -1 

at„ 

/„ •• — as" COB * + aia* ^ i«(rt — IJf,.s 

(m + l)f«n « *^as — IJ^iti — 

2(« — l)(fla — 6')/. = {ax + &J(nx* + S&a) + o)*-" + tt(2»l — S)/. , i 

a(ii + ly; « (bt + tK<*' + 2a® + «](»/• - nffr* - twj/,_s 
nl^ V(l +**)-(*- 

{n - lj/„ =- — xi-*V(J + **) - (n — aj/»-a 










KXAMi'IJ^S V(A) 130 

Sq. ^ fa«» - 6t)[3i* - 3)/„-i - S(^ - 2)/,-, 

*(JE* + + t*) 

^0. (m — l>/rtiii i - jm — .-a 

91. (« _ iKa' - fr’)/, -«{2n - 3)/,_i + (w - 3)/,_3 

=• — llKJI*{0 + 

92, (m + «)/,,« -tin iw coa** X 4- tt—1 

93x {m + n)im + » — (m ^ _ 2) iin na Bin"* a 

+ m OPQ (n ^ l>3r ■in"-! x — Jtifu* — IJ/n-i w-i 

as. xHx* - ^ ^\Wii - ^E*) 4- *re iiii a 

0*t (1^ — Atn* I 4- A * — X mn* x) lin’ * 

07* J ntsif' * “ ^ ^ 

Ib+ 

^ ^ X dOft^ “ 1^ ^ * 

09. sin* X BAS X 4- ^ sin* xtm>x4^ ^^omxoDBX— 

7 7* Y 7 

lOb — ^ftinxoDB* — ” ^ - ODs^a; OMM aj 4-~ Aaa^xflQfiBB^jT 


3CS 


II. 


8 


— t coai'X otMfio* X 
64 0DSX SMAQBil 


5 sis^ X «■* f ^ fli£ii^ X X 


7 (^^3 3SiU]l*X 

5J2oq*^ 1024 SOI f 

12. J tim*x 4-1 tan* x — J ooi^s +' B log |i 2 m x] 

[x - 4- 2U + 11 

Mi3 


fj* 


14. |(£*« + 3)1 + ^2*' + 3)a + + 3)J + j^log{*+^y(#*+ p} 


a^* , 


10' 


10 


T5, gjg^aeflqgxjs - latJogx)“ + a jcg. ^ i) 

to* - + 12x* + BQo* + GOt* 4- 0Cte= 4- SKte 4- 45} 

4- aw^ 4- 370) 
lEr75(2i>^ fiji 


17* Jifl' x — a fiofl x) 

4a*" + 0) 


118 . 


19* 


^(4x* + 


^ 4i(&H - 1081*4-15) V(»* -hi) f> . 

^-^ - i^iog (X ^ V't*" -h D) 


48 


21. _ _ 5 U«{1 + V(1 +**» + |1^N 

fl-fSUiin* 4 
»3(a + i mmx) - 27 

23. - 

24. ■ 


/ 8 irio V 

Vs + 4 omxf 


fi - K + v(Si* + a* 

1 i- 

1 2{a + 1) 1 

1 ve 


log 


11 - 2^ + i/(fiai* + S)| 


25. log <*+- 4)) ^ (^) 

£ 

37 


0(»+2) 




vs 

**+ 1 -?- 3V{2^ + 1H 
9i*Z"S) 
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ADVANCED CALCULUS 


lit, log I* - g + vCie* — a* + s)J - 

I? - fa + aytto' - Ifa H-1»1| 


13B. 


ijq. 


130. 


Vi 


+ 2V6'^ 

t* - SJva + Vfsr* - ftp + 10) 


12ifr+ 1) 


{* - t)v^ - Vi** - ftp + 10 ) 

I t^VA V(** - ftp + 10 )\ 

-777 afc tmSl i —---i-1 

V14 V 7 J! - 1 / 

J^ll3g{x + |+^(i- + ^+|)} 


2^ 0“* r"^ B 

V(B** + fa + 3) - * - I 


-JiobI 


' aJd; 


Vlfa* + fa + S) + * + 1 


I — j uro tmn ^ 


Vffa* + fa + 


3 .) 


ill , Ifa4 U a(fa-1 ) 

2fiO*^ + i 260 WfaP + l) I0(ji« f 1)* 

2 “■ E® I 1 I 

>w* ( g _l)(at + i ' ) ~ 8^ ” *1 +;>•«(** + I) 

IJ3. nn &2 4- Bin 4x4-1^ ^ 

134. J ci3B X ^ qoft 3^ — 7 ^ 43ob liz pix 7x 


144. 


V(** + 1) + V(faV 

vfiP* + fa + i) - v(fan 


v3 + Sp'+ ir+ V(fa)^ 


2 . / vaf; 


[* f !)■ \ 
^ + IK 


MT. (I) If 1*1“' 1 + >1 «» B*. (10f'' '“"i n ” P*- (hIJ ^ ^ j, 

lake (J + ii> = Kp*. 

143. fthOfa* - fa* + 3K1 + fa*ll 

149, (>4 - U, + IJJzl - HSItprf + SifgUa + *<)1 

150, + iSjaxI + *f|{-4iri + 4 «) 

151, 4*^fa" 4 2t) + J»»(4ir» 4 9) 


152. 


io(xi 4 i)«(fai - a) 

TjpJh 


155. Take « = 9 =- 


153. - -ftSf-Vtl 4 *1)« 
;i-l)(i*4i-U 


2^ 
a — oj' 


(/ - l)^!' 41-1)^ 
- !)■ “ 


5,3^ The Definite Inte^mJ. De/iniii&it. Let/(x) briuntl-ed in 
the intcrviil n and let ^-i (n — 1} piinta of 

tlie interval fot whieli 

a (= I,) < < ^ < , . , < < b (= {iSg- 1} 

Let Jfp HI he the upper and lower iKyundH oiJ[x) in {a, fi) and fn^ 
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the upper add lower bouddis of /(«) id the interval Also let 

*r any number in the interval (av-i. !^)* 



rue. 1 


Form the sunw if,, given hy 

tt II 

•% — 

j 1 

In the figure, S„ k the mm fif the of nhaded reetan^fka like tIVNQ, 
iiiid is the STUD of the mrianglea like UVSt^. 

Then obvioiuily 

— (t) - ^_i) > ;** > ™(& — ft). 

I 

If the &mm t^uid to the limit S when n tendB to iniSqity 
in such ft way that every Riib-i ntervftl teodfl to aero and when this hunit 
S ia indppniJtknt of the |)Hrtii'ulftr iiiixle of i^ubrlivirion, S i» called the 

D^ntie Int^iyrat ijf /(;rj ktym i to a: fi and is written | /(ijir. 

The fuiic^tion is then H;ij(J to be inti^rabk {in the sense of M kfuano }. 

H 

Since lies between 5^, and Sj^, the lioiil of 

1 

iyiVK-r, 

I 

must also be jS, when S eKifits. 

SJtl, St^P’Functicmit. If ^(ar) = for ^ (j = ! I>d tii), 

{where hb. — ^ called ft ^^p-fundion. (Fig. 5.) 

rt " 

It ia easy to see that 1 ^(;e)4£r czdsla and is equal to — dg-i)- 

Jb I 

For tot 7^, 7 |, « « ^li-i he chosen so that Enajt — z>._£) < A, where 
A is less than the smallest of the Jixed inten^^ab ^ The sum 8^ 

11 
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AllVANCBI) CALCl^LUS 


\H Ih- I 

difFers from j) by h»a than {m- — JjdiT \c^ — 0,^j| wtiiph triads 

1 ^ . 

to 2£ro when i to leno; i.e. t^ndd to the limit 

m 

I 

Sitnilariy tfJidd to the flame limits 



CofiAJitrg. If ^if*) are two Atep-fuiictiquB in (a, 6) jand 
then J ^i(ir)dx < J 

S.32. A CoiUmuituai f\iw:fion is f«/*^raAfe. fjet f{x) Jm? coiitintiouB 



na. 3 

ill [at 6), (Ffj. A) Take = tua3c/(ji:J in mch Hijb-inteni*al |, 

Then ?7^ = ejELsta ainc^ Bt^p-funetion. Ah w 

increafl««, w,^(a:) oflimot ao that b a non-inpreftaing lacpno- 

tonq and mitat thei^fofu tend to a bmit {7, 

Sitnilarly if l,{^) = min f(j) for each Hiib-intervai th^ii 

i^ = 

(a noti-deiireMing moziotoue) tenda to a liiuit L. 













































THK PEFINITK-lNTKnRAL |4a 

Uut, given e, i!iiiDe/(a;) is cuntiiiiioiu, wc rftJi divide the into 

a finite number of parta such tbftt w^t*) — < e for every itub- 

inter^'al, i.e. 0 — £i^ ’Cc{i ^ ti) at 0 = aincG both limita ejcwt, 

Now take any other mode of subdivisioii where the corresponding 
aynibob are accented. Then ( fut. .J) so that f.„' < 

tmd // < C7 j eJho and therefan: l\' > /,„ and f/' > L, 

But fr = L' and U = /.; i.e. ir = i' < f r and / ' -£,<!/' or 

t=P = £/'-//. 

The <^€rnind Oasv. Tlic Mi of CLunaberrB — *r-i) for jiJI 

pDttHibjo Hubdlvliltjiia hAA u lower bciumi i? bIcww j and tlusve- 

fom thero «xillB -Ono 'mXe^v.r m (nt- least} BikJi Llint in ih& COrrapandiiig inothnd of 

ut 

snbdiT3sii>u (A} wo have J < .V + t where e i» (uiy glvfln 

nnmiwf !> 0. 

Tjtko A Mqu!?iico of qiimbpirB \ (:> U) [p = U 2, 3, , - .) (.hAt derTiiiwB 

to ?pm Jdivjdo (n. 6} in6<» flf, flub-mUiFVnlfe e^li cif ivhii.‘b k of Tlteu 

by jntrrjdiiLiiniK (m, — rnrtJjpr iKPintn of Aubdlviiii!Mi olrtain h B*iiLind set rjf inter¬ 
val fH|| in number) wt’h of whidh b yf Iffngth < : and Irf. thin piOcfia* of *iib- 

ilEviBioii IB) be contlnuwl, IV* llpn pth ^ nf intervaU (< d^) them ct^irwpnDLk a 
Hum In this rmn bo only a finite numW of nub-fotn^Bis non- 

t&inini;; an and point of l-lia orEi^aJ riubdiviaicin (AJ; nnd thn pnnttibndon to 
dm tbifl finlto Iiumbor of fotittjkk b < ;\f{m H- Thfi oontrlbniinEi duo to 

i-hp romaminiz mLestTAb inuBt tiWiniuily hn t™ thuit <'r pqm] to < ^ + * 

i’fl- <: S + IT + AKm i- 1)^ 

and thorofons rif^ ^ li an^i .lf(in + 1) is Ilnlt4:. U-nda to Lho limit ^ whim 
->p0. Thua if itio numW r<r flubdivmioiw {x^, st^ , ^ ^ uf (a,ftj lottdi to 

infinity in imh a way that maa - jTr-i J itndi to sem, (.bad tho npp^r ttfomaim 
lnLoi?ral ^ oTiata. BimJJaifly the Icnrrr iiihniBJni Jn(f|rral # oilatfl, TllO tioOiJBBairj;- 
and EmOiGinat cgodEtfon tliat S ^ i, b ibal ^ Hq ^-adi bo fnnmJ * 4 itih tkat 

for nil n > the mibEiiiflitiu bpixig of an appropriato ohaimotnr, 
Ibo funDlion u tliDd (Rj, Tlnm Jt ooutazmoi^ fun^on b inUT^bb (R), 

■undo the (tf, hj tan bn dbhletd intu n ihltIr mscih tlmt in eiuih pait 

. I. ■ . . t 

I.e. flacb that 111 Lhci iULcrvaJ (j^ — a), < t, (e J tn n}, TEoh 

“ ^iv “ ■^r—l} ^ isfi^ — oj. 

Again, n bciuudod fundtimi whesr only dkogntniuitlrai at^ fjf tiu! fijat kind b 
int^abb (R): for tlimd litiwntinuiliM nra bolftM (nnd onanii-rablD, or linltd in 
ni^bi^} j and may be i-nL^oaefl in a eot of inteiTJdB of lotaE brertwJtb < r. The (wH' 
irihqtfon td doh to thd iatarrnla cantainij>g; the dLuontinuitiea b thwafare 

(if — wjf and tLortsfoiv t-widfl Lo ioto ttIwii «— 

ir/W k ri^Imod for ov^ iftint uf (fl, ^} aiid 
whflFi *j Lhmi/ji) b eafl^ n ntoTwime {ifunr-wmin g ). 

himklady -we rany dciinft a muDofcon^i fLUictfori. Ii follom t|mt/i[jr { |>L 

tsStifit fur jdli jc in nod thnivfiitfl pifiicd the lodly Jkooutiiiiutigif rtc of tbe 
fici« kiiui, Ibo function i» jiit^d^bln (R|, 

oihtfwisu, s, -= ryja,) - r,_,} 

C el/ift) -/{Ojf 

— *11 —► 0 M d^ —Jh- CD, 

3,323. Fuiuiian^ of Jkmtiditd A functioii f[z) da^nm:] for k 

said to ba itArialim in If for ali pcjtAsibldaiib^vbiciQfi^, j;,., , j?n-i, 

I n 

hha u3 upper bauml Via, *) (fodaiwiMfeuL of n), 








w 


AllVANfJBn i'ALtlULUa 


'Hw nppor biMinl ViHp i) iB ooliod Tiho JtjftiJ J?«£tEuilkm (or TmrUtiuti) for («» 6), 
T3ii» if/l*) ta «■ munolane In (w, 6), r(fl, 6) = |/(6) 


Now 


«i T 

flbi -A») - it/T*r) 


and 

I>enQt« tiH 3 Hiim cif iha pitiiiim different™ —/KaV-i)) 

rif tbe tfrt^pih'iTi dilff rwiMB by “ 

Ths'Ti fW -/(*) = 2\ - BUfid 1*1 IV 

# 

It folluwi ciwil? from thiaw <HllUitianii that I’j, 1’, kuve upper bciuiul* Il(a, frj, ifftt. 5) 
pvDH by/[if —/to) « Pfa. &) - i). and Ra, 6J = /^a, b) + b). Kuw a 

functioa of bonndad ntHtttkoa in {a, 6) i« nlsti of bounilod Tariatieia in (a. t} whero 

41 < a: < ht find theHjfnW 

F{«i. jf) = P(a. *1 + iVfa, jf); /(?si -/fa] - f (a, Jt) - >'(«, 

Alno Pfa, Xj} > P(a^ 31 *) If *1 > 3P, wi Uwt iio, *) iii n EflortciUinn hftriwiAg ftiDOWOiii 
ftnd qimilArllv x) U A tuouotofiD injirUming; fiiiif^tionr 

'rhna/(x) fia] -I- P(^. X) — ®) i® tiinrefoBT e^Kpnwil4u tm ilEff-ofttcicn 

of tww> iDCHicrtatm (iiwfiAaSiaj?) fiUicUonH. f'rora Ihn prtsioua pw^rn^rnpb It fellmvB 
that a fimcEicili of biiondfid yafiMton ift iot^gmbla (11). 

Mom g«nerttJly> tbu msoiaWHwy ootl flufficlwnt cotidiUun thuit a boEmih»d 
fuDotlcw. fibtmld bo mU^i^la (ft) is that tJw funuMon idiDiikl l» tdmrnl 

eimrwwier* (l.o. at a set of poliitd of imo (SeA I^sa^uAt di Jfdi. 

(3)p F/ft ^ , 

Por Mcnoplc, if/lx) = fcl whnn X ii iftaliDUal awi/fx) - 1/^. wlirti In a ratioiial 
niunlwr expi™^ in the form p/t^, [p* f botng pritna to woh otiwrjp thu 

I /(x)dz cxIitA and hlU Taiuc 

5.33. Thr. Mffift Vidw q//{x) When/C^f^) k l>ouudi5d mid 

iiitegrabiB 

— rt) > I ~ 

Therefore =• k{b — o) where IT > * > tn. Tbid miiabor k 

b called t.he mean mftie of f(x) for the mteiral (a, b}. 

If /(iX) h contbiioua ip {a, b), there mnat be at kafft pdo tiuipber f 
In a < s < b for which /(f) 
f ^ 

i.e. /■(asjtiar == (t - o)/tl) for sioriuo number f in (a, b), 

5.34. lteUtiit»t btireeen the Lr^nite Init't/ntl and the 
Sinr*- the deHnito intogral is the limit of ft sum 

jV(aP)<it = I 

wheji /(*) is ibt«igrable ui (a, e] ami (c, if). 


In particulfir J /(aJjrf'r = — | • 

Let (J[x) — r f{l)dt ; then (?(;* + A) — — f 


fiddi. If/(() » 
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continuoiLB soix < = j /(^Kl = h/ix -|- Oh) wliere U < 6 < 1. Tfaut! 
tf'(ar) = + Oft) =/(*}. 

^ If 

If #[2) 4 fcliG ind-efinitri^ t>f/(«), 6fi(a:) = + C. Btit 

m this mm fr{a]=0 ai^d thnrflfojre 
wli^rc f( ce) ifl any fnnetion whose diM-iyative ia /{ip). 


Iti particulaf | fifidl = F{b) — 


" iin^ Xfkc ^ /_- 

In 

Hmi = 1 

^ 1 . , Ss" a t, 


I 

m-1 ^1t-^)(^-S^. 


otkJ 


nfs - 3).. . 5,S ' 

'—IX"-»■■•“•'|.c..™i 


fi(B — 3l> - , , 4-i 

S,3S* Chtav/e. iff Lot- ^ ^ ^if) ba & continuoua fimctiDii of 

u, viuybig Crom rj (= ^(c(i)^to 1* (= ^(«*)) iw vadesi from «i to W|. 
A1 i3c> let bfi continufma in (Wn w,) and /(ar) coDtinvious in («, ft). 
rW“> r« 

Then j “ J / C“W“> the tlorivatiTOE of both 

inte^ols with xegatti io u ate eqnal and the iatc^ala vaniali wbcji it t^. 

In [lartLCular J 

Note. This rtMull may ptvpvnJ inom f^merttUy tii]» mmi-ddiiLtUoEi of tbo 
dfliiu'le int€|o^k 


: BltLOP 


^wtiRpla. (.i) I OM^oirt^ ilriz Hit 

J LI J Q 

J* ooB* i* <ir = — mln“ jf djf (irheiv ji = Jn — *) = J" 

§ SM.; 


Niu* xth<. { 


<a} 


ffl" 

J VU — ^ J ® ^ (whwe 0 = atowii*) = 


- min er m of 

±w - aVa 

^ u ' 

A^ole^ Care muot l>ii ciurdBiHl Jn tiia amt of the farmulA fun^ioivi ttwt aro 

St tait ll Eb not eortHKt to tabo 
dx 


ndfi Emgk-Valu^ Bje ibii-tif||iii«L 'HitUis / 
« MO £ ib tbie Ut ablaiki f 


]>- 
I 


«V(l-ai’) 


. II, 
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r dsi 

^Uo Jt* J 


IStirictly wd eiMiiiM write / = \im 

Cf^t —L 

WllCtT! (p < C .|JT^ |rf < Sj < JTj 

+ v?0^} ... 

Kilt) i^m of t^!i jntf^vn^. (f 

BAm Disacontinuciiis Int^l^i^ada. If ^(3:) is cliscoiitiiiiioiiii at- a 
numt)«ir uf poiiit^s i?i^ , . Oj* whcne < <ri < ^ . , ♦ < < /i, thfin 

we iMy J as tlie liiEiitp if it caxsts, of 

/ ^ r I'T +r 

J# ,_i J'r+*r 

Ui'Leu £f, >> 0) iebd mdi’^ptoidontly t(> zefn (i' = 1 tu rM), for if th.id 

tmiit «xjitta, th** nhovf detiniticm id mn&ifftciik with tho gnnf;rE)i ddinition, 

H'o is Q ducontinnity of/[:c}, I /(»e) in tkfiiij«l to Imj Uni ] /(-c^iiE, it 

this ejuBts; and \£ h is a disL?ontinuitv tliP intej^al is deiuied to Iw 


J i-J 

/(xjctr. 

a 


SLntilarly^ a siinpMml dt-Qiiititiii nuiy lj@ iinkm vflmn iln^ fhjijits uf 
lUsoQiitinuity farm an enLunrimlilc Thm, to take an eoEy esuniple. 
if IherSe &.tvf dii^ootiDuities at ^ . . wlieii 

a <Ct <c*<• - 

fciiHfi thtj iiiit«grikl mfty Iw deUned tut liui j -f* I when* 

4l|.—Jj 

6 ■= limCj^, the fir^ iDtagTal of this exprcasaon l>oin^ defillE^rl as nlHJVe. 

'fj/. A Number 0/ Finite Di»mnfmu{hi^^ (o/ fk* AWiSrt Kuirf). 

Sappo^ that>/(; 7 ] has a aiagle finite di^a^ontiiiaity of the lirst kinri at 7 
(a C c < h}p BO tliEtt/(c — n)* /(r -p <}) both exiBt and iieed iioVi iw 

Tlien lini f* /{•^)(h — f if f(r) is tisfliinied t^i \h^ f{r, - (>) 

• 1 —im j ■ 

and liiE I ffxjdlx = T y{a!}<i!z't if f{o} is ossamed to Ite /{e + tj). 

rt —HU } e 

Tliue 1 fiT)dx = J /(iiFjtfe H- I where/t:!') is mw eoFiipbtely 

defiae^l as a tx^ntiauoae ftiiictiun in ea^h liit^rval 

t^jinilarly, if there ac^ fwdirseeintiiiait.tas of this %y^ at c,p . , ,* 

we may wrtt^ | /(ai)d'P = | /(afjdir + | + J /{-fJJjr. It 

flhotild be noted that if Ff;*!;) — J then 

“ «) -M ” m + OJ =/Ctj, + 0). 
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Kvrtntpl^ be rIthi mt fc^lcwi: 

10 ^ 2 s, ( 0 <X< 1 )? &- 2 af, ( 1 <sb< 2 )j B - £*, A ~ 2 ^ 

(3 < r< 4)t - I - 2s. <4 < s< S), * 

Tb« RFfipb ot tbif fuACrlioCL \& typiOKl of tbc flAeor d^a^rum eif m lE>&d^ lionm | aikt) 



ip tiiB ben^in^-mtmr^m ftt s. 


4_) 





>rta. 4 


Heir i^*)=J/i[3!)dr » im - {0 < s< JJ, 

If I < *< 3, lyK) = J’fl) + J (» - a*Jifr - 2 + ttr - **. 


SimSlarly^ |’(s) = ft + Bs — (2 < « < 3); 14 + 3s — (3 < x < 4) s 

IH) — s — s*i, (4 < s < 5 ]h ii cf l^QQ^w coDtiii'uouB ia tba iniarvftl 0 < s < G. 

A'aCf. Tlio inte^nuid may havti a dkcoaliniilty of tbi» Bcoond kind at potuta 
wttliin iho fcntcn'ftln Fct example, lot 

fist) - It sin - POP for n ^ I < ^ wiU /(O) « li« 


2 

Tbm/ls) ii omitiauoup in U ^ i < ar < hiitj^ + OJ =: i ; /[+0> 


i: 


?t 

^/(s]dCfie li dnfiiud to tw lim U/ts)£ir. we find that the intf^ral ip 

I —E 



J. But if 


S.42. An Infinite Xut:dM^r of FinUe A fbnction 

pDSBfisainj^ an in&iitio nnml^cr nt discti^Dtiiiuitiea flmy or may nut poaseas t 
a Slemnnii izitegml j ami it baa be^n indicated above that the integral 
dooB exist vrben the paiata of discontinuity mn be euctoiied In a set of 
intervals whose total length can bn mode urbitzarily auiatt. 
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ADVANCED CALCLTLUS 



XjampltiM. (i) Lot f{x) — Jb; jr^ |)s 4* — 2. (i < jr< |) t ^ - t 

2 *{ 5 j — 1 ) -I- 3 i (1 — ai-* < I < t — 2 ”"!; - i. « Mrre there la m cnumenkblc 
let of fimte dieiKiiiNQiiitififi nt f >« 1 — 2 ^"^. We miy dMiie tho btegrmJ fmm D tn 1 

f* 

by liie eK|Uiit40fl 1 /{^)^ = ^ | {2't* ^ D + whom l\ =» 1 — 

Jq n— 

Thin if eftally vpriilad tp be lira {i“* + 2“* + ^ . -h l.e, |p m m otborwia® 

obviDLH ^ra the flguie. 


(ti) Let/l;i) = 1. (j iinktlcuiidj: 0 (ai rhlltiniLl). This funetiPh U«a i. iJiriDoiiLiiiiiity 
ft ei^ary polnl of (0+1)* i-v- it ib The uppf^r luiel ttvivor [tiemmin 

ietfigr^ «* 1 ftwl U* Tespaotivnly* bjuI tlw funntioti if nci^li iEU<|£mhle (K). 

5.43^ The {^4ffU£ tnieffrai and Jf«sd#iimA^e Mom gewinvi dt^nitiotiA 

of tbe dehnite integnl have been given thnl'i apply to CABOi whemp tm in KLiaiupIe] (ii) 
above, the Bjemann IntognJ d-cna njot exist. The moat imturtomt of thsM rniiii 
B theonHdcfti petni tjf view ja that of the Lebagus InLDjgraJ, fnr a ption of whbh 
it is uisoeaur^’ lo intTod^ee ths nntiop of fluoanm^/uar^ion. 

Suppose that. fM ta l^mnded in (Op b} | then ) i® to Ejo a 
AiiiatluD ( boiiiKled^ in (at b) if the act uf p^jiuta of (d^ for whieb/t^f) > -a if measur- 
able for iJl e. Denoting thia of painta by ^if> deduce tliat the netfl 

girtti by (0 ^f< (ii) oh (iu) EiJ < c) btp aJeo moiuiambln. 

For (L) K{J<, <1 bfnng oomplemfntju^ to Mif> fl) ift mwiaufabici. 

(ii) ^/:> a - ^ ij(o - ^ </< e - - i-j). 

(» -• 1, 2, 3, « ^ .} aad thorefons the apt cm the light k mouLUtable. 

But J5(o ~i <f<c} = E{^ -l </< c - *) 4^ - i </< f - i) + . - - 

+ — - </< ^ ^ - I anid tltaref&re £(c — I < / < e) w meeKiii- 

' ft W "T i- ' 

able. 

Now Eif> c - 1) E(& — 1 </< «) d- Eif = e} + A"(/> «) 5 and thomfcipB 

S{f » £) ii ntoasumblQ, so that £{/> c} Is mmiiumlilv. 

(Hi) Eif< sh baling immplEimeutaty in E{f> ■c'] is slici moiifiinil^le- 
In the above WB Imvn naod the fnndnmental theorem tm «ets that the mim of 
a Gnite number (tx an EnulnnraliJo [n£nity} of meJtfurable iete in meAforahle* 
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THE r>EFlNlTE INTEGRAL 

Tq d&ficLo thf* InlTfJIfal of/[ar), aaEfumu tm a buululHl 

kBId funotida wbiwc Hppcw and luw-w hnufidi In (tf, aflf jWt w mp«tlve[yi, DiTidu 
tbn InierraL {m, JU) of V m-mnil of lh« tinw paniUdl to the i-aifa 

S’™” j 

^ "0 i If ’ 6*l ! i' ‘ -5 If = 



no. II 



Fill. 


Funii thn- Humj jfe'i,, jp, whert* 

^fli — «> + (ifl - + (Fi - + * ■ * Hr (if^. - l)p 

*n " “ o} + + kl - + « ‘ * + (Sf« - 

jf;,L)i fr U» ij * « I wjp Bti tJiB& jBp, — £'{jf ** !^h)< 

Tho two fiunifl sxD tbe lain^ of th& r^t«j3g1ee in j", wbere, in 

Dcdcr t£h nmk« tBd dofinlLiuti cloori f{m'^ ii t^ken tn faa ik £.myjiUfmi fonutlon of & 
BimplD type. The litiMtratiusi in fliOjefOT& for Lho lypo of fiioctipn 

whiofa pCAiesWB q. XAbengnD lllUzgrttl. 

If further poSnln of EubdivJuon lire IntrqdiiDKd^ thn i-offtsponding wiifi ^ri j* 
obvioEialy < and: tJiis cerndpouiiiiig Bum ^ i ^ if thti iiUTnlM!r of 
flubdiviaemB tdcdn fltwwlEly to intliiiLy ill some *pwjji wq.y. the saquBaoH 
b«ng mtmotonio mufft bond to limilis. Jn pArt.icrulmTt if n tcudn to iu^ty in cuoh a 
\ipiy ilutt. mtuc(ff+i — iTpr) tciida lu iuro, tend to limits 3^ * respoctiFdy, 

Wo Elan now proF& that ^ = a, liui fbc this [rtirpow w? eball obtain MpKaiioaa 
for ^^1 la a more oonvenkinti (ond mom niuid) form- 

Ut f < [r 0, 1. . . (» - 1 ) imd * ^f/ - 1?^, *• if); 

Then ^ iT^+t = «t/> fr+l) - (r = Or ip ^ ^ ■ (» - 1)) “d 
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ADVANCED CALCtTLUS 


) -s whwe i ™ un fj,,+i ^ 


Then d _ m<irj} + . . . .. s,(s,)J + . , , 

+ j^«-i {™(Ab-s3 — 

- + iTiNetl + ■ ■ ■ + 

B. 

-- “Vp-H"(*rJ lo be - ,MJ, 

0 

<*«• *» - ^- . . . + V,t»*fAV) - + . . . 

+ -1 WJSii-l} — w{iVH + 

0 

Thw 

0 u 

■-: — flj, uadi "Lhortfc^re dip Umiu of op: «iqmil< 

If the oomiiiuii limit bp d^ncit^L hy h thm the i^^ut liti^d ut/{^} ti-m- 
A) is dc’EnL'd to hci- 

Also, ft may ho pfovtti bj S molbExJ uisIn^tMis m t hut iiapd iwr the EiDtUiiUn 
rntpgrel^ thftt the viJue of / is the mimo fot alt of 1 iw pointfl of tiubcEiviiiDh 

provided lenda iu bottu 

It may bo of somo intei^t. to jneation hctri «1.ihr:iiii proof the ra*an properiion 
□f tl]^e Leboei^ IntetP'jd. 

til* liclxHguD Into^ i* laora ^eoeral thiin llie liiDinonn Inte^Fril ami m^ 
flsisl v^n the ildemiiiin Intc!^ dme not i^aU Thus Uyif jjJ ^ I whofi * la Irrmtionil 

“ 0 wtrtao ratinrjftl^ iho l^lolnBJin Iikte|j[raJ J /fj[i)dj* dix% not hnl, 

the Jjvhntguo Integral as obTkrtthfy oqujd Ut (b - rj). ll may Im? proviwl 4tiikl. i^hen 
l3ae KictEULOii Jut^ml exurte aim does tb' IntLgrnJ and l tlr'ir valucH are 

0 (|ual. 

The nuzoinire of a net of pointii mo-y hr- rxprt^ied oM 4 Li^NwiruP In-U^TIlJ, Thus 
if/(a^) ^ 1 Olffir a nt £ and/fi) 0 olacwliejp, theflJ/i|j>fx whnr^ K Lh within lUt 


interrol (a* b} ja obviously equal to Tllie futtrlinn /fjJ) im cy,|hi die r-Aonxi^far^ 

irftc-fixation of the art 

Mcaatmahb furMHlODl ato tbpcofore more genoni than the rlau of funetiOJin that 
are inipgpiblp {Bj, and iadede eJl niip.h furuUleui!. If f, ^ arr nii^iLPvumliV no aha 
^ f ± ^ *nd f4’ AJjto if^ ia 4 nequenoe of mensurable funetiiTaa I hilt U^EhIji to a 
limit/tiw limit ia ahni mtwwurahle; mil if the limit/ iI^ha not esisT,, thr] upper and 
loTft-er limits o^/f^ oire mcaanrahle. ‘'rtiilS not ealy are oontdiiUOiia futlDiicma lur^er- 
able but jiliwi oil ifaoM funoMonfl of analyttis that an^ m ihr- \im\im (when^ 

they exiAt) of contlimuiiB fmiDtiana. 

Two funotiona ihml ora equril aInKwt rveiy^whcre (Le^ e;rrtfpt at a uf rtmrtaup: 
wro) hjvve the flame LebiHga? Integml; md tbcdmivativc! of iJie l^lTraguo indrJinite 
integral of/fj?) is almoat ra^erywhore rqiniJ. to/tssj* 

lf/fl{y) ia & benmded nqeenw of mcnaiitnble ferngtions (i.e, sut'h that |/Jsr)[ < Jf, 
■J4 n, where t is any point of Ml Intofiroi), then 


^ I*> 


a 




Thus if the acrioa is houndedly Dtmmgmi (i,e. estioh that (x}\ < M 

for a|] n) then the mi™ may he mtsgratod tertii-by^tBrm. 

The meaning the Lebe^ti Integral may be extrnidEid to €mm where/fa) is 
im unbouiKli-d measurabki funetjon j and thd lnie|;i:als of such functtoEis, if ijitograbla^ 
iuive slmllsjr piopiirti« to thoM of hoLiiKicd fimetions. It fuay bo shawn, for 
example, that- if |/^f 3 r)| < all and nil ± ip the interval (tbo fiinctJum 
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oooopmiMl beiii^ oiid lli« ooiMlition» 1»efng Mtisiied Blmcnt evnywi^ccfl}, 


Hum lim I = | Iwi 


Sudi prap«ftli» uf lUt? impnrMLUrqt^ uf tAh«t&guc iu^oigj^tKojn 

iu i jmd wLiiM it i« true- Hi«t fnnctkm ih^t iBt^gmble {R) wUI 

uiuuilJy bo fumul AdtH^iuito for tbo upplicMitinnii at iHAtbfunAtuUk thp multir 

whiob iiiiLuy liiulllng (KKKMMefl *r 6 vftlid ffor oEauipL&p tUo mmlitrii™ mider wtBab 

i:i/n{x)dx ^ i2^^{x)dx OT f ijfix, = ] tr/C^T* «Wal ^ < 

i&ro filitaiiMsd man AALialacUvily by ibe um of iiiUigi^tian, Ldt^A§m^, 

Ij^na mir la rrfj^tvht, i^ta ^mmUiVfM^ Pprw 

5.44r /rt/r^dr An into^^l \& 

Infinite {or Imprf^r) if eithor (L) there iij rtt leawt nm infinite rti&- 
ftpatinuity in the mnge or (ii) the mngt* b infinitei 

Although it h iaor« iimtul in firsetioc to dlstingubh betweea these 
liiVf> typea of infinite integmlKH they not theoretioally dbtinot, for by 

fluch a Eubatitiitinii jii^ n =-wn <'4n ronvert the inikiitc range 

j: — n +5 

{a, ocj) for X into the Halte mnge fo, ftur u, 

iVei^ The ruk for cHoiigo of i-'oriablD (cir Inte^mLiuii by Mu-te) 113^3' eaidJ^' im 
f^itended to appJy to Infinite lotej^mlji (i^i fVn* Mtmftmtkfi, but tt 

Ahcruld be aba^vecl tbat whou a chaiiife of VAiinblt in mEid@, the q&w integml m^y 
ho finite. 




(J) 


Cr 


<te 


(>n 

;r = ^ nut St wc iLud t. 


L.u-\i 

f'__ 

J^l - 2 i + ^ 


du 3 wbf^ro u 
tnOD Uu (2«c 


arc ton f, iH^ 


1 } = i- 1 ^ whem m = */(* -h IK 
0 


dx 

1 r ■ ■> .jHi. -hjifl ftn iallnicy in thr iFitwnLnjd at aj =2 2 . T a kin g 

J + l>\/(4 - i*li 

f" <ra 1 , 

ii’^i J„ 1 rariiiO - 7 ^''’*'" 

When (lie limit milienteci by the integral exbte, the ktter b i^aid t<3 
Im 3 c<f}ivt^fy^t ; nuiJ when the iinieftnite integral b known, the convergence 
miiy be eitnbliiibcFl dirfftt ly* 

A'jyxmpfftr. t^j I 

Ju 


Hew f x&-^d£ -An- e-*^l + ax} ] whicb DcrafrKgM oi f — 1 ^ co onJy whan 
Jo ^ 


u > < 1 . 

Tbn» I BB-^irfr = (a > 0). 

Thu* tJw Iptsgnl k tim a(- *i)V _ J|<- l)l + 3 (l -* (rgi) »B. 


I 














m ADVANCED CALCm.US 

lim (*-£V*) = S (•>(}). 

JdV* ■ 

J^vd- ^ - 4^- 

f*) [ ilogard^ = lira (- i — ia*lC(g» + J«»J = — i- 
J(i >—^ 


H* 


tvij r »i 

jt) 


ids'C'log Bia V dir 


r 


Binir IpgaiQ^tdir ^ -f 


J ain V *** 


I.C. 


r 


— QQB X X + Ifig ton (iff -f DC* Xp 

AUa xlc^Binxffz = (I + a»«)lQ|ECCW — (L -- i!oi e) ki|; dIii 

+ ([ogg 

aSi-tw (1 ~ = li* + Oir^} log hI£i Jc • kigfie + mi ih^^iroro 

(1 — coaf)^l[]gsbi|iE;—h-0 Hcoe ^0^ Tiw Ti4iw cif i-hfl 

jg; tliBrafdrre ifLog 3 — I), 

S.4S. Princij)(f { Value of an Infinite If t r k an infiiiiiy 

rc — ri 

(if f[x) in tbo iiitarvat (a. t). t.lie iLmit I + /(^3<tc muy 

J * J P-i r. 

not Kiist when Cj* e,{>0) tend iiuiepisiittently Ui ischj; whikt; tlii! 

I 


r — f! 


limit, may tniijt when in Bomn function of Ci. Tliua if /(*) ■ 

ite vnluB would !» liin /log^-- 4* whioli does imt eslnt, when 

\ (!—n c,/ 

Cl, fix tend independently to sero. If liovmner = i'e^ {k fistti), ite 
value ia log -|-I(Sg ij. In puticukr if (ri=fi, tlw limit in 

hig and in called the Prmdpsi Vaiue and written /'| /(afiAr, 

Generally then if * ■= Ou (3^, . , , 0 ^ are iniinltioa witiiin (n, 6), 

/>j f{x)dv: = lim II' '/fjrhtt + ^j|^+ 

H'bcn 4fn p p —> 0 tmi 4 < c, < Cj, * p . Pj« < ft. 


Kmmplr. 


i; 


JT* - fla;* + *- I 
I) 


dg. 


illn 


lotegmcd J.^ J 


m iilt *mt. 









INFINITE INTBGBAIJ5 


m 



wh™ it < 0 < fr < 1 


a < 1 < ir 


For yth.e'r voliw of ii» £» ika in noi in^nit^p 

5.5* Cofivergenize of lEilinIte Intcgmls. When tike iiideBnita 
1ft JiQt known or is mi mftily detomunjed^ tiie eonvergCB^^ of an 
ijit'mitts integral mh. y someHmea be natablishcd by iliract coiDpaiifton 
with [L known infinite integral (of poditivc intPirramd}. 

J.SJ. Coni-jutfrkctii Thf^yrem for CmumgmiV of 



ja con- 


vnr^£,^^rrtp then J /(sj?) b* Liotivefgent. This follows isiiineilifttely from the 
ftKini delinitdon of no integral. 

Hero we EOp|>o00 tliat it may be — co »nd h may be + oOf 

jYofrji. (0 U ii iraAliiient fen" di™E cDid|Hrb?ii lii 4 i±/(*) sHuukt be of c«Ht«irim^ 
in Llie ItciItthViurhr^ at tlio si^niGHilll vaJiim of x in tbs ii]t 4 rvB.i. 

Him (r») if I ^ e in a dusTentinutty at ui intemiU pointy we ii«siJ uJily ccmHiiiloi' 
ilkB iwighbiHurhrjf wl of * * on imth lidile*. 

t>bi 1^ >1 * 41 llio diwntiniiity* HhimliJ DUiwUler tJta ufii^hbiHirliciod of 
1' -• a 4HI riQhi. 

( 4 'i if ;r - fr Ia tho dihx^ilirLUityi wo dJiimU takn the itfUglibonrhouii at ^ tt 
tin th f. liJ^L 

fd) If t LEi + i», wl" f bould f^^oAidcr only £ar^ piMiiim valued of aJ, anJ 

(e} If a id ^ oa, Wu dliould ujen onky Iof^. tbe^ivt valuer of 

A^buh^ BimDQ the clmuj^ of Vftrifib^o ff = z* — £ tiToOftfotV S = ■■ = 0, ouui- 


parffit-'U for eonTra^p^citiLio iICKkI only rdfar to tho nnigbbourbood. of ■¥ aail of 


(U) < 0 throUf^utll & ttftigh >miirlfcCMid tlbs nCiuipofiaoii U^t-B Pf»y bn applied 

flii) Tke Becesaacy KELd diii!iol43Ut dcindlti^n that jihuLLtii be ■oonvwganit 

ii tlLftt, given e# any poaitivo nu tuber howeTer amnili. we con find a valuu tliat 



\F\xt) — < a Ccif ail *1 > ; (wh™ F^J^) - flx)dx), TIub is precinoly 


Lbo neoossary 4 vn 4 anfficient ttinditiuii ibat aVieuM tend to a limit aa ijc tendfl 
Od -t- op, A eiTPii^ DfieGaEflxv uod iuMeienti 4>n'rLd.iti4>n umy bu JEtamod for the o^bei' 
tyi» of m(inLt« inte^id. 

5 . 52 ^ Ah^lui<^ (JontvryefW of an lafinUo hiSt^iL Since 



integral h then aaid to bo absoluld^ A auiiilHLr iefliilt limy 











ADVANCED CALCULUS 


IM 


be obtained for ji'/(s}iif nnd for ^ /{xyix wbea there ib n duKontiiiuity 


within the interval. 

^6ch 


Sxttmpic, 


1 ^ (“T—^ n *n«i — — i^ni (liJgiK 

J D r—l-tl ' I ^ a ^ i ^-SN 3 


Thm . — lb cHmv«trg9Dt if ft < t; fcbflrcfisf?* nne^ 


M# 

a:^ 




intqgnU 


fW 
Jo ^ 


dx lb abaoLutdy cion^ei^efiL when < I, 


5,53* Pfaiiicftl Fomuir of ^ Compangttn {Pn^tlttv 

InUgraitda.) Let/fjt), ^(x) nnn-nci^atjvf^ fMiu^biSJi. 

(a) Cm^iergente : 


roll- 


fM ^ 

If < A\ (if bir^i K ^11114.*^ i'uuFil4Uit > U) iiiitl I ii{x]ilx ii 
vei^edt then j" /(at) is <!dii\tsrpetit^ 

r* 

^ ^ ^ when X —► + m fini] j ifi I'tinvor^nt 

Bu al»(i iji j /(*>ix, 

For if t, is any filed number > i, /(*) < far » larjie. 

{5) Divergence : 

f{x\ f* 

> ^ (»l*«Ke, K finite conatant > 0) and J s(x)itx k di vurf^nt 

then J fix)dx. U divergent. 

fhufl. if k (> U) when z —► -f" ® *nd j" .4(x)db; ja divergent. 


ao alao ie 




For if is any fixed umiibar fliich thm II < Jt, < k, tlieii /(z) 
> ^ g(z) when z ia large. 

It foUowa from the nbovo that if/(zj = j(x) + ef^z}) when z in huge, 

J* /{x)dx converges or diveigea with J jf(z)£F. 

Similnr resiilte may be obtained with anitahle modificatioiiit for other 
Eiignificant neighbnoirhoodi. 

5 ,Si. Thn CowjKiftAOfi Iniegroi^* Cbnaidfi^jr | 







IfiS 


INFINITE INTEGRALS 
If a > 0, ^ < d", when * ia lar go (nil w). 

Thu* J <J dt, (c lacfs}. 

f* 3 1 r'^ 

But I e"^“dic= t* i.'onvergaat *iid therefore 

convmgea. 

If fl — 0, J :(* dx convwgea when m < — 1 euid diveiges when 

m > — 1. 

If 0 < 0, x*** > e)'‘^ Ix laige, nil »n) and sinee in diver- 

it follows tlittt j" dx diverges for a <; 0, 

TliiiB J '“dir o^nisergeif fw fi > ii. *il( »h umlfw a -= 0. < — I 

hut ^dheruij^^ dwri^. 

(i) Cotinider J jp^ (log a;)" ir, 

^ ^ ^ aod the integtfLl booDioes r 

'I’hua J s'" (logs)" dxconverge* for m < — 1, all b ,nndfor m — — I, 
w < ~ 1, IiMt othermait diwrgen. 

(fl) Goneklor J s* (*>0). 

1 f" 

l>Ht 3f=i and the integral beuoaiea J (bg 

Thus j l^lpg dir eiPrtfiftjfti /or m > - ). aW h, artd/fW' m- — l, 
n < — I btil MtAerwiitt' difKrgeit^ 

fJofiiipartiHBi Trrtit for Infinite Inlegratt. {Positii'e Intafntnda.) 
If/(a) < diT'V"'" f« huge), then f{x)ih convergaa with J *"**""■ da 

uhd if/(!if) > /lsr"V (a lutge), then J /{xylr diverge* with J s*'^e^'"dx 

where A is A )»oaitive Dumlter iDdepcndent of s. 

Thus if/(!r)/jp’**“*^)^lciidF$ to n poailive m sen* limit when £ tends to 

CO, J f{x)dx i^onvei^ with J x"'e“”-’'dx; whilst if tends 

to a limit, J* f{^)dx diverges with ^ 3r“fl’’“otF. 


J 
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ADVANCED CALCULUS 


Siniikrly we conipafe f{£) witli vfhm m is largp or 



if t|w DQbTi^fi^lKr of impUea thul of 

J™_/f;c)<f)c z bat it I* oat trap ia geoBfal that tbn of ildpllrt 

that of K how^p /(:t} - tbo divofgea 

(or wnvo^gw) with whm i> 0^ 



4 i; = kill /{^) =x*“l^ -f- o(aF*~ 3 j; JntiFgfiiJ i.'ubVcl^^ UieTfl if a >■ 0 md Sa 
otherwiw diTfTgw^t+ 

Near s =* •*); into^ml otmvjjri^es if c* < «i and. ia 

othorwlBe divugetst. 

Thus thff integrtl only rf < a < 



Near a = os, (1 + 2 »ch x} < £ lA^h * <! 4^ p thcf^ore tbo inLrgral 
oouTK^en aince conym^- 



rouTingn absoilbldy whcu a > » ]. 

DifferenlfaDon of F&oJtt^ DcflnU^ llltegraLfi^ Let F[Xt i) 

be a oontimuiiil functiqn of both vatiEtblea a podiseasiiii^ the notitiiiiioDB 
tlerivativea Fj^, which are therefore oquaL 



Then / = f «))d^ = m 4) - fi't. *) 


or mitingoe} for we' obtair* 


f^r ^ i 




iwn^nt of nK 


1 










rNTEWRATION OF POWER SERIES 


1S7 


■in that. 


r* 4r » 

Js 

. ..- . . , r* - ^ I**, i " 

On difforwitwUn^ wn hml ^ 4. —^ * _ — 

f* Jfa a + 3 
),(«» + **>• - 8n« ' 

, (fl > U, |b[ < o]. 


[n > 0}. 


dx 


i/(a» - 


iJHflTrTOni.iMian with reEJird I* fi uivea | r—. , — -f- = r-=-rjri -atwl 

Jo(® + * ™ 

dLHi!rcrt[*ti«wi wilh f> * givn. i*ji' 

Not 4 ! 4 * fi) TJw *knn'ti pn^ma wiiiot be applied tn ii^rtUm inie^ndi witiiqyt 
rurther jbodliciitiDii. llio du9euji9ir)n dL thia case m gtrm in XI, If, of 

QotLiw, ihe uMinlinklci ii kcvorwn m m EmttipU (t) aboTo, the viiiu? of Ih# 

iuilnite intc^^ may be aU^oeil hy a UmtUiig prcweiH. 

(0)1 We may almilaurlj cibUin a ffunnitlft for t w-ith neapiscrt a jHimmeter, 

but ao UBtiTtJ purpoie appocim to be Berreil by eomidenne encb a humula here 
iMioakiie (u) the iiitegnilfl oi^iMirrmg In praetic^ am utuolly mfividc end (Aj a fcpMEed 
lA i\fum licit ex|iri»i»m! t» a d^^uhlr iWoptnl 

5.7. Intcgradon t>f Power Series. Let 

^ Os + + . , - + . 

Aiiil let the radios of cont^ergenoe of the dories be S. 

Let Xi, Xi to tbu interval^ be saoh that 

— fl < af, < aft < 

Let afi <a^t atid let a lie lletW(^erL the greater of [a:|[, [a^| and R. 

Then 

+ 0*+#*"+^ +...!< Jo«+i| |a!*+H + K*sl ta!*+*| + • ■ 

< + K+ek^* +. . . 

But Hince /'(o) ie abeolutely convciigeiit, we can n, sucib tliat 

+ * ' . < C fof nil n > «„ 

n 

i.e. < 6 fnr ail » > »» and for ulf » in the interval 

a 

M 

< z < {h. bflinf; iiicIcpoiiHcnt. of *), i,a. F{x} = ^ wh™ 

pjPj ii « 1+1 _ ji tt + l 

Iniegratiag, wc find I =22**^- 

jP ft 4* I 


-I- n, wtero 


1^*1 


= || ’A<fir| < e{#, — Zi) K» that /4 ^0 when » ^ i-e'* 


I 




Li 
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.41)VAN(;E1) (^VU‘l?LUW 


f-' 

In f»articd]ir J Fix)ffj' = -f 


+ ^W7i + . . * (]j:| < HI tbf? 
r 5 


radiiiH of convergnnpc of thiE last i^rioi!? kIho R. 

ii£ii>> nf tlifl inieg 

lidi (a„p — a. 

iV-Sfll ^ 

. f" 

= /{ iii J A iimllKr 


NoIkm. (i) Thiht thfl nuliiin nf oogivpi^iifin nf tlia iniegmlfH] noHoa ia iiIbd R ta 

VBtlfinl by tbo fact thjit liio j )* 

iU) If iliii iDic^mtni «ric# bI s ^ R («?v-s!ii when th* cif^pnnl wie 


diw i»t)+ Abefft Thtwrom ahcwTa Ita vaJufl fcir k 

mult hnldlB fcj^ x « •>- R. 

S,7h Thr Expintitm of h^[l + %). 

— = \ -{-X* ^ when jjjj < 1 * 

1 -|- a? 

Therefore log (1 + x) x — when |jtiJ <1, by 

integrating frcitjk 0 tri x. 

But the fiaTiesi on the right eoiiveigea foi x = ] (but not for x ^ — I)( 
ie. log {1 + i) == X — jsc* + Jx* - -h . . for — 1 < JT < K 

5,72. T/tr Biimm'Uil Srrm, Let 

- 1 +<^+...+‘“* - - “+'i"+.., 

(a raiih This, the Bimmial Setm, vonKwleTt^^l here fiar eonvenicuiK^ 
ultliQugb we do lint lurtually luie the Tiietlirxl of iiiteghition nf Jieriei^ to 
find ita value. 

neiiotiiig the eueflldent of ^ by a^r we havi; 

-?"-| ~ wlitrh —►! wdien w —OQ {nil 

+ |fit—:n| 

Thu* uni/y 18 the radiiig of rf>nvergien<>(?. 

(o] Wheii f Ez — the temiK are ullimalel;^ nf the and 


KLune 




] -f ^ +* + 


(5^1 j, (n large), 


tin; mnm (8 cuo- 


n — a N 

vergent for s — — 1 if a > 0 and otherwipa h di^'erg^iit. 

(ft) When X = -J- 1 , th^ terma are ultiiimbely of altemato Bigna anti 
tlie seriea (by Lcibniz'a Hole) ciotivergjeB if the ath tetrn l»i?nda to ificro. 


Now (i) if A + I > Or ^ > 1 h sfo™ bill 

a - * iia 

] + a{> 0 ). 




J.C* 


^ I >('+y {‘+ srri)’" 

> 1 + Jtfi + —!—, + . , . + —=-i\t whuTo m (< fl.) ia Uxod, 
\m m + 1 n ^ IJ 


so that »_ 0 afl « —»■ oo aujci; ^ - is ilivetgeiit. 

M 


















INTFASlUTrON OF POWKR SEKIFS 


im 


(ii) lf :t= ^ U 
(til) If K + 1 < (I, 




i. «« 


== ] + 


HO 


W + 1 

/J= - I -a>l)(n >i#») 


L ami the H^riGB -udoUkt^!^ riiiitelv-. 

^— wllPlP 


fei=(-™ 40 (-^)--•(■"S 


>'+< 4 - 1 + 42 + 


...i) 


Lft, |8,| —> CIO wiien »t —► co, ili«f series oacillatinn itifinitcljr. 

TIiub the HerieB rcJhVCKiiW for C s -J- 1 if at + It> U but otherwine 
IK not ooiivei^nt. 

Now = flt Hh *(* ~ 1 ^ -|- . , i ffhftn fi !»• 

luDgH to the interval, 

i.e. (1+T)n^')=*J’W 

«fa -- U * • • (a ^ 1 *(« - I) • ■ 

ac^ct ^ 1 ) • • • (* " n. + 1 ) 

= , . - - rtf ' 


HIlHf 


Nl 


Hcj that ^ {log jP(af)} = -—;— or + at)* where k » iniloiwn- 

air 1 -|- ■* 

ilptit cjf X. But = 1 , s» fchttl 

«{« — I) 


I +«; + ’ 


1 ^ 


, , = ( 1 + 3 !)* 


the function on the ogikt halug definiHi as aoiil the result IteinK 

true for |z| ^ 1 , nil «; for z = I, * > — I ; and for at = — 1 . « > <t 
111 partiedar therefore 

«{* — 1 ) a(« — 1 )(* - 2 } 

“ af 


1 +a + 


ai 


' + 


+ . . . = 2 “ (ft > — 1 ), 


, ^ 1 ) *(ft 1 )(« — , 

^ 2 ! ft! + 


li (ft > (i). 


11h 3 lUcpAJudon ts cf onunc tnm ^ ufif x j£ It ii 

5JX The Expamims Jfft ntc Uv/i x and Aft) sin x* 

T-r:3 = i -** + **-. ,, if 1*1 <1. 

InUigratTon givoa arc tau x = , , + for \xl < 1. 

Byt the wrie^ ott the right convyrgtsH for |4jJ =1 (by E^eibyii'B Riiie}> 
The ex|xiiwsciii is therefore valid for |r:| ^ 1, 


t,e. 


4 


J 
























ADVAKOED CALCULITS 


(I 14 

Iiit«jfnilj{iri j|^V«« tla* reirnit. 


whm |»!| < 1 , (<i 5J2.} 


HIT MU * = ai + i ^ -t- for |a?| < I, 


Tbu” 


],3 


1.3.5 


I 1 J I .ajv _ ■■vuir I 

2 “ ^ 2:3 ^ m "*" aZKr ^™ 


5.8. The Area bounded by a Curve^ Let /(a:) > 0 m the interviaJ 
d < £ < A. Sktoe tliQ deSiiite Integra] J k st. uumbM Ijiug 

H ft 

bet.weeii the aums and ^ 

i . . ^ 

conamoD Hniit of these suTOs^ when this eickta (§ it gti^ea a natural 
debfiitiuri f»f tho imAl^rPire of the iirea bnuntlwl by 1 / ^ 0, y — n, 

X — k 



PI N . K 


111 genem], /(irj inrty havi? liutii aigua in the interval imd thvi* the 
(le&nite integral gives the sum of the magnitudes of t he attneia a hove the 
j;-jixiB leaa the EFUiii of tliubjie lurksw the axis. 

iVdfc, Tlio wtiwi ‘ Afm * Is nrk?d for 1 lie uieo^mre of usi urea ivhdn llaf!4M? tn 
tin ILkoLibiJOcj of rLinfuRlf^ii, 

r 

/(*) - - M{*^5.+ 

TbaaUx) - + *-15) P. 1-71 , . ,< = A,J : /(a-») = |g?ft 

*IM0 . . .(= /{a?5 = =Ai - J,+ Jt„ - Jlt + , , . {Fie.S,) 

5.8t. Approximate Integration. It is iiniK;itant in tiertam raHOti 
of pncticAl intemit tn tkUrrinino h defiaite iotej^l (i.e, an arm or 
guadratuTei approxinuitflly'- Approxinuito methods are requirod when 
/(j;) is given enipirimlly by a Unite tiurnber of values in the interval or 
by on approximato grapli. The^y may be used when thfi indefiultc 
inteffral eaimot be cxpreHsed in terms of knuvn fimctiotis or when it is 














Ai'PROXIMATE tNTEtntATlOK 


U\ 


crmiplioated fot direct Tliey for the 

iipproximate detemiiintirin of the {?ofuiaati$ of ahalynia aiich as ji or 
Ealur'si cuutitarit y* fluppOHe tJieni-foTe io wkat follows tha* 

H I- i valnas are i^veii in an interval (a, 6) and tlia(, it is refiiUTOfl 

I'll 

hi find an approicimatii Yiiliie for 1 Tlifjai5 vdlinsi need not be 

equuUv Hpac^d, but tffce pjHUinptiioii of equal inbvrvals simplifica same of 
llio reaulta. 

S.S2. Finii^ Dijfarttmi. If Jvtsd is ao increment of x, 

tLeo AffM the eoiroipondiDir ioorement of jf, ia /(x -|- .-Jar) —/(aj) afiid la 
th^ first fin^e nf/(x) with respedt tn tbe foereni’ent jix. 

The secofttd dife/vnrcs la 

{J{x ^ h 2/lx) - /C:c ^ ■ U\x + 4x} -/(r) ] 

ho, f{^ -H “'Ij:) — 2 /( 2 : + U) -h /tJer), aull Is ^rritten .1=^. SililitftTly wt: 
may obtain the thmi und hi^fher differeni:e^. 

The operator F iji definesi by the <i:ii]ATion —/(a: -f J 2 ) and 
i.herefnre Ef[j:) — (1 + .n/(Jr) or E is eqiiivabnt Ut 1 +A^ Tliua if 
Hf^sunie At to be li eon^tjuit iniirenientt any of the rorm 

4iiE> A\f(:f^) hsA an ohvians inle-riircdatiou when ^ is a polyfiamkl aith 
ernifttNant oueflieieiit^. 

Thus i^=f,E- D^ff =J{s + I \j^) - + :U) \ f{i} and jjen^r- 

c! rally 

^{E If jj =^ f{T -hfidir) • i^fix ■)■ (« - 1}A4 


ik 


putw — k) 


1.2 


i/(x. I h.. 


Now let the iiitnrval (rt» ft) be rllvidwl inttj n equal part^ by the points 
z^, . . ., where a, — ft, ho that ^ ^ A (r =3 I to fi)^ 

where nA = ft — a : aWi = ar& + rk For simplicity of statement take 
th^ origin at. 2 : = and let. h t.hn unit, of the x-aids- Let the oitbiiatp^ 
ujrtespondkig to iTi, . * bo tfi, , . reapccdvely. 

Wlien the valnes (►f are given an in the following example, the 
Hiificcsaive differenees are easily l abiilated. 


M 

0 

1 

2 i 

1 ^ 

1 4 

’ fk 

' 

i ^ 1 

S 

l> 

y = /(!r) 


104,4 

:!sni+! 

! 3744 

laTs- 

4"lMi 

4KI0 

i 

' 3D1M , 

1 

2430 

iE 



i 

(ert 

Gill i 

1 3;^u: 

- m i 


- 

-^4,10 

-3ft4l ^ 


-m 

[-ilo 

- JIM 

-302 1 

|=.4M 

-SHE! I 

-77ii 

— 074 

-1202 

i 


— [Hi 

k^ 

-JIIH 

- S32i 

-IWS 

- lao 1 

— SUM 

-- 22tt 

1 



-24 

- 24 

- 24 

_ M.| ; 

1- ^4 

- 24 : 

24 





U 

0 

rj 

0^ I 

i 

0 

1 

1 




n> 

-mi 


In the ubcivci any plaee in the table of diflerencea is Meii up by 
writing in it the result, of iuibtrflpting the number k above it from tho 
liiirnbor on the right of t 

If J{x} is s polynonainl of ikgri^ m, tlien /l/(x3 m a poly Domini iif 
degree m — I, J“/(i3 h conjft*nt ami k zero. Converaely, if 

{n -\- 1) ordiiiares am given at aqxuil dMant^a upMi and if the (?» -h 1 ]th 
diferencee vanish [m < a), a pulynoinml of degree m can bo found to 
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pass thlH)Ugll thci v^n |K>iiitg, Thus in the abav<3 exiiinple, eiucg e* f), 
wfl may aasujm? t!ic polynoinial to bpj 

y = -|- fi j 

110 thnli 

Ay - + Rit^ + 4^ + 1) + + 3^ + 1) + + 1) + ri^, 

-h Ux + 14) + ai(ftr + 6) + 

A^ = a42ix+m+^^i^ 

A*;f — 24{i„, 

Puttinc: I = 0 We fhul 

34 flffl = — 24 ; atVife + ^ = — < 30 ; I 4 «a + 6u| 4-- ~ W; 

^^ + ^1 + «i. + tb = flWi: «i = 

froiu wliicb wc o3jtaiii j — fe* + 996 of + 99 l\ 

A niofti ntpid motltod of Dbtaining the- p^jlynornial is in the 

noxt jaara^raph. 

(Fitt El cci^ija^liCdUfiivD tTBBituiiiiii Lif Finll43 l.lia tr^k'f' i*IiiiliIlI rrjiisLilL 

Mdna-ThtHrtmnt Cn/f^iup ^ FinUi DifffnEiuiwB.} 

5.83. TA^ Pidf/mmiaL TJm pnlynomiiJ ntrvri tif lowi^l^. 

{t«g7«e that passes th70U[£b the (» + 1) pninl^ (r, (f 0 lu aj may 

be regarded as an approximation to the curve g\vm by */ ^ /{x). Its 
degree IS therefore < lu 

+ = + ir/w 


Putting j: «<1 in llliri result we obtain 

Wh s* + « itfit i*iy* +. ■. + 

Consider tbu followijig polynocmal lu x 


^’t*) * if« + **.),¥» + - '-1*^* 


+ < • * + 


j(x- 1) ■ . . tjr - I 1} 

wf 


r!f„. 


Whnii £ = f, its Vttliie is (f = 0 ti> h). It is tliErniforiD the reqliii^d 
polynomial, since it is of (lef^reo n. Tlius in the ejuimple § ■5.H2 aTmtc 
^(i) =. 999 + zfflS + x{x - ij(~ - IK^ - 

+ ^ i)(x - i){£ - ;j)(^ 1) 

^ 999 + yW)/- “ (Ijf* — 4*® — X* «s hflfote. 

Hxamj^U, find tlie quintio pot^nomial thmu^h ttHi potnta 

( 0 , 3 ). ( 1 . -B), ( 2 , - 01 ), ( 3 . - m (i, -WjOJ. (fi, - 022 ). 


Hem y ^ 3 

- 3 

— 01 -2*0 — fflio 

-022 

Jy «■ “ d 

- 60 

-ITB -300 -)I3 


4dV--fi4 

— 120 

— Wi ISO 


A*ff - - 66 

30 

34» 


A*y - B6 

216 



.4V I2^J 




^ &r - « 1] 

- IlSJfl 

- IH*-2) + 

-n^ 


+ J[!(I — I Kj - 2K^ — S)(« - 4) 


js* - a«j + 3. 





APPIIOXIMATK INTEGRATION 


163 


Thr formula fof may be usei'l for interpolating otLer values of 
f{x) aiul is called iVflusfeMt** Inftifpoiiilim Fonmilu. 

4M. The fimiT w the Merpitleiiim Ftfrmt^. Suppose tbat /{x) U 
eontinuuiifl and poesesaefl a derivative of order (n + 1} iu tho interval. 

/{*) ^ yt, + - 

— 1) . . ■ ta; — T * + ^ 0 . . . (g ~ 

«! * + l)t 

Theii/(f) ^ = •^ to a). If * some other value in the intervat, 

the above equation dotcrraiiiert f7(^) in term# J^ci . « «» ya.* t.on- 

sider the foIlowiiiR fiincliim of f 

im M-!h - f4vi. - ” 1*'/. - * - 


11 


1,2 

. ■ n f 1) 


I"'/. 


- 1} . , , - n>. 




n! (»+1)! 

wliete JP ia not one of the values 0, 1,2,..., it, 

ff(0) = //(I) = //rJ) ^ = W(rt) = Hifi) = U, 

and therefore by continued application of Holle'a TheoTom, 
must vanish for Home number in the interval. Rut 

=/t-+'>{£) - (/(i) 

Thettforo (?W =^/**+’(0) 

i,ir/(ij = + J'd'fii + 

+.., + + 4- 

tiL 

where ^ ~ ^ 

niimherts <1. I.w; nnd the rcsnlt ia obviously true when x i« equal 

to any of thesw nuiuliers. Thus the eiror in taking the polynomial as 

the value of/(x) is R,^. , < „ , , , i 

is bounded in the interval, it fotlowe that the error is less 

than - where M = mas 

(w + III 

£^itNI|^, ThrfnIlowiUK tublisgivos tJw tbIud of log„ iV from A = 40 lu 40. 

Find lug 40 I. 41} S.40 n. 

jV 40 41 42 43 44 

kig„J^ IltOaOO fll0TB iJltUI 6434.*! 

The differfincHi lut^ 

jia 1072 1047 1022 99e 

JV -S6 -aji -34 -S2 

Tlw third difforriiMi may bo ignored- 

jlj j y 

fT narijr ftarmubi /^J] = H“ ™ * -* 0'1+ 

logl«4^1 = + W107 {!) + (1) = 


45 

«5331 

970 






















r 
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BimilArly tn' takiiig x 

- iV2, 0-3, , 

p „ we oNuin 



N 

401 

462 

44>3 

404 

4a'5 

logj, .V 

160314 

64>432 

IKk53S) 

60KI8 

H074Jr 

ft 

406 

40'7 

W8 

400 



Je08a2 


fiinoii 

61172 



The errur due tu taMug tba pofTnamwl feir tin? fUiiciJwn in JitfjF — 

I jj j i ji4p-<i • 4 J.T > ■< 3^ "5*? ■44M;3 1'3 

where/far] <- lof!„(40 *) so that < jg»- 

The grpis-tcftt iniliie of 3?f;e — IX* — 2) liuit cKfcuiH ii U'^3^ [frhen ® = 0 +) ^tid 
iberefnre the error ihrofttgliout Ja < £1 x lit-^ iuid doeie pc>t liffait thi' iwtnif 
ITie tofnritbiii CouaiI abi^eo are aU oturorfi to five figure eiimpil lliriM fepr 4<I-S, 
whirh are ^Toug bj ewe unJt Iti tJiB liuit plB43e. Thu is dun te> tht^ foet llml tbc 
{pven logftrithmn aro nomsot only le> & plfl.D» And tlwt t^n*- uuintfc^u^nL ctrruti 
ID the dilforcDcm 

The iDter|iolaticin furEnuIa timy obidiiuidy i*(s wmd in Uid illmrtkRD. 

Thue tn thn eiuimple alxjTe 

k)g4* 5 - 1 65331 + fO-oK - &7fl) + 22] - I 

S.8S. Tfc Appraximntfi^ Area, If we hhe iiiterpoLitiDD 

fnrmiila 

/(*) = y* + + • ■ • 




from 0 tei fi we obtain thfi c!orTieflpoiidiii|; area 

^ - «». + y^jf. + (^' - y)-!'*. + (^ - »■ + 


34 






IT" 

;l af^# “ 1) . . . (* — 
Jo 


fw + 1)U 

(i) Let 11 = L ^d we fold 4 ±= A y^) — 

If the inierval Jb of longth A (•= k ^ aj^ an iuepcetiDn of tho dimen- 
siauR ahowe that 


or 


i, 

jy(i)rfi=- oKyc») +jm + * 


fr 


where = — i^(6 — B)y"(fl), 

ThiA in tli6 Trajjezoidtd Ride imd tna}* be uaed when the ciirv«v m n^tly 
Ptmight. 

If the intofval is divided into a eqn&l psrtg: and the rule applied tq 
enck part, obt^ 

I /(xjdiF = y* yi + ?! + ... + ys-j + ^ TTiiT^ 
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m 


(ii) Let n = 3 and we find 

£ ~ + 3j, + y.) ~ ’^‘''(9). 

ThuH j ^ + H*) — 

TtiiB IB Imnwu m the Rtjtic 

If we write (n + I) for n in the intcrpolatiotiL rormtila and integrBie 
ftcjiii 0 tci n wo cjbtiiiEL 


^+(i'*' - f’)**!/» (j»* - «*+ 

f ( i«' - 2«' + + ,,. + «/ 

wbere iif/ | ^+2 ]I Ib ~ ^ 2 ) ... (t — » — 

The F6as(»ii for taking the (n + IHonntJu is tliat, owing to sym- 
inetry, the roeffioieDt (,tr.l''‘^'y» is wro when n is «»». For eoeffi- 
ciont IB 

- - ‘‘X*'- ■•■«’- 

whom ^ = wt 4“ £ attd n = in. 

Also in ttiB dose* 


*•- (i’ii’r.^f- ” - 

md the inte^^ oo the right m sf f“(f“ — I*) , , , (l“— m^)di. 

in 

(jii) Let n thou 

|/(a!)«ir = 2y„ + 2<dy, + - ,V/"’')(0). 

For on intefvai h, £/(a?)d3r = + y,) - 




- —iVf + + 9^) - 


This is 6'TwjMon’# i^ute ; nnei if we divide tbp whpte inteivsi Into d!n 
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parts and apply Sunpson’s ttul« to each succwsive pair, we 

= “q” Wif* 4" S^i*) + + J/j + • ■ ■ 4- yjiii -iJ 

+ + * * ■ + .Vi4-i9) + ^ 


when* 


R 


2mn*^ 




(iv) Let n = fi and then it wiU be found llwt 

I "ts 41 

^=6tf,*ia.1y»+2TJ 


whe.^ R - - 

41 

If wfl write ^ 

- %* + isy* — *\v> I iBy, - ftyi -i- 
and aubatityte also for ]*/„, . , i, (‘tf*. it may lie veritieji thfit. 
{lt* + ffi 4“ ^ (ji b yi) + %j I ^ i4<i’ ” t4f 


Now Py, =/'*"tfli) 

(since J{r) — y» - * 1,V» 


jc(Jf - I) . . . {x M d- 1) 
-I if. 


vBiuahcfl at 0. 1. . . rt, and thereibn? its atb fJerivutive, vm. 
— .'1 "yu muist. vttnish at wme point in the intarval), 

Le, -dly*+yt4"y<+sfB+h(ifi4-yB)H|-%» ^ ~ l 

or I/(x>/x = + yi + yi + y*4-5(yi + yi) + 6y*} + /( 

where 


ft - - 


144) X 


a{fi - rt) 

aiw>">r 6 




= - (2-55 X 10-*K* - a)V‘*”(9i) “ “‘K^' * 

l.he coctRicL^ntifi bciDf; ^ven bo H Bignifietint 

Thi& is kudWd aa WtMM^ Ryit. 


e+i. 

^jww^r, Fifwi ihc *Twi iletmiiiiifid hj [ ^^{4 — (Tbq ciilTOl imvM 


bung fn H- v3 = . .) 









APPRfJXrMATE IKTEGRATlt^N 


167 


Hulu NiirnttfT 

Ilf Ordlnit™ 


rVfi^trtgc Ermr 

Trapei^DLdBl 

2 

. 

P4 

a 

3.. . 

2.1 


a 

. . 

0-fl 


7 

H-SliW , , . 

' l^3 

i^impwa"! 

a 

3 saH . - . 

n-13 

5 

a-BSOII . , . 

liui 


7 

s aaea *.. 

0^ 

Tliree-Kiphtha 

4 

a mi,,. 


7 

3 (lg«2 *.. 

0-005 

WcddltfV 

7 

3 ffiSiMiJd ,, 

, o-ooos 


3M. Tiw rw of t^jf!ndrr Pdtfnonmh. A questiup of theoretical 
interest arisen wlien we consideJ: the cvm of non-eqiiidlataPt ordinates. 

Lot tho interval lie — J < I ftnrt Jet the n oFclinjebtetfi bo ji, y*. 
* ‘ the n abwiisstue ifJi, Wa, , * Then a poly¬ 
nomial ourve tj - of degree fn - 1) imy he drawn thifan^h the 

th points (a ,4 U^t lu thercfijrir the i^rulilom of th^XiBing 

m that the raost- general polynomiiil of degree — 1) gives the 

(iame area as that givpn hy ^ If this ixjjynoiiikl be denoted by 

there are (w — « + 1} utidctenpinod coefficiedta idace tho ciiivt 
ff = miisjrt pfkjss thro-iigh (r — I to rt). fimw there are n 

mimbeTfl fif we i/an theieforo as^aiJine that m ^ a -J- I ^ n, i.e. 
fw =3 2a — 1- We rnny therefom write 

J + - If*) * * . (4? — 

Thc jirea <leterniiped by k the builio a« that dotomuped hy 

ff = f?a_i for QD jirbitra^ if 

r ■*" * 

I - I rf-r 

for all fKilynoiniftts 

If wo denote I* - «,) - . . (ir - ^rj by fso that ther^ arc -n 

arbitrary constants in we bavo 

and this integral vanishea for all polynomial if 

W-hn M vjuikh at j^- ± l 

i.ep ff«i^ innst bo a muttiple of (jr^*— IJ* and therefore ^ -i- ®it> 

are the root^ of the eiitiation 

y^-ir=o 

which me obvioiuilv siH real and dktinct. 

I rf" 


j: 


»» — 1)* ui calkd the Legendre Potjf' 


The function given by , ^--, 

HOinial of degree » and is lusuuUy denoted by 
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ADVAilCED OAJXJIJLUS 

■+i. 


r+J. 

J 




(i) II -i 1; Fjfzf = x; one on^nto x = On ,^ = 

PoifjiudminJ 4=4* Ermr 4^5 per o«it^ 

Hik hu Lho BIU110 kpouracy HiS uiy stmight Jitie through (0« 2)i 

(li) ft « ^— i* E #Kft oirimfttiii j = 1 Vt *• V ^ t 

^ — I V^3, |f, = ’ The peJyTHimW; w = V V ? 4 = V « S j 

eMf 0 09 por cHpt Thi* luia the aanw viilufv oa tlw araii dctentilniid tj anv 

polymmiiJ thnipgh (^± i^^)* 

(lii) Ik = 3 ; ^ ^ wfauii a « 0, ± j. Thu tliroQ ordiruitm vm ^ S* 

m potyiwmml li a - 


/3V 


^9 

" «v'i* J 


KTOT i« 0003 pa cianL 

Thm il- tbe flalilc mctmtacy lu that nf a qouitia tbmugli ttm piiljilH. 

(IrJ ft ■■ 4-1 *“ 0 whnn. x ™ ^ 0 - 33 t# 0 iil; njiii iho nmi wiH 

b# fbiLd^i tiJ 1 h 3-Si2i&l^j {cttitit 0-4)OMi pi^ cpnL). 

Owing tc the fact that thp rpaU cf /^tx) aro not qiqplp nuintwTB* the iiw nf thc 
poiljmomiat ia ndrti df practical ^alne. 

5.9. Definitf! Intergrals of Frequent Occurrence. 

{!) Pain ?TOpmw35 dii: = I con i?ix non m otr ^ 0 

JO J IP 

where m, tt are unequal pcNiitive iotegora. 

sin* mi lit = COR* \n (m knofi a [xp^itivr integer}. 


( 2 ) 


f* aiia^ ji diF f® Ar = I^ 
Jft 24.0 - 




iriji*i*+' xiii 


(3» Jt 

. *! 3' 

3 . 4->6 > , . 2 m 


= f“ ffaes’"+'4!rf*— ■■ „ - 

J 0 3.S.7 ii k . (2it -|- I) 


where n is ft positive 

i EMtnpliJ J 5^, SiHaiyple (i*).] 

(2mjl(3t»)! 


(») j* ^ 


sia*™ J) ocw** xdx = 


2*^+*"mfnt(trt + nj!' 3' 


j^* ain*"+^ *! TOft'* * dr, = J' 


CO**" ^' Jt! sill*** rfj7 
2««4! 


(i* + lX»+3K..(w + 3t« + lJ' 
m, n boiog poaitivo integerft, 

Thewe a3«^ bo tiy Hedudliun J’otinnls. 


[lei '/{n. 


r n) “ J* «!(*" 


jf qoi »* w (£r Rin<i iuppcMo »i > 111 
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a)- —*oo«*"+t a) 

wr. dodium ft) «* ~ ** thmlore by ro|Hmt«l 

flppIi[»lE>K»iU 

_ (li!« - - 3) a a . 34 , 

*’"' ’** (Sim + SnM^ + Jii - 2 ) , . . (fla + * 

_ and J(0, a) = 2.4 , , . *1 i' 

Firtiiu Lhc^ tbo reqiilrad iwdJi fiiUin^ dnum J(Att m). bjamilaidy ^10 

litht’r intcj^rolB jnny l» ctetcrmiucKL 


fa 

Tbc iiitegml 1 fun^^ aaifl x dit eum bn m-p*^ pgnpim^y &xpfi! 8 aKl Lti t4?mu 
urn of j 

e-«J COB fisE db = J e *“sinfl*(fa i 


id Oamaia fltiKtism{ietVhitflEfXlJ), m\ tlit ^Tp^NllliOII U ubtioiim] (■ Bp[]lii:aUe 
tn ait real vkIuw of p, ? > — 1, 


(4) 


n* + 6*’ 


J, 


ii5i"« "" lit — 

P“*+* 


w}aiT« a is po^itivr nt t.lie finit. bit^al. h is po^y-e in tlit^ aetMjnd and c 
in the ttircl.' 

ExiunplGs V(b) 

Kvidiiutp Lhc j^v«a In EiATAplts J-B7i 


.tVfi-a?*) 


if f Mbi" srtflff"J, f’iill^ cmIM 0 JK 3^ f 

Jij Jii Ji' 

‘■I,(*'+TW+''il** + » »• I. rti -'(‘■I' *-j,(?Tij5 


to 

I 


■ I* 

eV>£j! 


9 

11 


■a") 


r 


r II 

Joffl«*-X4*- + 2S ’•]„ (!+»*) 

'^’ l_i (t — acocM « 4-»«) *■*■ 

£ Jfd + ej ’*■ £ p' -Taii'V ^ 

.7. r*'- 

Jo"*- 




— b &m 

M* as + 6^ 


4ff 

. 30. 21. 

J^^ Jafi-4cc-a 

^■i; 


*3. \ ^ : - :————^ os 


g 2sfQX + ^^£-f-^ 


13- oaph asif iix 
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ADVANCED (;AU2CLUS 


pstn* j tug-r tfj' t 

' Jti (a + cMjfj* ' Jj, I - z* +#♦ 

Ju'+*‘ 

3- 

ilSe Prove thttt 1 - iT /jiin;)dr, 

Jq Jd 

.. P xHini 1 

39. ijEitfwjjf« M that J ^ ^ 


.W. Prorp t.hut [ ]41K JC V I iog ow^rii — JsirtiJj^a. 

Jt* J& 

Jl. FiTHi L(1 


■i: 


J o 


Pro¥e tlK7 mnilta givrfl itk *^-4S, 


.13. 

r|.r-J|d*-l. 

Jo 


1 /[jrV.r = (^ - Jl/l*) - 

34. 

p ;t4jr 3* 

J ^ 4 — ^30■■^ y 4 \/3 

3S. 

fa Ji 

J„ v'd -(»rw*0)"*3 

36. 

(■+** rf* 

J 

3t. 

r lb vsr 

Jj, (2+ «#*)" yJo 

38. 

p tie tf 

I'lM*)* “ aV3 

-19. 

ji > 

f *"(S<|(( *)“ liar = (— t] 
Jil 

11 

40. 

r 

Jy (1 

41. 

1 log (1 + a ISW *)iii: = ; 


iu-m , , ^ 


n-'«r (I ^ 


f+1 

42. If u = 

J^l- 


fiial 


V {fl “ Sm + a*Hl - 

flbenr that tonh ^EEVob >=^ \fab. 




j rt < n <: 1, 0 < 6 <: l)w 
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KXAMPI^KH V(f«) 

43, Prove thirt | , ^ - *i»'l d<*Jiiro th*t 

Ji, l+<* » v"3 


I t 


If— 

" 3X^3 


l')«3)’ 


44. Sbrro IhiLt ^ ^ + i - ^ + . . , - ^ Ior s). 

f* (■ eft 1 ft* — rv/s + i\ v3 / (V2 \ 

45, Ph>Ve lb»t J ^ IbR j} + -;p MV t4fl 

i riedg» that i i + ^ - . , , = + lc« ( i/a - 1)}. 


tan s 


46. Fly Iflt^igTfttSng iha P^WPC wHl* fnr shrrw thmt wh(m |x[ < I 


(an? lull 




* 1 J 

1+1+^+-. 


_ ‘ v!:. 

2-i ■ i j'Sif 


Pnwu tbfK rftKutLa given PI 4T—^4^ 


^ ± ± 

*’* ' “ 7^ 13 IW'*'" 

4S -L_.J..+ J-. 

IJt.3 S..3J^P.4JS 


^ \/3i 

'g + ^icni<a+ vat 

G 

^ = [og 4 ~ - 


1 * , *« , G I (I-*)* /1+V^ 

l.!U 5jS,7 B.T.ft ’ '■ ~ Sii + IftitS ' ll - V=/* 

(0 <xc r> 


I ^ ^ 

“ SSir 


S I .tl+af)» , 

i-ftFC tivn Vift 

24j ^ 


(0 <af< 1) 


tJt.fl 3A7 G,f,5 * 

S2 J_- J-+-L_ 

1.3.6 3.6.7 ^ S.7.M ' 

1 31 ^ a, ^ Jt 

“*3f’6t'*'BE ***-'3<“l*- 3^3 


I 

‘ ia 
.1 1 
"k “ 5 


M -J- + ^ 

2*.Si 3‘.6I ^ 2Mtl! ■ ‘ 

DiatouiB tbc convefgimwi! af Ibe idti^alB giVDti id EjEUmpha 5ft-S3. 




” 1'" 


dr 


se. I e ;E»i*t 


- jji rJj- 
j£z 


61 


(iiiih6< 

Biuhnl 
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.VDVANCED CAUIULUB 


L! ^ L jCv- wv - 

J t\ 

f dit 

‘Lv{i- 




will jrrf^lirM I’lTKaml 


,, liiM botilVDan 1 and r; 
■ a») 3 


Ml Obtain I^igmiga'i potynoiujiil for tba {H ^ I) pointa {n^ fr ^ Q to ft) 
^ fg — O tH* — «tl » ■ ■ { ■ — <l r-lX * — ■ ■ ■ (* — "it) 

■ K 


/f*) - Sr- w I 

0 {«r ^ «iX«r - 


ti, - n,_,>(ti7^^r) . . . (a*. - O,) 


W. PniTS tbnt tlw nubia tUnnigb (ri (r = 0 to 3), it )(jv«n by 

6y-_ 2j(* - %fl + - ajJtrf - l)(x - 3)y, 

+ sf.« - IKx- 

Hn<i the |5tit¥TM)mi«il of lowwt degnw for Uio point* givon in jSartJit^^i* 

70. n. letlO). (- 3< 32«). (- I, ilf, (1* 4), {3, SNil. (6, filKJ) 

71. (- 0. 1150). { - 3, laojv (-1, - U), 0, *), (3. iriO), (IK llKXIJl 

73, The dicuM dijffiitmtx in dnfliiHd by iiubIiii uf tbo rdutioM; 

r« •! r ^ [%*I ' ■’ • ill’ll ~ [^»*l ' ■ ♦. 5^. 

Prove ih&i 

(<) K »t. .. 

^ i _ _Axf} _ 

(ii) Tim volnr of of^ « » , i£„] id imlepulldjcitil of tlw ^mk(r of nr^uniftntd. 
(ill) Jl*) "/(Si) + iT (# - afjKje - fif.) . . . (af - ^ - i'+f il ^ 




Rj£) - (ae - M{Xs - a?j) . . . (af - afJ[*aPi sr, * * a ^„]- 


(lv|i . 3C^1 = j - _“j^ min < (P < miu: 

(¥) /f^(3r) - (ar - agKff - - (Jf - 

73. ODfTo&pofidiiig volpDB of ^ aim giTim In tim fcHowki^ l&blo 
« 0 1 2 a 4 A 

^ aiJ<K^ 1£LII7 254EP43 419^2^ mil 9413 

DfMiiine the vdne of ^ t«r * = 1-3 ttwl ^ =t'^ 

74* ftom tbe folkwLD^ valueff of ^inzt oryoulAte sin SKr iU% einSlP 4(r. 


as" 

3<> 

' ■ 1 

ai 32 33 34 1 

i 

m 3T sn 

311 

4» 

Aina- 

■WITtOO 

‘6l50i -esiios ''£4444 lieOIP liTaSH 

1 

'AS'TD "Wim Hlllilll!i 

n^sia:! 

■U427B 


.4190 Jlnd an upper limit to tlw trror for tbo l^nrt ieten^al ta i1m> ^Milyrtoroiftl 
tipfiTOjnfnAlionr 


76. Pkox^ tliatl /(j!)dv 


— a. 

~w 


<7{iVH + if*) + Wiji + ]/,) i- 


(6- 

P£|usdiritailt t^rTlIliAtQi, whm? =-/(4l)r 
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7^. iHbow th&t 

= K& - O){(0-14)(y. + fO SIKSi + J^,) + (MOte,l + R 

There R = (-*.«} it 10- ■ (i - (8») - («■*) - o)‘/<■""> (Aj >: 10“'*. 

iJie fiQiuerUiAl oo^ffidetitd in R boLt^ jappmxiEiuU^. ami wbers =/(« + r*)» 
li « (ft _ aj/lS. (This k F. i^ufek) 

77f that 


Jfk 


3A. 


fix)dx -i — ((if* + + Fi + ^* + yi + ^ ^ ■ Pm^i) 

+ 2(s/|, ’f yi + ■ * - + 

approxtinatc^lyi tho ofdiuBliA btio^ equidiilAiite 

70. ^hxyw that Simpt^tik min mj^y tm obtairind hy 4iiPi»AtiT>g th« srrcir teirm 
bpttTDfiti tbfi tTspcsQidal fDrmnlfi tf^nm^iKiiuikcg to the mb-int^ak h An4 

lOtls 

79h CflkiilBte I g-r -Ti^ b3' (l)- the tTOpestofdal -ro-lB (It) Simpannk mJe^ nairi^ 

J u * + 

in fMbh aw H ordinaLda aL ink^vali or 1 unik 


904 CaJoalaid 


r? 

J i] * 


+ 30 


by (]) tbo trspcRDidiJ min (Ji) Bcmpaon'i mlo, (iii) tbi* 


Umw-dighthB rola^ (it) WoddiD'a ruk, (v) G. F, Haxdy’i ndo laaing in 

niMik I'ue 7 Qidwti^ At intnrtrAli &£ I unit. 


dx d? 

SI. (1) Prove that I dlRm from I j _j_ ^ ^7 Jem than | X 


10 - 


(it) CaLoulatfl 


(Iii) CaloolAtn 


Sjmpacm'a min. Uhini^ 11 ordinsLiia 


Jjc 


Simfitonk ruhi Lokini^ 0 oidiTUttf^. 


+r 


(ivl Find the ApjiroKlHiatn tiJud irf j 
e;i, (ij CakolaiD j^a-f^rlbc! with M ardioAbM. 


£ 


(ii) Ci^iilntn I r ^ dbr with 3 of^natna, 


uiuni^ 0LtnpitiJll.k mb in nauh naas. 

(iii) UiKlut'n tba appoxixiinaln value i>f 1 

Jn 

Bd. Thn «l^^li'^^T^ii^JU€a uf ihn di»k pUn of a ship hi leoL Hje maptHjtieQly 1-26* 
0-75, 10-75, 14 00, J6-50, 15-(M>, 11-26, lO OOi I’OO, and thny arc 16 Toet apatt. Fhad 
the appmiimaU) ama of iha tikii in aqnam yaida. 

B4. Tbd areas the horitantiil MSOtkHia of a T^nael floAtin^ hi ealt ivAtof at 
intuTFAli of If ft. are tilOOt SjOBO, 1,030, 1,260 inal ft-, the Oiat lefarriiig td 

tbo wAtar linn i&otion and tha oUuire being Ji3fw«'+ Taking the weight of anlt nt«- 
m 64 lb. psf ^bdd ft^, tha dbplaoemnnt of the TeiBal in tmia, 

B6. A eiirve ia given between * « — 1 and se = + 1 a»d it k fnquifnd to dhodAs 
n iiitnmiDdkto oidmat«a at jej, . . ,, Furh that the arisa dctHnninffd the 

3 

pcdynnmkl smr™ ihrongb (*^ b equal In Hgt + y* + - Shnw that 

15 
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tins A voliioft ^ ofB tliQ KcTOH Ilf tbc pcjlj^DDmiiil Tjx) ^'hk'li b tujnuprLdliD 

Ut tJw fimL-tliifi 

/(X 4-+ 

In purtietilArp ifaow lluU. (1) = jc* » |k wit^ njmm ± 

<ii) « jc{a:' - J), witli wmm 0^ ± O-TtyiL (iii) T* — ja?" + witti 
Eisitja i 0 1870, d 0^7947. {iv} T* = *tx* - |a4 + 4^ ^pb™ 0. ± D374fl. 
± l>a32S. iT^Atiri/»chtjrM 

ft ^ it 


1. 




15 


3. 


4. va-i) 


!tp 


aiHni 


SW| 


'■i 


s. 


9. 


rtV'S 


It, J(2 Ior 2 + ^) (i) 13. 




IK. 


3S 


^3/ 
16. ? 


2 !i£ii«l 


14. 


ftlili 


17.-^|<»t>[6|)j 0. CH 


IS. j #15 tao ^ ^ _ j,} 19. -jf I + e =) Jtl. ^ 

31, 0 23. ?r + Ios-2 33. ^ (a > *.)) U. j<3l - l7i/3> 


35. I 


35. 


2f. 


3V^ 


39. / = jJ* (bg iin j + jpg ™ I Jrfa: s» J 


f 


floj; fin ^ 4 log 


ft. 

-floBj + gl 


31^ 1] 34. .ffjffimjpfe 36. Leti me =* & tan 

37- Tftka {3 + bm — cue *• >% w tlwt (S + »«■ ai) riEn iin jf and 

utiy { fl — ■E«^) UlllJg 

^ (2 + iftw ft) fin 

38. Emmpif. S7, 

40. Tokfi (L + atmxt cicafl 4f)() — ikh m. POA « fin.'” ft. 


41 


r mftdft ft/ I \ 


44. I'lnd 


f 


47. Find 


r— 


48. liitcgTAt'T* thi^ int^jnl of lQja:(l 

* n ^ 1)* 

49+ 60, Tntfigrmio tiii? AoriGiA 2^1 — = v " • witli fmpiMti to I, ibn 

II J, “ If 

juftiboffitbn of tibia pmeo^ iHkliig a slmplo ^xt^iuiEUEi of ^ha.t given fut & jxiwnr 

{!-()■ , fl-/) 

63. IftCcfOiili^ yTjI7i * Jntegriito ^ 

56. OoliVnrganL; LoJfilr x = y/u tiwj E^fnpl^ S7 p 

56. Oonv-orgtulti w Tifn JJ, > — 1+ 57, CcmVEfgcsllt wbnii H > tl, 

58. Tftks - iti if ffr > 0. 59. Ooiivts^ml for p> ~L 

60. 61. GciftVfftgtinl for \ik\ < [ti|. 62. Convnfi^ for 0; 
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EXAMPUilH V(b) 

M, for y — > «-Hh 1 > I)'. fth. in < 1 <. in — i 

70. 2** - 3i* 4- fir 71. 2** - Sr* + 6* 

7J. Sta Jiilite-Tiainmin^ Fimtu JUJftnMf.ti. I. 

73. 166-64, 338-71 74. 0-60262, tH}38a2, arar < 4 X 10-^. 

7fi. £[i]iiiiiH.tc jf„ froni tbn Aiw-fonnnU for m » 8 ly Tn-mnr of IIm fdAtikit]i 
- Jfi - <l»i + Ifijfi " SflWi + l^Vt - + ?PK 

70. (1) 0-7MD»:i, (ii) 0786396 

so. ti) a-lSaUMl. (m 3 1418618. (ili) 3-14IfiH34, (ivl 3 14161184. M 3-1416213 

C* «te I 

81. (i) The dimurcncc u < | = 3 X lO”** (ii> 107 . (lii) OM, 1 11 (llio 

oarrixit nloja tnoiB i^FV'2 *■ l ll(Vi m|}pgi>x.^, 

52. (i) 0*8^2^ (ii) (iii) 0^8* (tb& i^fTvql vikliiu Wing | y* — 

appro^.)- 

53. MIA S4, art 

S5. T\» equttttQDfl to be iwwtEflficid by fire "* i(I + (“ + 1 }p 

wbete 'rbfi Riquiled rcwiilt umy be prnred by lisillg the fact. tha. i 

/'(»)//(*) = w/* Trhnti * vk livrgf MSfI /(*] - If (* — 




r 


CHAPTER VI 


JACOBIANS. IMPLICIT FUNCTION THEOREM. 
TRANSFORMATIONS. 

b. Jacoblansi* H f/j, J/i. ffn ^ fiinctionfl of n variJiblEs 

JCii ^ partial derivative, tlm dotfirmiiiant 



3^1 

9ffi 

ail 

at, ‘ 

‘ * 




dsTi 

ftr, ' 

■ *ai„ 



3if. 

dXx 

dxt ’ 

'■3^ 


ia ciJIfid A JasobiAti and ia oft^ii written 

Ntd^. Tfce hmctdoiu may ^ cmifftB he rmvjtLoAia u\ crthiar vjiriiiblea in fldditbcL 

to Ij, f |a * '•-I 

6,0t A Oharactmaivi Pwpcii.if of u Jch»6£s«. Uf. the vanable 
be AKpraaafld as fimotloTiA of rt other vAriabtcs ao tliAi 
™ ) 
where Xj. on the right la a functional aymboh 

Tlieq (t^ “ Ite fl. « = I t« n) 

whtsn on tb« left, i/r U expressed ati a fuoetiou of a^, S|, . . », a„. 

yi .ifn) _ » ■ vifa) 

., Zn> 


There- 


fore 


X . 3(^1, 9f|, s i ■« !Cn) 3{iitii 3tf 

by the rule for the uiultiphcation of dotenninaiitH. 

NM. Thii reUtitm may be i^gikrdnd ua un lUwUiigiie for * fiiJid^ciiui uf fui^crbona * 
a( tin BmplB i«ult ^ ^J 'fiiUEtlaD of » fonirtiott'. 

faninjiik. If J*, 0 ue fniwtlinu of sodx, k kai cksn^ lo pokroonnUuatiai 

5(3IC+y) 

bj the tmiHfnrnuitkltl i = r ooe 9, ^ = r ein 0, thou ttiowfijt* 

3(^.0) igtJ.g) 

6.1. The General ImpLlctt Function Theorem, In Ghafter //, 
WB have shown thftt under oertoln conditioiB the relation /f*, y) = H 

ITS 
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will; iictermiiiie a muquB fimctlQii ^ of X taMiig the l^nliie b when ^ ^ a 
^if /(tt, 6} = Oj, In ptkrtiuular, if/y ^0 at {<i, 6)p where /(*, m con- 
tbuaii^ %mil p(s^e«KSt finat partin) dcri^ativ'e^, the fnnetit^n ;/ ojciat& and 

I^KHiAesae^a a. dertvative hy jf^ "I’A^ ~ “ Euniliu proof it ib 

fl-T 

eajdly sbown that uudor analo^rjjs c^jncLitioEiSj the relatiun 

/(ji »I, ..= 0 t^hen fik fltT «*.•-. O,} = 0) 

Jete-ttninea a fanetion i ^ if/j^ 0 at (6p eiit chi * * - 

Alw the derivAtivKw of y are idven hy the a etjnations* 

= u (r = i to »j. 

By the incttlioci of induction we tan genera?ij<!e Phia reflult t.o obtain 
the ^iieroJ /snpfhdi J^unriMwit rAromn. 

If/r(tfi^ (f = i tMy m) are contimioufl 

fniwitiana po««?i»ginff partial derivutiv«a and if 

Sii ^ • pt ^lyi) 

the equatirina /^ — t> ikl-itrmioo in the neightHUtrliCKHi of 

(fti, frt, . . 4h. . . c^) (wlier^/,{Ai, . . rti. . . = fJ) 

a unique eet of funetjoDB 

A&aiime the theoreni tiO be true for (w — 1) eqtiatianB roniiecting 
{m ^ 1) fnnetionfl y, the thenrym having h&pi* prov^ for m = L The 
ospaHAion of J in terms of iik first row gives 


where “f^ ^ {“ iy~^ 


3(/,j /,p *■ /wJ 

9(yi* * * kf tfp-ii y^tii » * y^rt) 

a/i 


SinLie ^ Op one at leoat of the terms cloos not vaninb and the 


0 Vr 




order of the equations can be taken in Buch a w&y that k a term 

8fi 

that does not vanish. It foUows therefore that ^ 0 and ^ 0, 

St/, 

Since ^ ^0. we ean fiam the relation 

fiiSu ■ ■ ^my ^ p - ■ =^/j 

deteruiine yi as a fimetion of/,, ft, y^p ^ , ** ^hich 

miucJiM to hi when fj_ = (h y^ = = s^. 

When thw function in flnbatitutad in fripu k 
(f = 2 to the latter become fimctiona of/,, y,, iu * *„ ac^ 

wliicii w^e may denote by F^j We have thus chan|^d the 

variflhicfl yi, y^, . y^, to fu y*, . .* y^, ar,^ - .. 

and the wi fiLnctioEs/i,/jp , ,, ore Ehangefl to/^p ffp + 
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J ^ /jh) ^ ^/}i ^w) Vii Ui * * * '■ S^w) 

^CVl- ..3(/i, i/i. . • Vm) Vi. ,Vi- ■ ■ ■* Vm) 

^ a(f„ . 

.'3^!* 

Bat J Vi anil ^ ^ 0 ; i^hprefniM^ ^ t), 

The thcoCetil being ojisumed true for m — I %'Ajiablea f/, we ran deter¬ 
mine i/,, jfj, * , , f/^ from p, = f„ = , . , = =; 0 iwi rtjniaiiinM erf 

3*^ (/| b&ing pem}: and the ^nihutitiition in t.lnj e^pTusaaioii 
for aei a fumittoa of (/|^ j/,, , ^ ,, ^ iloterniines as 

a function of JC|. . . as^J. Since the thiKircm hi triui for m = 1* 
it IB generaJly true, 

Ei) Thp ■.■nnditwin J 0 ia nul a ncccs«d.iy condition. 

/ifii, I.I, 3;^ 3?ai* — ^ iC* — nlj; =. 

/Jk* V, ^r, — II* — ^* - ^ II, 

Wh^illX U* >- ^ h 4, F* =3^: rtsarx - — * - 3 (Cur eXam^e) 

iheBe eqimliotlH detofmine the fimctiiTua — Eje f + 4)i-, i' — whlDh mra 

eontiuuijlii aluil tend lu tliu valQE» 3t iwpoctiTely when - 1, ^—*- — 3. 

Bui i/ - * I6{x — y|rB*r* which in TJTft wh^m y = —► 1^ y " ^ 3. 


6.1 L The lkriixilive» of Imfdioit If 

fAyU ,V|T * * >‘W ,Vb*i ^9 - - ^n) = S {/ = I b> m), 

the derivatlveBt when they exists iirie obtained by solving the e^^uations 

JEi ^ j. ^ = 0 f = I to tw 
d!i:'dx, ^ dy^'Bx, ^ 3r, * * = J to « 

Kupumptf. if Uj Pi iHf ftifl given by th* m^uMioia 

/(tt^iVir.Xpy] = 0: = 0; ^i(u^tpHr,Xpy3 = 0 

lind D3rpraB»LfAii!i f^jr l>hi?ir Imit dcfivaJivw. 

Talcing lim diBcnsntiBlfl of thn funettnoiv wf hllVB 

figtiu +/^ 4-/ii^i^' + AfSu l>f Hh +■ -^0! 

yylfu + ^j4c "h - ^■ 

rj. 


Tf tikeu 




diu^VtV] 

with iimlkr rc«Ldt« far dvydw. 


Ulp we df^lucp tlinl 


3fXr1f*1Pj 


Thuji 


af /.Avi 

1^, ui) ^ 

s ■■ ^ ST^r ^ ^ 


SKjf, r* w) 

ft «■} 


with Hcniilar rwnilu for f 


ft f ■) 


6.2. The %'nnlshing Jacobian. In tbia paragraph we BhaU eon- 
aider the ease when J — Q id^Uicalltj, Since for the nioment we are not 
concerned with the ixicnmnce of the yarinhilcsB 3 : 1 ^ Xi, . . - we flhali 
omit them from the functional eTtpreBaions. 















iMPLiwT FumrnoN theorem m 


Ffif Kimplicity of ciposition lei us take the case of faur fuiictiotis 
/(», y. u), 4{xi y, t, y, s, m), x{x, y, s, u) where 

./ ^ = O jflefitically. 

5(i. Z. IJ) 

(]} ^Suppose that the fimt niinars (kf J tlo ool il!1 VAttieh iUckiitically 1 
without loM of ffencrfllitv we may then aaoume that jstO. 

Consider the rehitionji 


^ ^ 4>(x, ij. E, m), y> = yix. y, ?, u), x = Jft*- if- ®. «) 
where jf are fimctional syinbpla on the right and de pe ndent variablea 

on the left. Since ^}f* express y, r, u 

--— 3(y. f. «) 

os fiinctioiui of *■, V, x> ^Vhen these arc Butottutwl in /(jt, y, x, u) 
tlift latter beconieR a fuiittion of y', %, which for cleamci» we 

inay tlenoto by F{X; ;(). \\'p have thus cliAti^e*! the irii.ie|H]nitent 

vatiahlesfroTii %,y, z. iJ to r, f. x obtuinini; the fnaetions f, ;f), 

1^, y", X’^ Then 

U = t ji. V>| jr ) 3 (r. 7) ^ ^ 3 (^- V* x) 

3 (r, 3f, s, «) 9 (r. y, z, 0) z, m)‘ 


Therefore F, = 0 Hiju?e 5=^ I), i.e. F dnes not rontain x or 

diy, I, hJ 

J = Ft4>, v, Jf). 

Thus if J = n hilt- not nil ita hrat, tninujfi» there is u fufiutifmii! re^ii- 
r.iim ricmnwting/{:r^ s, fj, Zj u). y, t, u), ;^{x, z, u). 

(ii) Suppose tha(i J rtnd all ita first minora vaoidi Lot nol all it* eecoud 
miDoifi. Williaut IcHw of we fiiey auisiitiie then lliflt 


d{z, u) ^ 

l^ion] the rektion^ i^' ^ y, 2p u], ^ ^ jfp *, u] we can then 
fletettniue z, « tts fiincrionB nf rf, ;f and when these functions itre 
HiibHtitutfti in/fx^ y^ z, «}, ^{aip y, u] llie latter tiecomo functions of 
^1 !/' Vk X which may be denoted by F{x, y, ifK jf), x)- The 

inde{>endcnt variablea have thus li&eii changetl from £p ti to y, %* 

Then 0 = ^ gjf, V, x)d {x. y. x) _ j, Z) 

9 {i, z, If) dlx, V’, *. «) ' 3 (?, «)' 

i.e. F^ =(} fllnoe 0. SuniLurly by corLsidcriDf; other VELCUshijig 

v(i J. U ) 

Aral, minors, we may prove that I'\ — 0, 0 ^ — 0^ 0 ^ = 0. Thua 
f = x)*^ ^ X) ftinttianal ielutio!i& exist among the tnur 

functions. 

(ill) If finally J and all its hrst and seoaiid nunors vanish but not 
ail ita third minora (in this case the sixteen fir^t derivatives), we may 
asaome thnt ;f„ pt 0. Then from the relation x — JKC^* 
detennLne u m ^ fnnetian of x, y, x when this k eubatituted 
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^ /(Xi ^1 ^1 ujt ^)i Efiitter becomD fiiuetiiODA 

F(j 5, a^, jjJ, R(;Up as, jf), j, t, jg). The dependent varinblcfl 

h&vc thufs bcon changed to a:, 3 ^ jf, 

Bat 0 - |AJLJ = that - tl. 

3[x, u) 3{x, ;r) 3(j-, «) ^ 

Siinilarly F„ - 0, F, = 0, C, = 0, = 0, - 0, //, = 0. //, = 0, 

II, = 0, 

OT / = Fixh = (?(jf), V' = Ht,x\ 

i.e. thm functional rclalioiu cxiat, ainoni^ thn fotir ftinutioiiH. 

(I) By ^rcnrondiiLin^ Ihii ebcivc pn7o/« wq diwJuDn Ihftl if thi^ Jjt^fhuui of 
iri fiiui^ikiliB of m tiUtiabJcd vmiiMuia idjOLDl.dra.lly mud mbdo mil its diIuoub np U> mtid 
inciudiiijr tbow of ordtsr tJuoro arc {A H- 1 .) ivliLtlfma qonDM'ting thn funotidtiA. 

(11] WIffiD J «i 0 Mjcdtiomlfy^ Ifio fulK'tlatk^ mlmtloa thml ojeIaIo newd twit odflLaiii 
fklt lliD futkolioDB^ ev>i?n wlwn mfl |Iih? tirst minoro do not- vitnlftli. Fdr oxnrnido, 

if nil t.hr fintt mincifii of ihc- dcnioiila ^*, ^-* * . „ 4 / il nind t.hore \n a 

Tvlmtion orarmciqlJTig/t,/, k * * *i y^p 

(Ui) lf/jj(yip sfu -i V ^ (f = J to mi) arnA Ai fiinctikm of n tlufln for a 

foncLjapml rolmtino to TOst mmang tbem it i# that, all ihn .laoulwAiiH of 

Ihnmiii ofdCT obfUdnpd by taking tiw m furwtinini/^. ami l!n‘ % vanmhiea yj^ m a 
timf. should 

fivj Tbpi iKindit.icm ./ — fl him W-ii pn>vfl<l i^r t.bfi esii*leEiNi uf 1* ^^In^•’ 

tiontit ndatioimhipN It ii mho m Hrr.^matp eriiiiJil!ii'iii. Fur if . - .p/ml = J>+ 

wr cuHi fomi itm m 


SF 


SF a/„ 


in which the dclivmtlvcs ^ mto mil Jttut]. Thctcfrjir Lbc dctcTtniiiiilit uf Lho 
onefB^noTitfl of -y musE vonmhi t_b. J = 0, 

- r 

(v) In tho ifcaeral LtapUoit ^LUciLioti tlioorcoi ^ *,1 = 0 


fr 1 14 tnh'•'iu-'ii 


at/,./, ■ ■ .,/^) 


VmiiMbDi idontlcally, the cquatioiu ^ 0 arc 


incofiffiatxnit {oL£co|it liofflabiy for partbuliir vmlaBft of « ■. a ;rn]i or mm r«iufidjuat 
(Jee Noto {th) mbovri'lL fn imy cuigci- thf^^ cotmot deUrmind ail tlm fmKil-loHii in 
Uhtdb of a^p a^, + ^ 

i" + y" -F =* 4 ^ " r* + y" 4 =* + 

^^x + y45 + w, X ^ 4 4 

Ir* 3a* 

2j 3y aa 

I I ! 1 

IHL 4 yy 4 y? 4 E 4 Au 4 yu 4 lu; .va 4 sw 4 jy 

Since thii TjKil»h« foe dc « y* jf — 2 ^ iw -- u, y — i. y -=•«, 2 — it mud k only of the 
f^th dp^greep Li mml vMiii^h LdofitivelJv^ 

TtM-n 

^+y*4i"4i4'^il.i?"+y*+a* + a“.. 4f4y4*4^. ysw4£teajf ffa^4a^)'. 

Irfl h « 0, ibcji 4 y® + + y* 4 4 y 4 ^p 

.Biil !K* 4 y* + i* — 3*^3 - (e 4 ^ =){|<^^4 y* 4 - K* 4 y 4 i)*} 


f Lot / - 


d[x^ =, u) 


It 









IDENTICAL RBIATEOKS IBl 

Id«]ifica] Relations^ HuppoBe tha!: {twi-}-a) varmblea 

. . .± ^m j-n coniifictcd bj fw relAtiom 

^ * ** a 0 (i* ^ 1 to 

Tium equatioiiB. m geatKiI, m\\ ilctcmiine w of tb(? varfablpa a& 
functions of the Temainitig n ; mid if none of tte Jaenbbuft determintrd 
hy the burdeitHi dotenninant 

90, 

flijtj Bxt ' ' 

901^ ^0± 

ATi ^ 


97i ' ' ' 9;r„ 

v^auiaheil, the choice enf the depmlent variiililea nuiy \.yQ. mEwie in 
wajE ; Mid any one *?ih<ucfli may lie tx^ganle-d eia a tranaformntion 
of any othex choice. In t^ach selection I here are mn first derivatives 

and therefore there are -— "t" firat derivatives in db Tlie 

{m -1)1(1^ —1)! 

deri^Titives for any one Helection tnfly in general be espreBsed in terms 
of the derivatives of any other flelectioa. Tliere are therefore 

(m + w)1 — nil»* 

t^iyrta -1)! 

relations connecting the first derivatives. They arc oalbd 

sinoe they are independent of the given fnnetions 0,., 

£JYnffr|^^c. IM tbwo he 6 reisUmtul iwnai^fltiTig a voruibkii. Then tlinre hte 
5fl wiiij'i of ehooftiag dcporultuit varisbles. Th^^ lofcaJ munbur ■uf liiifl dcrivmtlvoH 
in S40 Eiiid liwi nuipber of idkintjcftl relat-iciQa oimaeeting tbaBu final ticiivutivpi is 825. 

MeUiod gJ defmmmn^ Identkdl Sapptiae that there 

arc p feliitioas connctiting n variablefi Jit ^ ^ let x^y 

Xf, . . , be a pirrio nlfir choicc of p dependent voriablea (n p). Furtri 
the differentials 

1 dx^ -f* ‘"li “h + * - i = /fi Jx| -p £q -p » * . i 

cfjt^ 0|^ t^JTj *p « I I I « I » 

where dXr, dx^t dx^ nre omitted from the right-hand aides. 

Then A, = p, . , B^ = 

ftTi 


9z; 


where x,, Xf ... are cxpjxjsscd in tenns of the othera. 

To obtain the corrapondiiig cquntiona for any other aclection solve 
the above sywtmn for the appropriate eat of differentialB. Thus if a new 


set wore ^Ep, x,. a,, . . , 
(flb^ — dti d®! + «| dxf + 


we should obteiOt on solving 

= f^idxi + + . 4 .; 

dx, = + . 


a a 
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ADVANCED CALCULI’S 


where now dx„, ... Ate oiuit.ted on the right, litnl where sci, 
(£,, . . ,, ^tT (tf ... are fmictjoiia of At . B,, lU. . . . Also 


_ ajTj, ar. 

- a*3 — ■£—T 


- -■ ^~r » e - ^|i 


are expressed in terms itf the iithorfl* 

ir theti. fur example, ^ Sip , .)r idetitkal 

relatioTi would be 

Bx, dx^ Ac, \ 

dx, * ‘ ax/ ax,' • ‘ ■/ 

5jt 

It should he mntofi, howover^ that the isyniiK>l _ ia, In piiemi, 

ambigoouB ami that, it may nc'i’tf.^»!ary to irirtk'ate thf! jjarlieular setoe- 
tion to which it beloni^. 

The atiove uiethcxl wiU rietermitie the derivattvert fur utie aelefjtioJi 
iu terms uf any other Heleotiun ; hut wi? can iihc the prof^cnirts of Jaco- 
hianfi to determine synmietrical ideutitiea. althuu^h it does not appear 
obvious how to obtain the oorrect tiumtier of jndepeiideiit sjmnietfical 
identities. 

For eKfunple, suppose that there are (S vnrinhles Jn Jif, x^ 

eonnect^f^i by three rektiniia. 

There are = ^Useleothms, lftndprivat.i%ff^anil 171 idenlitk^. Tlie 
foliowinj^ exampleB illustrate how these iilentities may Ijc obULiiied. 

(i) From ^ j wher?* the denomiiiAtor in a 

JaeoEunri indicates the indt'^.p^ndent variables, we find 

(£:L(g)..=‘ 

where the nuMxea indicate the variables kept ooliatant. 


(ii) F^jtu = 1 

3{xi» Ij, X,) a(ij, Xt> X,) 


EdcI 


f 3[x^, Xt ) 

latx*. **), 




{iiili From *^ 4 ) a{xtt x*. Xt) x,, x,J _ ^ 

a(xi. 'Tt, x,)'a(TT„ Sfij'3{Xi, * 1 , Xti X,) 

wn obtain 


/^\ /^A ff^\ 

\^x,/\ax!i/,, *, 


1 . 


(iv) From = I, we obtain 

' ^ ’ 


/a(x,. T,)l 




,\a[T„ xj; 















[DENTICAL RELATLONS 


isa 


1 . 


fi.32^ The Invirite Relatums. Suppoew that there are w fuDctions 
«i, «!♦ . t „ Mpv of the m variables af„ . . a;^. There ate 

ways in vfhJch tw of the vatlbblee oan be eX]|ll!«9^ 

ill t4!>rrnB of the Tamainioii in* O&e of apacial importanL« mnaists in 
eitpresfung jfj, *„ . . .. n* funetiona of «i. ; and the 

futicti<ma obtained tbefehy inay be calleiJ the inverae of the given 
functions. 

Denote 2“'-' ‘ ‘ ”5 J 

a(af„ Xt, . . .. xj 

(fg, ■ I «> **«) ^1' * ■ *■■ Ut« * ' +» , 

a(x7,^,7. . ., «1. «v») “i. > ■ *' M 

tbi dx 

This id lli6 Anato^gne ci| the irriull ^ I fpr n fundtton of nivi Tari- 

jihlfl And itd 

li i e “I ) 3(Wi, Ut, . ■ M ^Jm ) 

2(^21 ***S i - - i I I * i * ^1' ^ * +< ^Ul) 

_ ^ ** 

Jtt . . a - * * ^ * ^ ^ S M ifprt) 

i.e, J-— = /i„ wbero A„ is the (W-raelor of ^ in J. 

diff «ji 

tStamjiKi. (1} Lrt U, r, IB be fniiElliMu uf Jf, g, i* m thut x. g, t may big i-xHremea 
in teri^H of a, Wr 


If 


2(x,^tsr ^ 


h 


atr.ftu) 


Thft nbift itUtkiim rtumiroliji^t t.be» IS hriJt dc^hatLvxA are giv^ hy Jx^ ^ li(^) 
nnd 8 aimilAt ftebtiOD* gi™« |fi* *** ^ notitto. oqilivalwit In 

Jrnitm “ ! At^i 8 flimiliiii' Tslatiwfls. It ihuuld ha nntad also that the ft raktionH 

given by ekqujitkiu iif tlw tyfiP 

-I- XyiW, = I ; + X,l'^ + = Ih utc. 

(il) If iiiT tt|. # s arc givan by dur? aot of cK^kiaiiond 

■■ '■ ** ^T" * * ’* = fl (r =* 1 to W} 


find a±i BEH-Msio-n fur ■ 


3f<ht «.. w*) 


3iir 


djxj, ^ I « +1 Ip,) 

Tho cquatiatl giVLIlg ihlf m" dEriVitivt* «« 

-1 to=I to -> 


And thtMisfoiv 


'fe* ■ iiy ^ «„ ) _ j ^ ^ip ^ip * * ^ 

3(«ls «ai ' ^ lf*V 5£iJt, Xp * . *t 3(3C|, » i« I,,) 

du 

A’lrfr. Thu in tha aiuluguD of tho iwwlt +/a ■ 0 for a function ji given 
hy fix, ifi = t>, 





















ADVANCRD CALCUTAT8 


IfH 


(til) If «i, = -h *, 4- *„ njid, -• r, 4 + X,. 

t., - X*, find j = *j) 

U|» W 4 ) 


= *1 + *^4 


Hws 

1 0 1) 1) 


1 1 1 1 


V, ttj n 0 


U 1 t 1 


»,«, «i»i, «in, U 


0 II L t 


w*ni«* WiWge* 


i) 0 0 1 


i.fc J =» 

Ti 

nrui 


I*. 


uV -f 1 ?V + + f-*) = 5 / 

«V + e«»* + ai»(aE> + y«j = e/ 


1 2(m* + a«*N* 

2i*5f" + eu V 1 

I I 3M*je* 


1 3«*iK* 

1 

“ 1 2td* + 



j — ^ Vy) + — j^S 


tf^-VrJ. Fundhml Relalion copjmiinff )» rariifAfes Xj, ^ 

The d(<pcndeiit; vnriable lUAy be diosan in jt T^'Ayi» fibe smnibei of d(ui7a- 

tives ifi 71^ — ft and tlio ntiin] wr of mlationa m tn — 11* The symhnl ^ 

tfl mi AcnbiguoiifL The fnnctionAl mktidn leyide to 

/Ij fiiTj "h x'I| -f' 4 , , + = 0 

HO that =:= — 

d'X^ A p 

i^uppof^ for example that n = 4. th™ 

dxi ^AdXt + Bdet -|- CtLr^^vefSffjr, = 4 «£f| - ^ «ir, — ^ fijt, 

A A A 


i.e. 


^ = 1 I ^ (j ^3=4 , fi3!i _ f. 

aa:.*ftr, ' 3r. 3^, ~ 


equatioiui that cotm^t thu 3 dciivatiLve^ of one ^okictiou witU (ihe 3 
denvativKB of anolber. The 9 akntitiaB thut luay be obtainArl in thiii 
way may be urittcn iiyinmetricaUy: 


00 -" (DO- 00 


where 


(0 




denotes 

SXf 


= 1: 
= -ll 


ii 

('S 

f‘2 

Jj 


r 

i) 

= 1. 


- 1 : 


S 0 


- 1 ; 


- I; 




Thede syinmdtrical reaulta may also ho obtained by nfiiJig the appro¬ 
priate Jacobiana. 
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Thus if ^0 


by ('"•”?') 

a{av, \r Jf t; 


n'« obriaudly bave 


\m n qj ^ \^}' \n q p) ^ 5 ? / \» p q) V/ J 
aod uthu HtmilEvr leeults i 9a th»t 

—(X) 


Stts. 




&0. 


«n4 (iii) 


G?X!XtOC-)=-- 



L 


C. 3 if, (n ' l] Funeii(mailk!aiiotiscmi»ecimg n VariaUea - -p**- 
The indcpadeni variahlcB nmy be choacn ia M ways; tbere are 
j»* — « first (Inrivfttive.') atttl (h — 1)* identities; anti the symbol 

dXf 


mav be used witbont aiuhtgiiity. 


irid 

If one selection U iDdleabed by 

JCi = Xf[xi) ; Xj = ^{^ 1 ) J • 

dtr, = ; dr* -- ^ti 1 ^ 1 ; 

another 

diCi = dXx ; ^ = ~ tifi; 

"ti ■“*1 


dxyt 


dsE, 


we have 

= Afi dsj, so that for 


ur 




D-O 



i\ fn\ 

1 )'" ’ U 

Thus if there Were 4 Tnrinblea, tlw 9 resulta eould be written ayininetri- 
eally 

»i\ yi .11 /Hi />i\ /1\ /JV /0\ /'(\ ^ 


^ 11 


These of couTae foliow iimnediately from the fotmulte for funetjons 

of ime variable such « ^ 

e.3S. Jpoiff Fonahfei *,. a„ afi, ai»necisd Aiaiumt. Kie 

iadependcDt vanshiea may be chosen In fi ways giving 2d derivatim 

and 20 identities* The symbol ^umbignoiii sinceforesaiaple 
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may moan either tEiHEcfore denote 


G) 

di," ( 0 , ~ G!)' 

rr^ for exampla, acgt a^i^ the indppenrJflnt variable, l^■e niay write 
dxj = A rfiTj -h Bdx^ ; rfx, — Crf>B + firfj, 
and the derivativea for any o( the otlier ^ neleetioos may he wprf^yie<| 
in twiw of A, B. C, D. 

^ j A, AD -- lit' , L a ^ 

Tiitw irj = “-p - - i ^ ff-Ki — - ifai flo that 4 of 

the 3() identitiea are 

(;).(S,-(:).‘ (:),Ci).-(i 3 ' 0 , 0 .- 


Fran) tlieiHl Htitl the remiUDinf; Id reli*tifjll» olibtlrtnl Biiiiilurly it ia 
eaay to esUbliah the followin^f Hytnniotriuil uwul(a, 

(a) ^ * ^ similar leAnlto. 


m 


(^) 


00.0 

affls 


= “ I and 3 ^itnilur reaulta. 


] njiil 3 f^iiiiilar re^mlta. 

^ ^ ^ ^ttiiitar rrfinlts^ 

Thcae nuiy also Ijc proved by the (A appiopnata daeobkEkii. 

- I, 


G 3 )(i 3 ■ ' 

“'G»)C")(-)-'- 


h 

S 




1. 


These 23 syinmetrioal re8ii!ts orti not irulependeiit. Thes oni! in ( 0 ) cap 
be ileducod from (a), (6) and the remuindor in ffi). If (aj, {A), {c) are 
satisfied, two of the resultfl iq {d) ftiB not iodapendont of the third. 

&.36. Apj^itaiim to o f wadiort 0 / yw.io VturiMes. Let s be a runction 
of (*- ff) ixjasesfling first and second derivatives *j.), y(=Zj), 
Ki)* * (= f (= ^ug) I <^heii p, 9 , at, j ore 1 variables connected 
by two relations, 

Ahndf = Tfip + sd^ t dq gdf -\- tdy,tha derivotivea y, in this 
eiamplo liciug equal. When any other selection of two independent 




IDENTICAL RELATIONS 


IBT 


viirtftbles is moUo, the new derivative# con be e^pieawd in teruia of 

r, #. (. 

( j ., 1 _ _ {rt 


ThiiflflmcediP — -dy-j- - ; dp — — 


r 

—Tfe lifive 
s # 


The most importumt Telatioiu hnwever, those that rarMpond 

Thu. «.« (1)^ = - i: (1)^ _ i: (1)^ — V‘ ■ 


ao. 


r 

s 


it follows that = U Similarlv the other relatbns cbji be found 
3(W) 

and therefore the required results are 

»©.-©.■ «( 8 .- 8 ).' -’(a-©.' 




fe? = 1 • fvil 




The quickest tnetbal, however, of establishing (iHi'f) ** ^bst 

sauce (i) = JJ dy. then 

fii} d(/M + qjf - z) =■ xdp + ydq ■, (iii) d{qff - il = — pdz -|- ydy; 
(iv) d(ju - z) = ^qdtf + tip 

and if we write a, = yuc + vy ^ Si *1 = — s. s* = /« - 4. wc have 

“ - (I'). = “' - (%)/ (ft). ■' - i^h 

<'''’= (S). = "($). 

from which the ro^aijeti re»u1tB follow, 

Ttia Tkmntdijmifriic In TheriiiodynaTiiice the following 

differentitLl rebtion ljcoots 

dt{ = — pdv 

where p is the pio^iiiej v the volTiine, 0 the temperatiixe and ^ the entropy 
of a gas. The entropy is deiiiied by the relation tjQ = Qdif^ where dQ is 
the heat supplied at temperature k When a volume of gaa Incirea;^ 
by </t* at pressiLce p* the work done {dW) by the gius ift pdv. Thns dE 
is tie incroafie in internal eiier;^^ due to an LDeresse of entropy d^ and 
an increase in volume dv. 
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If thorefoii! E in aaaumiici to be u difleretltliLbk! functioo of two of 
the variables (sav o, ^)i dE the ilifTmnttal ia given bj 

dE,, , dE , 


dE^ 


BO that we inav Uke 


0 


^ dr 

^ - W 


=Q--(“)„ 


i^iid pr V* fl* ^ are 4 varkbt^ (-onrwjsQted bj ii rektiojLS, lla^ nikf iansliip 
being of the type oonaiilcrecl in the pRiViuuii There ure 

therefore G relationa of the type {i)-(vi)i. Thus 

Taking y = A - - ^ we have = — ifi 40 - p 4v anil thonsfore 

® (II - (tSK- 

Siniilnrly if I" = jni + / = pe — f £' we obtnrin 

*.©.-©.(- 5 ) 

‘-(a-©.('a 

These relatiooB art aoinetimoe coifed the Fmtf TAsrtftorfynsinw Reh’ 
(wiw. and the funotions E, f* ^ Thiitmodipiamie Pcimtiats. 

Tlie other two nlaiJona are easily provicd to be 

3(p,u) 

Physical interpretations may be given to some of tho partial deriva- 
tiVKB. For example 

^ is the upasific huat cMi volatile 

\30/# 

ia the nfMfeifie hfni ai ntnMani prt'Mwre (0^)- 

* /in the iwfficu-aJ of nAiiXil erjiuttitfon ai eonstant prewure (op). 

A^Jtt 

ia tlip «w*LOT(»siMiiy at mnsbint U’-mperatun' (v). 

vW* . , . 

An effective method of oRtabliBhing: thermodynamic teanlte coaa^ 
in expressing Jill the derivatiA-es that occur in tefinfi of thaae belonging 
to a porticulaT election of iiiJespendont YAriablea, 

Tlius we cjodd faikn dl = rffpv — 9^ + iS) = ^dp — ifidff w thjiij 
e =i= / ^ ^ i=x — /« (Pi 6 being tha chodeti iiide|.>Biiileiit VAriabtas und there¬ 
fore dn ^ K. dp “b Sd^Of dl^j^ — — Sdp ^ ^ dO where A — l^ppi ^ ^ 

T = l„. 


Jjtfp 



TRANSFOKMATIONS 18S 

Exampiet. (i) Find in twins of A". S, T nnd dadiiw! 

Jonn.«ia dc(t7, — C*) <■ 

K ip = if ~ 8M, Kd<l, = -Silv - \KT - a*i^. 

Hitniforw <?,,= ^ t natl fiwn d^»- 84 p- TiB wn 

liiMTu - — OTt and *«>» ds = JT t/p + 5 dS 

^ l/an\ S . 1 /M K 


ijt'. 


« .S*- ««•» 

— <?* = — flj,, " ^ 


(£i) Show thsi (jf “ 75^ 

\sA 


Fr^im (A^r - S*!Jp^ 




Fniiilu K dp = 4 *^ — S d& wo hmvft 


©.4- 


Allrtf, #tt Smmptu (0 abovop >*= — 


^KT - ^*1 


till. 


tv 


AT 

Kf-H* 


a 

(&■ 


(iil] If mr 4>i:Kri4tAntAr ^hvw ibo^t a dhAnatorMtio oquatJan irf b li of th^ 
frirm {p — iJ)f^J — f* Atf fflwTP ff, A ikfta ctfutifitruilii i^nd Jl = 

Wo hiive nhowii lluit 

From tho first, / = — & — I) + BKp) + hj inl^gratiCHl. B^h- 

Plitqtin# iJi + UiA + 

^ ^ ^1 ATO otmitAntB ojid 

Afr(pf+UWJ’-o. 

ft' 

F^mi lliM ljuit oqqfHiiia wo obtuku A''fji) =- - — Juui thBrefoto 

= ft log f/3 — a] + if whiifo « =■ — cif 
Leu i - o^\i^t> - 1) ^flfft-tti + + *1. 

Aft 

Kow p — /p = + i OP (ji — aKn — 6) ^ ^- 

6.4. 'I'r^naformatloas la Gen«rii]. In tbe tiansfomuitions v« 
have met witb. three types may bo rooognixetl, the neoand tnclaeive of 
the first, and the thirti incliiHive of the lirst anil second. 

(i) Lot M, = M).(35|.»,) whene :s, — JCi, . . ., 


TIiph 


/t — I to wiS 

W = 1 to *J' 

dll, ^ ^ dUr dr, /r = 1 to m\ 

BX,~ .Zi^,TXt \t = \ton) 


A 


14 
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BO that thio %^aiijib]ca u,. , . u^, „ d!„, p„ wLcn p„ 

are traiiaromiHi into Mi. . . „ wlieiu 

and WB Itavi; 

H M 

rfti^ — £ dx^ dUf, — £ dXj, fr = I to »»}. 
wi «-j 


dX, 


Such II tran^foTiEAtiQn may be called EjrjitufU^ 

NoU. TLi]: nimibcv C-f ijijdQ|re?iiiiaJit VatiabJce jid qf conw not r^ricLod to ft. 

Tlitift if r F(ifp 4), IF =■ SFfjr, y* t) ubd (Jiq imkppiwlenti Tftrfabl» uv tnu^H- 
tottlixl ^ u* 5 by tbu oqmLtlon x = lf)> 3=*t’rtjU), Wc liavo 

I’Vyu -F Falu.* ^Q-* ftod 

dV - F„Elft - Fpifr - dV - v,d^ - 

witih a AitlliLil:' fisiiJt for d'lF, WlLcn Lbu imnilitar uf vpmatikH ^Vp. in r^tuJ to Lbo 
ftuMber of Vociabloa ar^ the tnuHaroramtioD k caltcui a In 

Iho Diunplo jEuit conAkletcd, tlir trjm&frjrmatlrju \m 


(ii) T^t. Uf = Uf{3;„ * , ., r = 1 to m, and let (wj -1- n) maw 
variahleji be taken Ui, * * ■« whcpe 

[Jf = WjM« ■ *. *#.) “"d ™ * o «B,T J?i, . . ar.). 

dll. 3i7 

Donate — by and by P„y tbeti it is obrioiis from tbo of 

dx^ dA f 

determining tbt* derivativos (Up. beiiag i^aided ss a fimction of 
Xu , . A^J that the Hiffbrentiat expmsaiocid 


i/t/,- iprfdA, {r = l k. II) 
r-*i 

Tl 

are Wwwr csoitibinationa of the ex|)M«iiioiis du^ — Z dr^ ^ 1 to »). 

TLua u,, . . *t t , „ p„ arc tmnafprmejl into Ug, . . ., 

Xu . . ., A,, P„ when' 


dC\ - Z Pf, ifXi - Z ii„{du, ~ Z (r = 1 to h). 

f*T l-T m^l 


Aa in cuds (£) tbr auinher of hbw varkblea need nac be tv a. 

Lol r tfit, jy^il lei the TnriKblm be tnmaformed to Xt Yt k whore 
X — Xfad^ yp t], r y, ^ Fi *!b *** ^ ifl ft funetkm »f A, A 


poeseestD^; derivAtlvee / 



To olitftin P* 9 we hwve 


0 = dfZ - PdX ^QdY =Z^dx + SS^dy ^ Z^tk 

- FlX^dx -\- Xydy + QlY^dx^ l\d^i. 

Thufi {A. + ^tp) ^ PiXg + JT js} H- fflT, + T,p} 

ftDd (2, + - nxy + + Y^) 

*b-^p-ag.? = 5^- 









TRANaF{)H MAT IONS 


m 


li umy b# vwjtiwl 

S(,£.r) 3isi.y) aiz.J'j atA.ai , diJS.Zt 

4. 4Li;> . ^ 4. Mi'? ^ 

*(=.?) ‘^a{i.3fj SfjKjy) "^^01(1, J)) 

lUiJ (mm fhe r^uation giviiie; dZ — F4X — Q4Y tXtcvm it folluw^ (hM wtieii J', Q 
llAYP IIm^ V4bluw 

dZ - PdX -QdY = - PXt - -pdx ^udsf) 

Afitl by inU’rrdb^&jfb^ thu voriabl^a 

^ jj ^ g 41?^ =■ [3a — p^z ~ — PiiX - Q 

fl ii E>&Hily vf^vi^cd fmm thi> aboTC volaiia pf Q nii 4 .lti plitr 

BfXt F*Z) 

PA\ yr, - 

Xlfctin if X T ^ xsf h ^ + iSie. if ^ X* f + =*„ fits rnultt).»litif ii 

_ - s, j(y ^ sK? ~ + if -h s) ^ 

z\r ~ y) - j!i3r=4^ — e) - - sj‘ 

'IVutijfirorKuatioitd of this typ*5 may be culled 

(iii} lljc tr£LiiMJbnD££t]UTL in (U) Hugigieslta the possibility of truxisfanflillg 



142jf . . ,f 

Xb.) 1 ■ 

■ -. . 

iiiiu 






Y 

-Vpi 

), . . ,, . 

wliem 




I!. 


. ^ 

T*PBP 

a; 

Xr[»r. 

fi + i-j. 

W|BP ^Jl- ■ « 




• " ■ -> -^ip 




M 

m* ( luit the difTeruQtial dUf — £ I\j dXj (r — 1 to nt) sire 


liu<?iir combinatioiiB uf the q^jiresaionj dUf. — X {r = I to tti). 

P^iK’h ii tmnBfomiatkmt if it is obtainciij^ ia called a Cmtael TVun^- 
Jtt/ftfnfimi (OE Tuff^ntml Tratfsfi^Fmation) since the tangent planes (in n 
dimensions) of the one set of n-dimeiasional surfeees tmnsfomifl into 
the tjuigent pljines of new set In the filst two types of transfoima- 
fiotis, new fnnetJonis inuy l}e intfodticed (ffnbjeot to the oonditaons 
ijf tlii^ ejtjst^>rice theoreni) hist in the third ouae certain conditiQiia mnst 
b<5 witii^ctl by the fnnotionK jntrochicfsd by the transformatioiL These 
w>nditioni! ate inteipreted by Lie in his theory of contact transfarmations 
when ihero is dependtrnt, variable, and incomplete intarpretatioiiB 
have Ijeen given when there are mon? dependent varinbt&a than one. 
lie^s theory p niodMed by other writerg^ iadieates bow the functioue of 
the tTanafoi-nintjon m&y be obtained. Oft^ of the new fnnctionH may he 
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taken arbiiranly and nthom arc ubtiiiiiect EUilutianH of defimte 
difTerantuil equations iovulviDg that Hiticriioii. Tninsfoniiatioos of this 
type am important in tiie th'&jry of iwirtial dlfTereiitinl equations of the 
onief. For cjEample. Hiippossf^ that Pit, j/* s, p* ff) is My fimctbn 

of ita arjiTumonta whero p = q = z l>eing a fauction of and 

dx Ui^ 

let Z, P, Qi X, y be a contat-t tranrifomaitioiii Then P =^Q tnay be 
integrated Lmmediately to givi' the! g^uwral Holution Z =i^[y) whem ^ 
U arbitrary: the soltitiDn of the ei| nation P = {Ma given by 

2=^tn Q=m^ 

(three equations from which p^ y can be thoor*itically eliminataclL 
The following simple examples illuatrate tills type of tcansfurtriation. 

A’jwm/i/rw. (f) Ut JT, = " Prt, 

Z =- + . , . + p^n - = wliicfv I JCti 

Then tZZ = j^dpi + , , , + i nth\ if we titJcfl ^ Wb have 

dJ5 — P^ifAj « f. — I*^ dX^ ^ “■ (-i/c -■ Pi irfii;| i, * *n /ipi|di?^)!i. 

(ii) Let 2 = a(J-pJ» JEr = 


a(fi" 1) 

dZ ^PdX -QdY 


■P 


f 

P 


ih«i 


dZ 

BO U-LDrt P = ^ 


dZ 


— (ct - p di -fii/) 


if Z ifl fv].;iLriil4!il Afl a 


fuantUpii «f Xi 1’. 


RxttmpLes VI 

I. If -£- ^ ftj: + ; a: -= 2.V f + ■*; y = X -- F + b 

ftllfiw Jhrtt F) = I2r + 1% + 14. ^ir(X F) -p + % + HI. 

2* If tft = H- i ’h fj*)p IT = J. Bbt>* llutt 


fj) “ ww - JC nin ff) + PM p - riinyl 


3« [f 


= 4- -P J 

3 


A Hin ^ riin 


nhi»w ttuLl (= lull N) " 2u= 

4. li V 


ji — a sill 43Ud y 

F J?). 

sy? j jic - ft outi y = a sin arfp = — a l-iint 

fi 

— y*J. + acaj^. 

«ti, pfOTP that 
. + *=«l + JPnr + 


^ ftOM Sp 


jj''W 

5, If s ■* jfar, : j; — K + p, ^ 


fr. If [' - •)! +(|»> V) = Jf! i z(«p V) " 

t& ^ ^ i3(tt, e) *‘9(w, p) '^[«i p)’ 

7. If F ™ 4- »* -I- W! 14 + * = I* + jf", *■ 4- t>" — iiy, pMT* llurt 

d SatiP-s^ 
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8 . If X = r Bin 0 i»a V r ain 0 nhi E =i r cn 0 r ahow l^bst tVJ-r, it, c} — xy j 
tfi =) = y» i j*. Jf- *> = *a- 

Ph If h* + u* + ip" — Jf + S + e* “' + =. x» + + =■, 

X -h F + w = *?* + Jf* + =* 

(«nnie UiAt 

3 Dip + ^ LSeutr — e 

(i) ». S» = - -“ni) '• 

*r *! _ f* “ ' *M* -^1 

3iJf, y. E} " ' fH" " wKio -1»)' 

10* If «*+(;*= + J(*. «• +!*•=- X* + y*. pTOTd t,lwt, 

9 , , ^ ax-9F») . ,„,a{«^) 2iVL^_ii*> 

(i) ^*f*. yi — —,») * ![», jii “ 

11. If tt* + !>* + atHuc + y = til w + (1* + i*Jy + 0. provo tliM 

a(M, ff ) _ «*■(« + "J — *_ 

3Ha ffj " (j^— pj((« + *>) + jiKl — *)t 

i J, tf ^Jjj. Jo. ■ . .. ^ 

13a If the liTP VATtablrfl j*!, J'j, Ufi, W ixmnrcM by twfK fiuiDtiuniil l^lHlieuiip 
pn»Vin ilinL 


(SI..©.,.. 


I 

wbfTTi the IMllTlxeH donota tha uthar i tldtfleciient vatmIi^ diuir^c liho diffarEutbiti'iJifi. 

14 . ir (be Kix vwiaWwi Z|t^ afi. 4«mmM3tfld by iliren retatidiii, Ebaw 

thnt 

ti\ ^| )\ Jj) ! ^ I 

3tg)J 

©r,*. ©«, ^ 

15. If«* 4- itwes + f' + X -I-1; = fti attw + + :^ + y* - ft pniVB tbut 

3{ii, If) 2(r. - y){ii*v*xy — ul ift: — tt«y — IJ 

ajivy) ■’ 34«* - «^K3*V'**e* + ») ■ 

jft. If/(X. ft, a., /J) u. 9 >> y)i ft = 1P(*. y) pwvft that 


irf_i /•+A^ + 


17, ir/{». y. », ftl a) - ft - vfy> II). Eb™ lb«Jl 

IH. lf/(^p ffn W*a If) = ^1!. «i ^) - If} = tihat 


whwFr 


^M{X. y)= -y. y}- -j* 


3 t/« y ) j 
0(x, B, w)‘ ’ 


, 3f/. r ) 

3(|f, F, w)' i)(«l, P, IF) 
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Iftt* + If 4* + S* + V + p* + = ai* + + J'l 

prarF th&t 

^{u, Vf iflji 1 — + ^ + ?a) -f iCi^^" 

d(x, St. *) " 2 - .3(^’ 4 -4 «■) + iEr^ViD*’ 

20 . A uuivn Ln tbfl j! — y plant i* giTcnri by y =/{«i *) wlicre i) ^ 0. FinTB 

(ii) Ai'S = *ii/-^* - +/»VJ - 

21^ A PuiT^ in the * — ^ pinna ji given by U —/(i^ i^p a) *= ^/f*j y^a). PtQve 
23. If Jf. e> «, ~ 0. - <*« ip = **P ptnTB t.hnt ,v) = — ^-« 

») - - 5;. 

23. If « — ifjtf, if, i) mrd r y) pffrtp thnl 

a Id 

If} -= ^). 

M. U. _^» , -'-i*, » - »<* +« +'-> d™, lh.t - 0 ..d 

1 Z ^ P[!P| Sff *J 

find lh« funoUjQnal r^ntbui uannanting m* v, tc. 

as. If I* = X 4- y + 1 ^ p = + y! -f- IP = z* + + 1 * — ,ti^, pevvt tJinl 

g(jtp g^. w) ^ ^ raUtloB eanneerting ji* a, ip. 

y* ¥j 

36t Obtakn a fiUuttEutmJ tclatloti odmiooluig Ai Ff ^p wham 
FT + ipz + i-K* + ^ “=■ ac* + F* H" ^ ^ +1^^ + ■" + 

A:=-z4-|f + =+W^ 

27. lf/[z) iJi Eiofiimd hy tho eqnataovu/'(z) =^ l/a^/(t) = 0, wjlhoqt 

asBuznui^ the logariUunla facction, tlut/(z) =/(^)h 

28. If n + **il/*fz} = I,/yO) =fl, aflij q =/('jpJ +/fy), q =■ r""^. PW^" thq| 

29. If/'(*) = aiMi/(«J = «, pravu lint 

/I.) +/<.}=/{^i-^ +^}Y 

iO. If Jfj {^«(*. 4i)}\ liuA {|J«, i»]\ 

31. lfq=i(s, 5), p=i^I = 2^p ^ 4 I that whoii 

r, I am Eipimsed Ob f^eitiafia nf fl'^ ^p Hum 

rfp + = MT^ + Jfppjjp 4*^^ — rf, + 

32. If ^ ^ — St wham i = 33(t, y)p p = g = ahow that wbaiJ Z 

U txpmneii an n fonatl™ of pp then J? = ^ ^ ^ _~i* 


where M — 


g„t T ^ Zim, iwd 

















EXAMPLES VI 




3d. If Z jsp and B ii ^xprcfiwd ha a fuootioii of pt Jfi pro™ tJiAt in ths 


cKitAitioa of J/* /? ^ 

T - 


* r = - ^ Wfaju® J* - 


34.T3r in the ootHtiiin of Bxampl* iJ, B — p'ic+ jp* —*tX — IJ*, 


r •■ - + leE(fV*)> p 


: 0 = w* ^ ^ c'J£pwi¥e^l m * fancticwi X, Pi 


%hm P = iZfdX, g • dZ/^Y Mid dZ — Pdl - QdY + i£i - j^da? — f dj/ - 0; 

§hQV qlK that JSa, 

__ [1 -2y)iff-i/ *trt-j*J _ 

^(r- 1)*«^ “ iHj 9 -1)9 - IJ + (? - lyy + ss?jffli'< -e>n- 

Pumv llitr PMuit« glTPfl in FasimpEsi 35^1 few lliit llidrmcHiynamia ew: 

“•©.-"(S). »•(§),=-»(£). 

,,. 0,-0.- .„. 0,-c..- .(|).{(S),}’ 

30. dB - (7^ iKl + {fl(^) — 

lllp Th? e^iuttoa at caDMAdiSii a}Ai£opy {adis^tk*} un nl tb» form tP — ~ 

» (i^n^tMitp -when htb tuuuitMiEr AtImI y « I nnd ^ «i! oon^UntB. 
llie inUjrniLl oocrgy JS* « Hh oomtftnti m ExamjdA 40v\iftiB nivo, 

*2, The t^quntjoiia for pJftne wnrca of n g»i m givnu to bit 
^ du a*0fl ^ 3|P . ^ 

a + “Sa + “fc ^ ” 

whoiB BJU fiituirtiouj oi^u Hid P oonatant. Bjf tnJdiifi H — jg — I m tbe 
dc^pradcnt vjuiahka nod «, {■* logjP^J m the iodoiifindrait Wiiablis. prone that 

thfiBc tM^TsatEollA iLfts o[^llivtlJ(SLt to the Enuulit aqaatm ** 0 wLrere 

f = - I - 

43. Tbs sqiuitikMi of lof^ in it uiiLrorni wiilI n^ih vcdooikl iklea iiB- ip^en 

lo bp £ji(I + -» whofti f i* ft fuTvntlodi of i, ^ nod c ia oonitiBJili Tabiiig 

tbp indeiwodcnt vnrmb^ l« be «(= if — Slrfl + ®(= ft “H 2tl(l + i}, 

mvi thr dependent vafiftblo to bi' ^ -h fft ~ f!i tbnt 

S(« « 

iSijfid^rM f i ^ 

24. {vf+l] ^ uv 


2i&. UP -■ ii(k* — vtej 


16. er =. X" -3.IF + 2^ 
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CHAPTER VIT 


INDETERMINATE FORMS. MAXIMA AND MINIMA. 

7. Indeterminate Forms. If Jin) = 0, = 0, Uie fiiiujtbn 

is add to tftke the * Mlrkrminale Fotm* 0/0 ftt *=*n, 
althougb it may tend to a deterrairetto limit when » —► a. 

Other mdetcrminnte foni» occur auch as those iadictted by the 

Bymbols qo/qQi oo — O'^i ^ » *** ( 

For the caatti that uaually arise the moat method of evidu- 

atin|t the limit, when it exista, comriate in flndliag the ttpansioti of the 
function in the * appropriate itcighliKJijrhofNi. Before iiliietrw.tinp thia 
ohvioos method, however, we ahail obtidn tw'a allied theoiemH that are 
of wider application than the method of expunajona. 

7.6h rfeotyvne oh Jftddemtmate Fnmt, rjiaamw /. Irfl. (i) 

^a;) be contimious near and powess deiivativee /*{?>)■ ^'(*) I {b} 

Ha) = 0 = ^rt}; than 

M = lim @ 

.m ^ ^'(r) 

if the latter limit exut?. 

We shall aseuitic that ^(k) is not iero near a, and tlicrcfure that 
+ A) 0 for snlliciently Hmnll values of A. 

Let P(*) ^‘^1* 

Then Fia + A) — d — P(o) and ihecofore by Rollo's Tlieeusem 

F\n + M) = 0 

for some value of in the intmval 0 ■< & < 1, 

/(ft + ^ ^/'<o_+0Aj 

*■*' i(o + A3 ^'(<t + 6k) 

Hm i> +S= lim-® 


Um 


i,e. 


j— 


JiTirfe. tf tikk« iho indpiomifciwt# form ttiB J.lieorpm nmy be nkij^ilkid. 

rAcorsm // (a). Let (i) /{ar), be continuonB and possesfl deriva* 
lives for all large x ; (ii) bm /(») = -|- co (on - ») and 

= + 00 (or — ao), then 

ita M , 

m —1-+ 


^ Una 

(i) 


if the latter limit exi^te. 


m 
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Tt » putficieiil to prove the theorem whea /{x}, both teaJ to 
-f 00, sinee the other rasfei may he rtuluced t.o this by ohaDinilg the 
Biga of / or ^ or of bot h / and 4'- 

liet F(x) =/tx) 

anil where, siti^ ^3?) -> + «30. mn be chomn flufcciedtly krp to 
eiwure that ^(») {x > x,). Then F^x,) = 0 ^ ffxj and there¬ 

fore F'tx,) = 0 for some valne siitlsfying the inet^uality > a^, > Xp 

>111 /(*^») _ / 1*15 f j. j. j.A 

liin = I; then Xj cftn be ebosso nufficicntly large to oneuie 

f (X) 




< If for 111 ) > T\- 

Keeping », fiKOfl iirul let X| |- ® * A ''“Ji be taken Hufficiently 

e, < e, (aince #(xj. + t*')- 


lariEi> U> ensure that tfA 

ft ^*ir\ 

|i„M' 

It 

c 


1 IM) 

where H ='j/- i| < e j W = ^ 


(( + !») 


(1-^) 


<*i K 


fel 


< f 


1,B, 


— f ifl small wbeo x, ts large, 




i.e, lim 


m 

iiRx) 


lim ( if the latter limit esiata, 

d (*) 


Corollary. By a atniihir proof, we may show that when/lx) —► + ao 
(or — oo) ainl ► + bo (or — bo), when *“*• — ao. then 

jt.g- 

when the Utter Uinit eiistii* 


Ntdth In «»iiie enfloi lim /![») Itdi ^ + 3& (of — -aa} wid 

Un * bni — -h «o (or — ““) 

H-B »- 

odA we may thnB.wribfr Itm -^ = lim whim tlir iMtw limit exist*. 

Tluorem II (6). Let (i)/(*)> ^(x) be continuoua near X - ft (but not 
at X = ft); (ii)/'(»). f eitist BS»r x = o (but not tiecieaaanly at x = a); 
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(iij) lim /(JJ) = -f- oO (or — oo] (Hid litu i^(«} = + oo (or 


oo), then 


if the latter limit exists. 
Let 9 ai a 4 -1, tken 


^x) 


lim 1 . 


' «*) Ki-*- +_J^ 

if the limit on the right 


ji«. 


lim^ = Iim 4?^ 


if the latter liniit uivts,. 

takcfi tha mdei^nniiute Ibnn t±io thEH 3 TEiii 3 mAj Up rm|ipJi 4 (L 

7 . 0 s, ^kAef" / Tti^i form 0/0 ifi theaFeticikllj cqnivn- 

lent to — fiince we may write ^ ^ bqt it will flometiuiee bo fnitnd 
CC- f-i 

that the appJicatbn of Ttieorem I to ^ when [f|, |^| —^ go in ineffec¬ 
tive, Other incletoTTninate rortns ehonld, if poasifale, be re^liicod to 
0/0 or oD/o&i whichever in more suitable, 

T1ii3h^ if/fz} “^0, <^{x) 0+ ^( 3 :) —po, ;f( 3 rj —go, il(E) —►= 1 when 

(i) /v, t9 X “ay bei written ~i* ^ 5 ^ 

(ii) V — Jf. {® “ft? li* written w (I — ^ 1 which if ^ 1 , 

\ V/ V 

takea the faim so 0 (i). 

(iii) /*, (0") 10 ftiad log/ '10 0 X « (i). 

(iv) tpf, (co^^) is end/logy) is 0 X co £LJ. 

(v) X*, (I”) is and ^log^ is to X 0 (i}. 

Suitable modUicai^flnfl may be found for indetennmnte fcmis of a 
more complex type. 

For example, (//^)* ifl (0/0)“* and miiy be written i?>i'»«oy+) 

The function f Xog(//^) takes the form on x 0 if//^—wl. 

»*-2ae* + i* + afi^2iP+l 


Suxanptea, (ij lim 




: lim 


fift - St* + 3ii + Sf ^ 
te» Gbc* - 2it + 4 


(5“)-. 


lim 


ao** - f4iF> + to + 2 

;i 










indeterminate forms 


m 


,, lotf{j! — iji) /a>\ a*** /0\ 


“ lim (—SewiMii*) ™ 0. 

►’ll? 


*;i - * / 0 \ 

(lli) Itm - x) Ud T (fl X od) = lim ■ I «. lint - 

Hrt MX MJ/ — 

(It) U^(<rt.-i) (> - «)-li. ( *”dr.*‘''' Xr) 

.(I) 


- 1 


KHOBfTX 




E Um- 




dux + XCOI3F 

{v) lim X* (0“) = eixplim fxlogtlm 


^ itn j — x -omx 
^fHKX^XAinX 

lc«* 


-1. 


(▼1) ttm (Dotx)**“* (oo'*} ^fix^limiinxIciQoatX 

a—>43 


/lDtf«rt.X\ tJWlXOQ 60 D»Jj\ 


60K0X 

(vii) lim (1 + a*) = 

' • nxplim 


■ Dip lim 
wo* Ji 

•goe X 4^ iin x 


lojtf l -Ftong) 
Mn V 


') 


^ f* 


. {0\* ,. togsm* —loe^ 

UJ -ii - 


^CW 


mil X 


Thiif ihf liroit £■ flXpUm 
Tlicior&m L 


> ] aj3ril thiiferDro Iqg oiD 3? -- kv X 
XMX — Minx 


±r*uiix 


= bj TBp(ixt49dl &pplicflktkiiiiB of 


(ix) lim ^ 


Wi)}' 


\H m 




(ci) «t< 0, llioii X 

(£) E> Ot /7 cOi thm H 

{^©} 

(c) ot > 0* Jf > 0 j % = 


4" 40 

0^ thi-Ko rffiuJm \min^ ubvioofl^ 


Ing 




-; liiri H = lim -- 
s. 


, __ „ - by Tliuotom 11 

jp-i ' m. Bf-* ^ 

MJid tb^foriTTO bj Qontdinmi ■(Fplknitluu of Tbeortim 1£ m lim 0 = 0 bj 

{4> If * < 0* < Op tliP Uinjfc b aiiiM lim (1/w) = 0 by (<s), 

Thil* u 0 if «. > II aiMi li ® if Ti < O- 


[xj lira (“)f = 1^ 0* ® if tt < f> by (ix). 

(TbiD€]rrEm JJ) Mid I bcnsloM by oontinued apptioa’ 


flip# iH 

(xlj lim — = iim 


ticm of Tbooiora Hi fbo Hniii Id 40 « nil x if m > O^i 

£:e»mjiIP4 b/ the JJte af Enpanawm. Sjamjiles (i). 
EnmpUs^ (i) Expand Unix as tar no S* (x ■IDkll)< 


Mm xm 


gja X 

POAp' 




■ * + 1** + T^' + 
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-M) 

{U) EIipKiid idn^ •r hj« £kr m ^ whm x ia aiTIaII, Etlh-r^r 

«iu» 4f - j;'(l - ^ ^ 4 j* - ^ + h 

or Bin* X = I Bfli f — I Hill ^ Aq4 K^pand $m X ujwi lie 3f. 

(iu) Klirid Urn 

™t.» ar = j,< i- x*-\- - |jr“ + C^x-))" 

/ 2 
i.p. Hill X — ^J! ■“ — ■^- 

. . ■in Hin bIh x — x ™ x 

(vv) Kvttlsmte Cini » 

#— ^ 

.it. rin * - (r - jX*) 

X - ix" { ,Vi‘ + 

■X — 4 - + (![*’) .imijiirly 


I a I' 


4-5 I- 


i*')’ + l« + 'X'’l 


mi Mil Ain X 
A\»* JF Oflfl X 


(vj Find lirn 


-*= - 1^* -S- 

fitn* r liinJi* J! - I )■ 


Thus littj limit b 


Thu limit ill [hTiL J - t, 

Find Kim (J + nkn lort it (I 'f itn 


Then log 


|t - ) (Ain le - jAi n ^ j +CKj^H 


- I + qxj. 


jF _ |jJ 4. 0(1*) 

Le, «! —»-* 

7.1. Maxima and Minima of Ftinctlofis of One VarlafaJe. A 
fimctiou /{t) m said to have a maximum (fjiiatwzufli) valae at m = rt, if 
f(tt] La dg^bndcally gieat^r (b&a) than all the vslii^ /(a^} r — u. 
Wheo/t^r) in rloiine<i for nil voliiDa near x =a (includiTig 3 ? = fl)j then 
/(ft) h a ma^dnnun (mltiimliai} if an intervnl ean be found 

[a? — 0) 

for which/(a:) £/(*) >/(«))- Thtia ^ p= 0 gives Ft msidmum value 

to i ^— X* SBLud a miniTru im tO [af|. 

JToif. Wp omit tho caic wbeo/fa) - /(<f) OVW tin mt[!r¥Td^ iiml/(o> a mB^t^immii 
{minimum) Lb. t|au hfnad Foe uHAlllptc, if /(x) = [x —" Jij + d* ^f+ /T*) 

hu a mmlmum S far all x in — 1 < X < 1. Itl many may ool b* dp^ood 

for all tjiJl£ch nf x nod mmy iirri. pim\m a mAxlmism nr ininimum. Fcir fo:Lk^^[lll^ 

jy k dflliUHl for bJI x mcoopt x ^ I jitd. hA» no mwnmmn nor mibiJiium. 

Hk dflCmtion ™ h»vi ^vob of miydiiium k atrictly that oF a mnutittLEim reEativp Ui 
Ta!iic« in a cdjiihhoiiHiocMl; luid thonfone In thb donao b fuDDlJcii mby have mi 
imlimitixl numbflr of znaEimB ajid mibima. 

^olcff. (i) Tho pTnltlem of dotorminuig mmimum Jmd minimum va1u.i» 3a coe- 
cemad with raal varimhlea ; and in JiroblcrbA whem comphaL valued Arile IhfOttgh 
BbBJjtieal oonditioiu, the funotion niay ptMliess- K miixillium qt minimuca iu ft Idee 
roilTkitiTa mvuf. TJiua V “ S)} ban a rf’lftti'™ masiiEEuin 0 wbmi 

X ** 2 obtwnpd aiHilytirally from the equBlicm {* — 2 )(?$ 3 ? — l£rt) ^ 0 . Tbo valuo 
X = does not give a read vilue to th? fimntkiti, whiirh huA, hawevEr, mb obvioua 
micimiim 0 whnn * =* 0^ § or a. 
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(Lij VflJm® pHtulopd (L1UI.1 vtit' 4 iilty nifiiy Tw iniwliTiijiBitj'lf? In |5rn--ptic*l mpjiliciitli-cjjifl- 

41 VI'll tlieiy it™ ruiiL 

Fur e3[r^in^plc‘i if it nujuber uf flpllf-IYS ftro projeotctl at a D^rinill flurtant limd glli^eu 
|Nij£|l£ ytulr^r ft givfln law ul atl-rn-itloii t.lnp difltancio btaWOTlS of two of 

tlinm m n nf tbo mt«rvfvl nf tJinft t aftcrr thD iOalAlit of jiTOjWJtion. T^b 

fLLiiiitioli may [K^fi*Rafl tDaximn oc laLallult wtran i antiisflca iOlrte JHIJti«ri4!ii!3 fy^uation 
^^hbaLDf^d b_v n value of f ti-IIJ. hoTvcTt^, be iJiiuicsiSwiibb' wlii-n 

t«) it k it I* mtl and tiojijftilve* [c) llio onrETsporwlinJ^ -dieUntie^ is compltiit 

fn.g. when A* lil UPgat^Telp (dl ^ whfTfr ri- am the fiMlil of ttnj npherMt, 

(«) Jt ealSMuft kn* Uki-il pliwp boTom i iXiMihea thi3 value funnd. 

7JL Vo^iiifms Jor JbTdxim^i ttt*d Atmifna 

The conditions nbtainei! here nofi m aiitisequeot panigmfihA irn]]ly tjie 
exis^.el^w of the rlcriviitive!ii thht rn'cnr. In general, obtinn. 

fiir itiTnplicitY, cniniiliiilis ttmt are 

ir/"(ar) a sef^nnfl derivative near a (inelndii]^ a), ihm 

/(a + f^) fia) - hfia) + i Oh). 

M 

Tlif of/fa h A) — /(tf) of A/^fa) if A is t^uiBll aiul therefiire 

crtnind iw- tTivaxiable unless f*(^) ~ 0- 

Thus if/'(35) existftp n necessari^ conditioTi h = ft and the poseiide 
valtn:}* of a nre obtained by ^lyiii|^ t-hn equatioii/'(df) — 0. If in addition 
/'(*) k > 0 at and mtiT x=n.'f {a \- h) — fia) > ft fllrnwing that/{ft} 
is iiiliiirniiru ; whilst if / '(i) < /(^) k a nia^miuni. 

fn purticabr if/"(x) in tontinaoua and P(rt) > C) { < ft), (where 

f\ti) ft)* tlit!n /{«} m a mininiiinL (raaiimiuu). 

lf/"|fii) = 0 pi-jeacs-^fl Mglii^r ilmvutives, let. /"(/:) tu:- thv 

lirst riiiit ilmn mft vanish when ac=irt; Irhm 

/{n + ^0 /(«) - ■- ^ 

If > ft(<ft) near /(fl) k a miniuiuni (nmxilitihni) if a U flrn. 

Hilt if IP is liddf /('O iri not a Tnaiimiiiii iior iiiiniinimL 

jVfrfw, ft) tf . 1 ^ k MliJt/'tx) kttH 4L ininimiini pir nia.'dnium juid t.hp t-uiive ^ - /{z] 

bikE aiL inhuxJHMt nl X ' ii- 

(J) 11- M ori-iisn fiL3ij|ikir Hj itiKUtidor lIsd niiar ar = « (whiw 

/^(fiij 11), ftl iirrltT to iliafifimlfiaUi liutWeiti llkfi VJaIuw. Wo iimy Hdffunw ibal 
/'(x) (j m) wbis™ ti) -=±M. If fi) 19 fit ixmmtJkiit sign iiwir x “ n 

(wLeio il k i.!^iijt'irnini4n fur tbiio /{n) in a mlriiinum whm o) :> U and 

ft ifl odtl; wliitrft/(p|| 19 a iiiArimL!.m when (l) < II ttnd n 19 ofA/. I Itkprw'ijw! t.lirn» 

in nji inUelkiD. 

il) /<x> = fix’ I- 7x'' • 2Ia4 - J4 j^ + 2^. + 14. 

/»= 14 {x - m-z : 

NWf X - 1, /'fx| =■ (-i-!(jf • p*tAfxicift. 

Xmr .r - lp/'(z) = [4 K'® ' 1)^ ; pjri wfmiPtft, x = - - (fivira n 

PfUiXj'pfdUjNr 

fti) Tki’' dtftT-n.no 9 betwtjeii llin npnErt*fi uf livu s^3li^l npherefl of nwiii o* If k A 
| 3 Ubi 3 l miufx’Vi Ilf ftgkl k plucwl on lLo Hihj uf coni res iMwwn the two fipbeirDs. Find 
I hi* iMjfiiliuii of llie Bourrn ikiit vill illuminuLti tko ^irentest loiat fforfdcer In this 
iixamplr e a. 4- A- 

Let X Im:- HJlo dMliJlOi’' of ftie Bourae from tlir OtintFc of the sphw of pikdilfw a 
nuMwitLfisI tiiWiinl* Itlo WJItrt' of the othor ipho™ iimJ bt > A, 
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Theturiucfs kIinniiiiiLt<o4 b 


t(] 


■.nJ xiK z < « — I?, 


ThsiPt TB nuudmnin when ^ - — 

ar’ (6 




caf 




,. Iff* X = -V-»^ 


(»HiiM>a i-he dtlier 


iii3» 


taIu« off ]fl griAt4!C IhjiiU c). Thu mlwe c-f ;i: ia > a hul < c — L uuly ifi3 > & + 
aJ 

If c fr the initxiinuin atMt is cibtiiincid bj? taking iT = c — 6, sincfr i,he 
ni 4 .t orf itLcn^taSft is poaitiiv if jc inpreo^ee. 


Thm if c > If -f- 


i-T 


iliuL 


dl 

Lf tf < ?> + Oh r = r — -6, 


Arftfr = Srifa* + h*) — ^nl \ 


tai 

rir^fiT 

. 2jvtl^£ ^ a — 

7-2. and Minima of FuticCldns of Two VartablcSp If 

fi fimction/(ar^ y) k dcfinftfl jit ail pointa near (s, ft) (iiielisdbg 
then /(fl^ ft) is calkd ft relative maxifwifm i]f /(jt* if 

/(rt, 6) >/(jr, yK</(i, //» 
for all (k, ill the iiei|;litiowrliooi'J. 


T,2J. Analyiwit Cotidtttm,i fw it at MiintmtHi »f jl\t, j'), 

Taylor’s Kir^^iaTLsioti gives 

/{fl + ft, b+ ft) -/(«, it) 

= ¥. + ¥k ^ + Oip^} 

wh«*re + A*. 

The wipn iif/(Ei -f ft, ft + A) —/(d, ft) is the Haiim iw that uf A/„ + 
virlim h. k ure ,‘fniall anrl therefoTp! einiJKJt be jnVEiriiible iinleswtMitJi 
van!»lj. 


iVrJff. TIuiT, ihr lAJildidoiLB= o futkiwa alou fmui tju^ 

Ehat/f^, jv) bH n tnjixjJnum {or minimum) is Or whiL'n xJs tlipd, 

When 0 = /i!,> the ^gii of /(a -f- Aj ft i- ft) —f{n, ft) ia the 
as that of h%a + + Ay;^ when ft, k arc smaBn 

SnppoHfl that the ^ddcI derivatives do not att vaiiiMti. Then this 
quadratic in (A» k) can be of invariable sign only wlien iU fact ora 
ore not real. i.e. only when /^" < But if the factors are rr^al 

the quadratic is posfitive for aomc iliaplacemcnta and negative for others 
for it may be written (AjA — /i^AjfAaft — ^^) and this has one Bigii when 
A/i- lies between fitjii the other sign wlieii ft/A lies outside 

these limits. 

In this ca5j0/(3?i is said to iiave a mddlit (or at (a„ ft). 

Finally, if the quadratic ifl a complete square, it may writteo 
± Uih — ; and b theroforo of iiwjuiftblc sign for Ekil dinplflcementn 

eicept those that satisfy the equation J|/j — figk. f^inrc: further iovesti- 
gatioti is necessary to determine the nature of the point (a, ft), this is 
floinctimes enhed the * Doubtful ('afle ^ No useful purpone, however, ia 
aer^^cd by oUlniTatiiig the finalytical couditiona that ttbcritiiitiftte between 
maxima and minima in the doubtful caiJe. For a case arming ia practice 
it is HufCcient to draw the contour/(ar, =/(a, ft) next paragraph). 
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{[1 the EicighbourhocKl of {it, b)) mftlcing of the Afialytical Folygou 
for thdt iNOInt, 

NtftfifHHrisini 7 .* (i) ValueA h Etrc detcrmiJicJ by salving the K|uatioaH 

“ t* =/,■ 

(ii) I f /,„ > 0 (< 0), nnd a mimm u 

(iii) lf/ni,*>/a,i/i*p the point (n, ft) is a saddle poi»t (i.B. /{a, t) is 
noitber a tuaxiiiiuin nor a mininnini). 

(tv) thfl: case in, dimhi/tiL Draw the cputaur 


7 , 2 ?^ The Use o/ Canimirs. Wlnan Ja=^ = /t: tbo contcur 

M */) =f/(a, ft) 

Hi sifUfuIitr point nt («, 6). If this trontnur has r^al hrjinrliiK5 ut (et, ft), 
thoii /(Xi =/(-fZi &] tiut uidy at (ii^ b) butr hIho at real paints neiEir 
and therefare/{£z, f^) 4:4rtiiot h(^ A t-ru4 maximuiiL lior iitiniiniim iu t-lie 
slrici senile. It will had all? luippen that/fa:^ -/(«•, b) ia positive on 
one side of a branch and ncj^ative on the other ; and in that caao/{fl, 6j 
ia neither a luikxiiuuiij Hof fl niinimimi, the point ((*> b) l>elng a siuldle 
jhoint. Tlie saddle point in the generd ease wn.j be of a nnnltiple type 
such (13 that given by (x* — — lif“) ^ at (0, 0). 

It is, however, [hoaflibh^ fiiry/) —/(a, 6) to have the same sign on 
Ijioth sidee of overy bran<:Ei so t!iafc/(fl, h) ia a inaxiTnuTn (or n]iniinuin)i 
in the broo.d sense. Thus in thiti aerkac haa a mininimn 

at {0, 0) althuHgh the erittr£k1 coHtoLir x* + ^* = af I@ a reai circle. 

If, however, /(x, y) —/{h- =- 0 haa no real bruise(i w a infrr that 

(•lip (f) gives n tme maximimi Cir mininiuiu ; for let 

/(af, y) -fitu b) = -a,y-b) + R 

where F{x — u,y — b) are t^sniia that give the first Approximation 
to the enrve at fa, b); sHci let (0,0) be iaokt^ for the curve J'tf, r^ij 0. 
If possible let /"(ft, ryi) Iji.'- > 0 and f{fi, 171)' < 0, the iHJinte (fi, 

(fai J?i) knng anywhere witliin a anidl eirde of nulius > 0 and of nentra 
U. The fujictba 4 ^{t] — F{t£^ + {1 — fijt + (I — oppoaito 

aigns for f = 1^ I =■ 0 ] and if, ns is nortnally the ease, ^ is oontinuoua 
it follows tluit iniiBt vanisli for some point joining (ft, t?i)> (^ip 
T tsia contradicts the hypothesis that (0, U) ia isolated for = 0 . 


(i) 2 = OJ® + 'iAi^ -j- I- 4- 2f\f 4 - c {'rr Tlaw ptie- 
fl(bte vfllnw are where 


+ ho + = ^^0 H- ho^ + / 


I>eiiDl« the nd-feolurs cf ^ ^ 


ri Ai p 

A & / 

ff / 


by Lhe L'lCMnesixuadlii^ CAplud Jelterw, 


(i) Ij 0 t G { = ab — ^ 0 s thou 5/^7, y, » F/G end the ointvflpoiiiiiiig 

vfltiie er s ie A/V- 

ThiJTvJure = — 4/G = nfjJ — + 2fi(ar - 3^)(y — -f- bfy — 

(ffl) If C7>- Of o > n, = =4/G ifi a miWwiTiTii. 

( 6 ) If C > 0 , a < 0 ^ X = A/C ifl a 

€ > Oi numot he ebtu and maEt hiLve the bbjuc sign. Tbu Eic%h- 

bouriTig oontoure are eUi|»iafl md (Jqi V*) iflolet«l. 
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(c) If C < 0^ y,) 3fl ft Jw/jlfr? Tlie flritioal nuntouf ijotteijiti of twa 

(i) Lat V{=<A - A^) =* fl, Tflic* a ^ h b = [a. ,-< 0), fuf di<flnite- 

iicM iho otliisr fK^jq^iiUliwi ht'lrig n ulmilftr typtr, ih» eqimtJjjffjn liMtu; (aTp^ j^,j) ar^ 

11% + + P - (I - -H -h/ 

f^hJeb bftvc ud Mutism ui iIbsh / = In |at.E«r caUf* ilieirv in « linn of 

nimiiujfc utt + + p/i ^ n ? fliore w a minSTnam fur any diHplju’Piucnt nway 

frtktn tbn Linis wbllnt z i# fltJkT.jufUiiy Jur 4 iftp]iP! 4 ^mt^ntM ivhini! llii^ Nn-ii. 

(ii) = -3**-Sr- + ^( si). 

/a, — C1 j 7 H" 2p * 1 > Ihfil. Uiii pjft^bh* jKrj|il<|i ftri' (U, ll^ f— 3l, UJh The 

cnnt^nr for (fl, 0) i# Si" - I- i" 0. 

This ootil^iir Tot (— 2, D) ii y" = (if -\- 2)*}^ — Mui nntr (— «ii thin 
i-4Tiitoar — Sfat + 2)" wkbll AD ( - 3. 0)- 

Hf-ro £ - 4 - — 2(3! + 3)* — ;^^ + (jf d* 2)* i*<i t.hnlr J 4 Fn in iiiiiiiciniiini, 

iSfr 2r ^ah f-Arfjf. ///.) 

{Jii) E =/(ar, - r* + y» ~ | 3 ^, 

/, - — 2r"; /, - 2yi [KMiftiblB pHnlri mt? (th Slj, {± I* 0^ 

* i? ® /«■ i/iT i/ifM ■ /iwA* 


2 - 

>4 


2 

4 


4 

li 

H 


mluiiuiiit'k 

muijiiiu 

miiiltuix 


i» n ti 

1 i> I - 4 

-1 u I - 4 

Fi^. ^7 (A), Oh^p^ IJL) 
lj\') z = {^ — i")" 4- s il) In tlu-* imly pulut. [IMiHid/Ht f Vme^ 

Thif DSSntAur (y — **)* + j* - Ip ia al ^fp, IPJ (wi-wftiiniiijfi. (Ffp. M Fm), 

Vhnp. liL) 

(v) * — (p — — x^l wihJifi [iiiint at {TMtMftil f 

USrr Figr 28 {h}, f ’Aa/t. I ii 4 

in} FFnil ihe nlnnriffli dlpt-neit^p tpm two «-iar¥i!H y* -iu-^ j! — nh 

(^i, c > 0 ). 

Lol A iiolat 111 ihff llnst Iw t4ii«?n aa (rp"^ Sol) ftml « nn ih** Mx™d ua 
(fl + Sftrt". SrilO- Thi-tl AVt «). i ^IDAUr linw’ iBiioln^ 

ii4 iilvTii by 

F[f, A) - {iU* - r}* -f 

Fi - 4nfl(ri/" Srlrt" + Sa^l ua): 


- — SfriNlcrl* — 2r|1l" — pj — — «■)- 

ThGTcfureforKmaAimun] ur kiiiiLimutri m^'iiflUMt liAVo(j}<jf^ latt* r «P = P - ii, 
ofT fil) t — 2a. 


{i) Jesdfl to ugmpIcjL ¥dk]tlt9( {Eiue yurvi.^ dit kkdl biletlk'^^lh 
fii) IcwJfl to 2fiiv" f- fl rir fc U. 

If fit) c < d, thtiv ia imr ifMil lAi-luticjU by f - H 0. 

If ri " Of thcrr- Hti’’ 2 ^diltiul]# I it f U 



It will ho f<Hiiit| ihkt fur i = a = u, Fft = fta* - ■hK* 

’ So* F Sew ikfid, tiurreronji ^ 

^Tirn c < dp tbn om s^dution r = <^ = 0 pv&n ft (airipfl > rt)p 

^\lam ir > d, tldli BOlulifiCI p|iV(« tl IlLLDUDAK. 

For the rjthrr — 4f^(4i; — - 8fi;(6i — 4rr)p l^gi, IPfcrr Afiii 

J'^n* “ — fi) < i> Jioil tlupttihm^ tlu*#t- jpvr Mi Id! in* PintMi 4r > 3ii* 

Whcii P — d, the rliHlatice ia d| and Ihia lA Ati ctiiinplr nf Elm 

The duilftorri Diiuil Ih" a InLnimukik aiibec? tllv fEilH-tHnk U ini.lH>Liiki!lHl 
and IA (luitiiiinir. Aattmlly «) liiAy lie WiittHPii u* |1 | 2{f 2^c)* \ ^ 

fmui whieb it ii Jdari obvitfiii that f d 0 h DiikkitkkUUk. 

Thun the ahorU^t dintjUHv is (1) ^ wbon C< dp |li) v wbrll f! > 4f. 


7.3. AlaxLntsft and Minlmsi uf Functiun^ of Severs!] Variables. 
By an obviaiid ext«iif9Jo£i of tin- luetliod for twu variiibie^ we fiiid that 
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[Kisaible valnos tif j;,, as,, . . that, ■will give a maj cim inn or 

mininiTUU value to/fa:,, JJjt.obtolnerl hv aoUiugthe equations 

-i. 

djc, - 

Wtiei) (< 4 , it .. o:^^) is B soIutiDn of those equatiotis, the nature of 

the solution is dct<ir»tini^:l tiy uotiBjdcring the xigu of the expresatou 

T^herc p = {hi^ + ht^ + * . * 

WLeo the eecoad denvatives do not all vanish at (rti, . , a^^) the 

nature i^f the s^fdiition (except lei the ddubtful case] niaf be detejunined 
by tinding tW conditiorm umkr which the quadratic farm 



is of conetant s\^n. 

All indicatiuii of the ohoTEictej of the rcHultd to expected is 
obteuned by ai^m^idering the cofte m — A, 


Fur ft diaDUBsiun of the gf^ufirikl afuir, ‘ Forma and Ihair 

VlaAnfirniian JV's. la the gimcraJ 

I'fljMi liii rwiHllfl nr? inr^pp qukiklj jahiftiTwri hy of luviLlliiaUl, but-^m wn shall 

ilrtd with thfl qn^tion dirwtiy* 


7.31. The 8{§n of mr^ -j- b^* + is* + 2 fifi -|- 2^tsjr — (— fj- 

I’lie nutithera h, c,/r ff, A arp real cemBtants nod af; y, i are real yariabloa. 
Ijflt A, li, C, F, O, H b€j the qq-&rtf>Tfl of a, ft, c, /, g, b in 


fi h g 

/I - ft ft / . 

3 / e 

If ft, 0 ftie not all zero, we may withoot loss of ^nerality esaiune 


that a ^ 0. 

Then aE — (o^j + hg + ip)" + Cg* — 2%s + Bz*, 

If JS, C am not both aero, we may withoat loss of genemlity assume 


C ^ 0 ; thee 


E ^-^{ax + hff I 3=}* + ^{Ctf . J'?)* + 

IX II -s** 0, fi = C = 0; E = ^iw + Aj + js)* — lil’jp* 

If ® ^ ft = ij = 0^ E - 2Aay + 2/^s +■ 3^ (f, g, b not all lero). 

Then 

(i) d = ft = fi = 0 , (J = 2 /jpft) \ E is wi»f invariable m dgn wbetbor 
A vanislicfl or not, Educe (when A ?i 0 ) {x^ y,, 0 ), {x^ — tf*i 0 ) give 
O'ppatiif eigns to E. 

(ii) fl ^ flp 5 — (7 = 0, J ^ 0 (eu that F 0); B is noi inYaiiabbt 

since (jft, zJ where m. + hy^ + 33 # = 0 give oppostUf 

aigas to E, 

\Tr 







wm 
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4t ^0, £=<7=0, d — 0 (w tli&t F = 0^, £ is inviuiiilile fur all 
displaceniBata accept thoea in the ptwn! oe + H- jr* = 0 where if = 0- 
(iii) a yiiO, 0 d ^0; E in invariable if dlfifr « !> 0. 0> 0, 
d>0'or<i<0, C>0', d<0 hut not otherwise. 

05 ^ 0 , Ci^O, J=0; £ is not invaHablo if 0 < 0, aiiire E lifts res! 
factoca; but B is invariahlfe if 0 > 0 for all diapkeeutenU '■Jawpi those 
along the lino ex -r hy gs = Q = — Fi, 

7.32. .Conditiims /or « J/ffiriftMiwt or M imm [Wa vf/{x, y, k't (i», £ c) 
be A eolution of the equRtioafl/^ = 0 =/, —/. Then if the siweiul 
derivatives of/(*, y, *) do not all vanisli at {a. 6^ uj. the sign of 
f{a ■{- h, b d- h P + 1) -/(rt. £ f*) 
is that of the quadratiu form. 

A*/„ + ^Vbo + *'/« + A, A. I are 

small. 

Whether this k invariable in fflgn or not ean be detemiiiicfi by tlio 
nsults of the last poragrapln The only cases that are doubtful so far 
as the terioaa of the second degree are conccmetl are (i) d = 0. (7 > fi 
(ii} d = 0 and nil its Crat itiincfs zero when* 


rt _ !.^iii /alt I A _ 


fa/t fab Jm 

/i6 ft^ Jht 
/«f fint f<T 


(with the appropriate tuodlfioatioafi iu (i) when the hrst minors do not 
el] vanish). 

In the diiwbtful case, thi: terms of higher older muat be considered. 
7.33, Tht /of <* FunKtioin oj ni Venul^tss. By similar 

reasoning to the above, if («.a,#) k a solution of the equations 

.^=0=-^s=, , . = ^ where/(x„ Jt,, . . *„) k ti given func- 

fe* 3z, 


tion of m variables and if 


a*/ 


ay 

aa,* 


■ * * 3o,ao„ 

.jy. 

ay 

3“/ 


So,* 

3o,^„ 


isy 

sy 

Aoiflo,., 

0(1,So,1, 

■ ’ ■ V 


is not aeta, it Can definitely be establishod that. (Oi, . . 0^1 givoB cither 

(i) A maximuin. (ii) a minimum or (iitj a minimal; wliilst if J = 0, it 

can be eatablklin:! that (oj.tt„,l gives a inininma of tliat the ciwe 

is doubtful. 


flfm wHjJAA. 

(i) L(i| /(c. s, =) - Sm - -fces - 39 s + a:* +/;» + !* - 2 t - H 4s. 

/ =3jii—4a+2i-ai /, = 2=-2i + 2g 4j /,=2a;9—U-asf+2:+4 J 
/»j ^ 3 i = 2=; A. “ 2jf — *» A, <■ S} A* = s*—3; /iM ” 2' 
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‘ AT , 

Tbun^ 


r. 


* /l^n ^1 Am 

J)fV 


/,. 


/»» 

HAinuIr 

i 

2 

n - fh 2 

ft 

ft 

Li 

II 

o 

minimum 

0 


1 -4 a 

2 

ft 

k-i 

2 

ft 

1 

2 

1 

1 4 2 

i 

ft 

ft 

_ 2 

2 

> fainlmm 

(1 

i 

- ] ^4 2 

rt 

jj 

2 

_ 2 

^ 2 

- 2 

If 

a 

-1-4 2 

2 

2 

2 

2 

-2 . 

1 


Tlio [juiuLratiG fur (In 0) III A* + if* + 1" (> 

Tbe qKBudmtic for t’U, 3^, 1) li 

A* jj _l_ i* ^ m + m I- = (A. + jt + + (t ~ rp - (Jt ^ o*p {J nj 

iLTxi eimiliLrly for thf oliicrfi. 

(H) r = *^^(20 - 2:f 4 % - 4;). 

ITio conQrttiii|i.t€» of jmy piiiil on oiifr of the pl^infEii si = IJ, ** Up r = iJ AuliAliis 
l}i«i fsquutlotvs « 1'^ " 0 ftLwJ F fa Kero t.lir4JU|;hout ejwii of chxwta plAtiss. 

itut no pnint op iipy of ibnm oim be bl nmxIintEDi or mmimum ^ fof diHpbmmmt 
in tifie of ih^^m 4i»f« not aller iho vaJiie of Fp imJ poinis exist In f^moli of tbnin, m tim 
ihii^libi^iirhctorjl of wUWh V Im not intAriAble in mlign for dJapliMiPinentA to tkm 

= 2^"ZNS!^I - az ^ fry -- 4;* ? » ^rihH l« - z ^ - 5b): 

r, -= - 2^ + % - Bz] 

aikI ibcwi V4Uiwli when x = 2, jf *» - J, = — 2, 

Take f»2HhAi Sf = — i + — S + f nnd we bnil thiit 

I- 12W -h {(a^ - flfc -h 4J)* + (fiA; ^ ai)> 4- M* 1 + ^k* 4 Jt* + l*)K 

ThUM r biUi 4 rplidiTE miniiniiiEk Yoilie — 12^. 

(ili) r = y + = + «). 

= D = = F, = F„ wbeu — ti — i. 

Tnke jt — 1 -h A, = 1 + t, = = 1 + J, w * 1 H aiMi wh End tJaat 

y - - 15 + [m* + . . , -hlGAi + . . £ifp*j. (p- - A* + + f* + J3*), 

Tho qaulmlie termi* mny !>» written 

f .li + it + “t- fF)" “ - f 

atwi IhDfudbre F “ Ifl is ft imnimax. 

7.4. Restricted M&xima and MlaLma. A problem of a more 
difficult type smetf ^ hoii wn wkb to determine the maxima and mitiitm 

of a func-tion V of m vamyoe Xj, .25^^, these variables being 

connected by the s (< M) reliltioilfl 

^l(^li *■ ■ ■! ^Air) = ► * »> ^ril) = 1^1- ■ ■ -t ^ 

Kveii whan it !h pjesible to express V aa a function of {w “ s) variables, 
tlic maximum and minimmn valqcfl of V may not always be correctly 
oldmricd hy tbifi procediErej since the (m — ajj vadjibleji are not inde- 
liemlent voriablca in the onlimiry seiw. They may not he free, owing 
To the restricting equatiiirui, to Lake all real numbers for their values. 
Also wkcji nil ariiitrajy choice is made of the so-called iiidepeTideut 
variables, the detflrmiiifrtiiiin of the others may not t>& imique imd in 
some ca»es may be inipossibhTr 

l’j5aBfji2«. Lot F • 4f + ^ -h whm (pr, ff) liifl cm ttio eLrclta 
Jf* 4- -h ^ + y ‘= 1+ 

AotuftUy F — 1 H 3bc — it* tthd if Wl? o^aanl thin Himply as a futiLHieii of ip Wo linii 
thal. F’ luui Hfiparmtly a amxinium vik]m 2 when i=L Bni wkon x i=r 
1^1 -}.j/ o B 0 nnri thcto li iiti re-Tii vftlufi of ^ m ivaiTEffipoiiii. ThiiA F doos not 
ftp^or in a niajdinujn Of Tiuniiiiiim from thin ^n% of viawp olEJiDUgh notciaiJj, 
as »iP i h n.]! flhnw below, F hoi the □]iyE]inyn:i trIuc ; wbrm z =. |p |^ = — |, 
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TJlr Tift: of Lagmn^. In this trict}[(Mi, ^qmil iiniKirt^uiw ih 

piv™ to the vaHublej x,, . . i, l>ut to obtain Tlii^ riH'iiiSrf^l result 
HssiUne that a CorTect choice h iMfiilc of t he jiakpenderiit varijil iIk?. The 
nietlio^l will be suflieicHtly mdieat^ if wp eonjiider the pfobkini of dci^r- 
mLning the maxidia and niininiA of F(^p y, t, ii) aubjert to tlic ciniditiona 
y* z, u) = 0, If, r. h) = 0. 

■J’l, f-% 

3(sp if} 3(311. l} d(x, H] 3(y, zi d(y, u\ 9(f, u) 
liil vanidi idpjilicijtly, ^ sh not functiDnaUv diatiuct itoui y ; atid we may 


therefore asaame that iit leant one of ihein. mv 


3(=. 


ie ant 


Nol-t. The iix. Jiii(>iibiaa« taiiy 4i]E eanifiih tor a fjarUi^kr v«lae {;^up ^ Vij) 

which i*itpirfcait k * fxHllt * nif itr rtvbtifin ^ - 0 - y, |l wil3 be iumumwl 

in wbikt fuJInWi tlinL thu fhjitit dc-tenii ifiii»f^ tbf- fltjktliHmfy vfilia^ af V ts rttrt oingnlor. 
If ™ch poiaU clrt GXiiil, huwcvirTp in a |jftrtjr.utpir tlimi In no mwjn to ivppqiud 
thftt they do not ptuvidis dwtunl nntxlmn or minimal. JiltlikJii^h the oniinary anulyticel 
c-onditinma lua bat Mtiaficd tbc^. 

Takiop therefore ie, y iie the ioiiependeot vatiable+fc, tlie diflefentinls 
dVi dz, da that e^maponti to (far, dy are p^iven by 

dv = v,dx + i;dy + r.ifz + r, * 1 , 

0 = ^^(ir + dy + Js + Ym d^, 

fi = Vrd3^ + Ygdy + V ,ds -f ^1,, du. 

Fat a ptationary vaJuc of )' we must Jiuta dl'' » 0 for arbitruiy dx. dy 

(iijirardins T for t he moment os ft function of jf). But aince ^ 0, 

e\z, u) 

DumborB <1, fi con be found such that 

T, + /4. + /iYt = 0, t M + = 0 

from which It follows that 

(I — dT' — (Fj, -\- i" i^\+ "I" 

Le. F„ + == <*. yv + + = 

The equations 

(i) +/JVV ^ 0: 


(iii) r 


I'p + Hi + f*Yir = : 


+ ?4, + : (M ■= '1 i 

(V) ^ = 0; (vi) V -= 0 
deteiminB the pu&sibJe valued of y, s, u, pts They Uie ^uiie 
i^qaatiotkH that, would bt? ohtftiaiKl if any ijtbcr (correct) aelcetioa of 
Indepeildir^nt variables |md been made. Tbna if a aolutiun uf the above 

ei|gationH pvea a poiat for which = 0, there iiiuat be aoilte other 

Jacobian that does aot vanish (^itice wc have aa^aiiied that, t^iey do not 
all TiknjBb at the same poLnt). 

iVfirffr Thti elimmatian nf tb frani thiM uquAtkiiifl (thnn at a iiiup) giv™ 


3(ib V) 


= 0, 


3(F. 4. 1^) 


"Op 


^ IV 7'J 


- 0. 


3( t v 


■0. 


9(i, y, t} yVii) ' 3tx, a) “ %p z, «) 

Thmr JliColkUiaii tidceil in paiTn BorreBpOnd Ic the tax posBLblc mHcdtlDUS of inda- 
pethdrnt Vnriablet; rukd tbry ibrnild ali irAzufih mt a BtBticnmjy tbIub. HdL alilK/Ugh 












MAXIMA ANII MINIMA 




it id iha cAim thnt> thn vnniahing of ivna fjf thfi T^nidhini? of the 

f.'f Ap Uljl 

iBTHiuiiiiij^ twoy tJi» itt not iiwftyi tiBe, For if T, = tip ~ 

= 0, ^ j= n, thfi tirat thme JiWHjbijuui^ ToniHh bnl not tht Inat iiulcea 

dir* d) m) 

i(4^]a30 oth°r oomlitloQ ii laliEEDcl. Thud Ltiy mMtiDd tliAlt involved u furtkiuli^r 
pelecUozi of iiulepcnddiiit Tariab^L'^ only tnmy not provide the- oorm^t eotutlont 


ISxampiB. Let F = a" + wfartv ^ — if' ++ « 


* - ii* 


0, 


yt — V* + -I- 3 =» €. 

if W0 r^Anlod 1*' xia « finuiiLion of x, y mindly Bhnulil oiitalii only Lhis EolntiofL 
jf -- ^ = Oj « = ± V(^* ~ * ■= di V'^3^* ^ thft iloca n-ivt 

uU lliii pisiwibilitiw. By IrfLKrrungo’* methud wb find 

Sff -h 2ix = 0. H- -= ri, 2z(A + ^) = 0* Sufi f .. 0 
Tmin which wc Eiitd 

(j) jc •, y = 0, ;l = 0i u = ± Vffr" - t = =b . 

ill] as - t* - 0. Jl = 2, ^ - - li 5 = ± a, p = J: n/{h* - 2a“h 

(iil) ^ s - 0. 4 =« ™ 1, ,ri = i* a = ± Via* - 16>h w = ib fc/V3. 

ilir) i — M — 0^1-* — — lK3f=J:rtpj^ = diit 

wbon? we iiddtiiiie 3o* > > 2a'. 

The DihET twrt fKH»lhilitl«d ir — 3 — ih y = tr = fl, tio imagiinTy TaJii™ of 
r redjwMtiVBlv. 

' . '3(r. 1^1) ... At) iKi^, At) .. 

In Uuj) Cftfm -*— -r — — ;=;;-r - - jcr--^ ==- tte*!; 

3i(x, j/, *) eti. y. ¥) ' m. «) 

3^ r A ib) 

- - -- “ —7 WO uji niuJoi the liret thjfro JaoobujiB vimish 

djjfi Sie w) ^ 

r U] vithrput rnrUdn^ the lut vttninh. By nanuEning that they sdl ^ wm 

obf.riLii iho iix pDeiiblu dolaliiCoa. 

7A2r Latirangt^^s Mf't/ioil fof‘ ihe tieaeral Case. To ilcteniime the 
fitnlionaTy vdues of r(^i, ar*, . . ., a?^) vvbt'ii 

« - -f >■ « ‘F = i k i — ^fi(^i.= 0 

{if < m), 

fonn the functiaii £' = 1' -f ^ . - . + and write di>wrn 

the fri eqUEttioiirt for det^rtniiiiiig the iii^xitnA sind ininirafl of Bj pa if it 
were a funrtirm a( in independent variablisa (ami Xf constant). 


Wf ulrtrtiii + ?.M^ + . . . 4 fJJ"* = y (r 


1 to m). 


Thei^ft m ecjUAtions together with the # equEtions — 0 (£ — 1 to ij, 
dctoiniiie tJie pcMible valueji^ i>f Xj, X^,, . . i, iTu ' * -* 

7.4Sr Dim^m^taiiiQn the Statianary The quadratic 

J'oiTrt that gives the first npproximaiiDD to 

F^o, + h^, . . ., + h„) - F(Oi, . . ., flj,) 

tinAr rkStatioiiEuy vAln« iamoat jsjmpi^obtajjifKl by cx-paai4' 

i 

j|i|^ B 1 = V + i’ which of coiuHc has the game value as V, 

f ^ 1 

1/3 d \* 

Tills quadratic form is -f hy ^— -h . - . + 1 E, but in this caae 

-\ ™l ™JTf/ 

the dirsplacemejits are not indepeivtent but are Biibjeot to the con^ 
ftitions ^ 

r ^ 0 If = 1 to #)* 

f-1 ^ f 
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3omotiniea quodEiktic form is of uiVArinhle mgi'\ (positive Of nc^&tiiTQ 
detiiiite] whetliet the FeatrietiDg erjuatlonis safciaticd ot aot * but we 
caofiot CDncliide tbst the paint docm not give n tme muximtiiin or mini- 
muiu when the form is not dofiidto. 

Sxampit.*. tk+3 ffLiAilniik hn Ak^* -f M," + 6'Aj* with mn 

i + tA| + = 0 ; iWMi iuppaw tJuiE AE(J Ct le ^ 0 . 

(i) ir A, B,d>Q thefto M ft minimump and iliEcvi ii ft lUftsdmiLDii if A, M V < U. 
(iij Lf j^p > 0, <7 < 0> tb? qa^nLtiq in 

+ 0«*J + a(7BT*iA, + -h Ctf'j}. 

W,® 1^ 

Thiffe ifl> thprofott?, a tuaxlimiiH (or piiiiimEimJ if ^ TbciH.’ \n ft 


minimM if ^ ^ ^ *J4jnilaLfut ^ ^ ^ ^ ^ 


(Lii) Finil iho mijijinTLni velue of sr^^i » ■ « wbern 
4“ J?i + . . . + ** c 

p tiiLBjbfw jP;t . * a:*# <= bH-iig. for sufiptiolly* n^imiwl > U- 

[f ^ + Af^i + . . . + Jr.,* ™ «) WE diwi If- = “ + A = 0 


(f -= 1 tfl »n)p 


Sir' 


Thp 


atdy Hiliaiiuu ill lL«ipfpnfl pivrxi -— T~ 

etj -h I 


i* 

Atfitiii -—= = —‘ p* £>- The hithprofoTO iHipyitiTQ (wiibout 

i^fenencp to ttue restricting no^timib and tho Viduo c^trLaiiucd ginv a mtucimtim, 
Wfl t-Iu]iTfaiftii hjirl limt 


whont t => oti -h «t P * P + Ini' 

Tiuji rmilt may alnu biv TtrLiiiftt 

jii JCi -h PjX| -j- i , - + P * ■ 

m m 

whcri‘ li^^P = It [hy writiiig j,p ^ Bj^r '^nd -= *t)’ 

iir) DiRTrtw* ihft BtaEianaiy VoIuEn of T » 4 whtffi 

4- ir® + ^ + tJ- 

=43! Hh IT Hh J?® 4- Ati* + V® 4- 2jf H If ~ 0- 
A, = + + A(a» + tj Of Bj, - 1 + 2^ + + 1) - e, 

A --1 0TCi = 1 and tto value of id iiiw^timry. 

pp - i Rivea SF = — |t A = It F — — Of j - J, 1 F - J-. 

Tho qiiftdrfttJo w AA‘ + fl 4- A)A* wJid™ A — 4>. 

Thud (A » I h F W ft mtiiLniuiii wbim i j 

anti (A — l)m F hi ft iuft^imum whan 41 =^ ^,^-*“ }. 

Thia example illusrrttteft how It la tint anffleieat 10 cipr™ f' an ft fuirnt.lfm of ffi 
vi%- “ 2‘ -h Ir 

(f) Find thn atiitkmaiy vaiuw nf F = >r" 4- jf® -h i® wben £t 4 ^ my 4 - ns = 0 
fttid (LE^ + fey® -f H* ^ L 

( V in sxftmpl^ ift wbnre H in Un^ Imigib of ft Becii-diftmolnr of the aectkm 

of CW® H- + la® = 1 by tb* l>luiV0 -r my 4- 1*3 = U, 'Hie Btatinpar^' vpinea of 

r dEterEELinn the |)dnd[iy imnfl of tht^ acetto^) 

£ •■ F -h A(^* + my + it?) + ^(o*® + 6y* + «* - 1). 

Aip = Si 4- Af + ^/Hir -Os = Sy + Am + =* 01 

= lb 4- Aft 4- 3 ^e= = 
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•rh^rfott? ai +2/*=0; %(1---«i: 

ar(l + /if} - 

iEk tx + w.v + = (* wd Ikiil 


1 + 1 ^ 1 4- ^ 


Bl' 


= 0 


Ijh. the iifttifflwy vul™ nf ate gSven by tho qiiadnitki 

f* HI* . n* 


r-i'r + 


1 I - eK 


"0. 


(li) A dofiod box. k to b? mndn frema ^>0 iq- C!;fn« of Metal in 

■Mi.']] n wny thftt tho pniinieti?/ of lU hflww la ^ tiiaG& the Iwyitht cf tho bot Fldil 
lUr- chTPEnfilopa t-bat Uuldmutll 

If jTt jyf aiv tins diuicin'uicjnH of thp liA»e and 3 Ums hcl^tl nf the wo pequirt the 
maxifrmiii Talt 4 « of f = j?ys w-hur^ ^ -(- £j: = liiO 3 £* 4-= Sfii* 

In thra example V nuiy t» eaiily as a ftiqntion of l>iJl If thk k donu 

■iihtv thf ii-lwi'lluto nuixiiniiiu (et tniiiimLUui ia obtoinnd. 

Tliua * + y = ^ ^ 1-Sfl - giving = J<KI= — ¥**■ rtfliicmmy 

VaIiim J4TO ? = it I, BO that r §00 (EUijdlTiuin) [ whiliL t — 2 the 

aiiaJytieJtl mmimum — 2fM>^ 

When * “ 2, se = 5 (ar 20), ^ iKl (m 6). 

Howsth, by the method of Jj^xan^ 

M - Jfys -f A{^ 4 w + ijy - 150) + 4 2i? — 2 *-b), gieidg 

(i1 + % 4 i) 4 2>l = 01 m Vi 4 A(: f *) 4 2/{ -- D : 

(ill) Ts, 4 At-r + - 2^/^ - 0. 

Ftuitt <i) and (ii) wo obtain (p — ;tH= 4 A) - iK 

(tf) 2 — - A givfls i = 2, = 2. « loo. Jf 4 y ^ 25 (ifi>orin^ onpaiive e) 

whiah k [hD aulutlnii obtained nbovOi 

Kisirr the qliadfAttn k (if, 4 AWJ 4 (ff* 4 AM* 4 (S|j 4 A)Afc vtm7\ 

ttffl 4 tfijA 4 (aif 4 4 ixij 4 PhM = 0, 2A 4 St — 25( = 0. 

Thiifl at (5, 20, 2jv the fumtlmtk* ia 4 Ifift wtusTo 22 A 4 71- 4 — 0 and 

M. f ^ « 0, From Ihew we find Vl^ = ^ =!/■— 2* giving Iba 

value — 7ia* Ici tbo qiwulmtia aihI verifying that the HtatloMuy viilae ii * maiimura. 

ih) y^Jii 4ar « 253 : ** 4 2kr: = 15 U * and if iro oOduddor poffliiTe vnluoa 

cmJy* we ohliiiii 


In the qnadjUliv I — 0 ii-nii k ^ A, and jla vaJun iHK^onsca Bbowing 

that the atatlonAry valnn (193-11 tso. approx.) ia a (reiatwv) minimum. 


KxHJTiples VU 

Kvaluftto the WuiitM in /-2J. 


L- Lim 


jifa tan^e 


1. hm 

#—i-o 

j:* — iSs* 4 4 4r I—8 

- 7j!< +tadH - 20* +■» 


e* — — 2 tMia 


Um fooit jf - -) lim 


4 lim (2s tan* — 3?aeoj) 
in 

2 -* 4 log (* - i) 


T -IhD 

7. lim 

► 34 


1 y«x - ip - *)} 


x}j- 14 V(ag — l i 


lim (tan t — aeo *) 


9. lim 


tftti S(ew * 4 SHi ^ ^ 1) 


I 

10 . lim j*(h^ *F* 


OCU * 

IL Urn x-*{logsp» 

^ —^■4* 
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j*v'(aiE — 4) — 


■ S, Jjm -f SllinzJNit* 


IT. lim - 3 - 


ti + V{V — 400) 


11 . lim (2 —5 14 , lim 

tA. lim 

J—H) 

-if* --!/* 


iti. Urn 

JT—H3+ * 


21. lim I — Qot * ct?«sc]* ;p — |a”* Un* icj 


19^ lim - 


23. tim J*\/D - 8/ + 4i* - 4t") - i 

J- 


33. liiD [[a* + a® + r.^^ + + c,lt - [jt* J- je* -h <,!■ + V + c,>| 


3*. lim fli* ftE« + 13irf IJl - (js* + ii* + 11*. + IjlJ 

tHlld tim uitfiallttitita msar jt = l| nf Uw ^v<in Itl Ezampt&t 

25 h ^*^3 - -In] - m lar m 

26^ l«5ff i(l + aa £iLr » 

J7+ ^Eiaa Ikr fljii*, M. i'I DJI ('nf ^ j4_ 

29* « f .f liu^ J | _)_ aiu ac) aa fflj pa 

DiildtiAa iht> itatiuiLuy ralEtwi of tba funtrlir^ni gi%"tvn In Esamf^jt .'Ki -fF. 
a4(jj - 2)i 

(^17 i- + ** - 2^ - + ^ + X* + 2 

33 . !fc" — 4i!i* 3.1. ,-— M. a"c-» 

Itjgx 

IS. mn* X oas^ x 36. 2x — inn x 

17. A itQp>pha[jial mAld iwuiiiBta af a liomJapbore imd a right Qinmlar onnep thi^ 
bwe of tfac Lni-tPr c^nukliug wiLh tlm plHiio laco nf tlto hoiiLifl|jiJcitv, If thr 
F of thiO tnp ifl gEv^n> rloci inidjiu of tho sphEs-innii part whpn tiio mirfao? if the 
Bolid ifl % miiuiHum. 

IS. (In ft tmiigulftr of canlbciaiil ABC lin^A jvna dmwb piLrallE]l to llj# BodtMi 
at difftancefl a; frwm tllnni m M Iaj fonu wilhlp ft trioliglo A^Bjt\ 4iiiiLlU' U> 

ABiJ. From pcj'i^eadiciulftt^ A^L, j|m dmwt^ to .-Ilf, ™rjM?(rtivply and 
ths quodrilaUTid AMA^L ia ml jiWBiy. QmuJrilatji'irak fmriijial lii li dnilhr w&y oto 
opt ftway from ttw otliujp (MUIKkm. Iho pinhaindor » folJod idons 4 j fill, €\/ 1 j 

40 aa to fnm DiEl fipiHl boT of Imuc fttnl iA hEi^ht x* Shoift" Lbuit 

tbo papntnty of E-llfr box ii a muKiinnin vlion Jr = |f wIlEitP f la tfan radius uf Lbo 
in'Pinlo nf aikI thnt llu^ TiiiLNimiiin liaEnii'ity it ^ ^ wliEti]' 

J IB- I ho ftr64 nf ABtJ mid a* a ifan l^ngtlr^ of ilai Mjditf, 

19. A [4ftriJrtci P ifl AlkhWed In aliiiis frons 41 [Mnni V dnwu 44 amEialh illE.lil>ni JiJimo 
niiilEmg All Angler witii thci buris^ntiiJ und At tiw) 8niPa inatiint a ftW?>Uii partioJer y 
la prnjtiot^ij JiorjAonlii.lly froin O with initiftl rdci^lty V in Uie vEirtiual {ikncr thmcifTh 
thff tiTve of njol-fon tif P. Fhjit! thai thfr. ^UatAiiuo Jn-^iWocii tlio parttuIcA incroaiica 
alwlily If tnn « < 3\^‘2 aiKl find ikts inatftni wbcfi liio diibrnEc ja a wlutiro ttiinimniii 
vhen un* > 2\/2, 

40. ^f^.'PlBlliirjdHUufftRm^Ailli Imkwmtahjililpiil which-dP = Uft^ 

Fmm iJjf mwlpoiiit of A D a pHrEicilc l» projwi«tod oJong cHp tnlln rit riflht nngks 
to 4i> with A apL-od of 3 ft. ™, ami at thp mmtt Isiataiit bk BL'crjnd jwth’ie ia pimjenind 
TTjth 4 of 2 ft./aoo. at. right t^ugkA to AH from thn mklpntnt uf AB. Find 

thn mlnintunt dytaiu-A^ liolwuxm tim pArtklt!# W'ldlat they nxn *m t.tw tabk. 

414 Thfr sentna B of two oircks of fadii ISuh S^i reapnctiirely Arc Sd npart- 
A pwliotti F lic&LTilHB thfl larger <rtrek with angulftr Telocity tui iol a pMtfeiq Q 
dflflfllibw til* aiUalJpr clrder with ftQguliir vdocity Sen in th-fi »amo aomw. Inilinllv 
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F la Eit til# point wh^m AB idiKtA the ik^id Q in al Iho [^fcolnt P wh#rQ 

ihc p{-rp<Hidioiilar to fmm B moebt tbo utnallcr dJioJ#. Tli# €lmn^ nf diregl^ofi 
froiD BO to BD in ths &i^mu he ttuib uf Lbo I'vikKit^ Flikd tii^ mAximain 

aikI mininnum di^Uwo bctwrt>.Ei this porticlts. 

4^^ A wuidcw ooTjii^ta of a TvntanglBdi ^ A utIlL a jffiillliDinrk' OH Ibd iido (it length 
rj ^ dilimetfTc idfaow fm* a fijEod ponEnatcr', thi3 tsiAfiitiiiiu HEUrDtiFil ol 

ii uiiultt^ when a = Find aJbo Lbo oOrTGapoadlim wlltJl 


(1) Lhete tir# KmigiRilee, uod on tiOAhh of the fldcS a ± 

(LI} Lhm are Iw eemigiir^^ oqq on n auId a juid ono lio o- nido fi;: 

(iii) IhjcRj cm Shff-f- teniielrolea^ two cm thn eidoti ly and OtHg Oil A '&ki# i;! ; 
fiv^j thifftti are /uwf iemklroleot on wh side. 

43^ A ^iutuTii of ti koA itfl Eowcf cxlgig- in oimtnct with a- Vcrrt.ioal Wn.ll al> » 

huiphl Ai abov* tLo gnjtllld+ The piptiarn in incIJnFid at an onglo a {< |jf) to Uae WalL 
A ninn, whotso oyc bi nt n dielaiH'f p (< A} frmn the ftoor^ Btruicb oppoaito Hid iniilcilr 
□r tho peturo at Hiimh ft ilifUUKfi tbat t-hn angle snbrineHlKl at hia- by the pklatT^ 
lengthwim ia ms larj^ ^xui^hb. that hia diafanco from thD wnU li 

ftro — cp r t!(A — c)«>« a]* — (A — cj Tah a. 

44 . *^haw thiiL tho CivctWow ^ oftUR*tl by Inwimng a Hph^ro of rodiuea £ into a 

hxjlJjuii^ uipcnlar oono iilled wUh wat«p th# ftOlM being hiM with its mis tertidal and 
VoxtM dnwnwanla La given by ^ l J:x( 2 x ^ IpJJii —* 1 k 

1 < £ < jj}; — (j* — |)l(^ d- i)}i (af> JJJi '’Aare unity ia Ito height 

dy 

(of tho noikp, iknd itH BamI-Ti«rtkAL uHgb k aiw nn ^how that y and ^ are ccin^ 

linutFua Itir all I (> 0 )k Mud tli* ttbIup of a! Umt- givrt miLJtluiiim overflow, 

]>iaedn the eiUirjonvUT vnlnoa of thn fnm^blooi given in iS-7l. 

45. 34jf^ - 24y&r + 41y« 4*. + 4Ty - 4y* 47* ai»y 4i» - y* 

4H. i*T/ I 32^^ ” 23iT; -h 'V — 4s H- 7v 4^- -H - y* > 2y - 

iiO. ly* - r 2^ " Ss 51. fls + :iy + 3a^ - 2ry + 2y* -- 

S2. t - 3.V* 5f - % 53. ?4y<x + fly - 4) 

54. jH - I 4s^ ~ Sy’' + hy 55. y^ - ji> - Sz* h Sy^ |. ^ ^ 3 ^ 

56. a* ^ F* -- 2 j% + 57. -h 4s"y - y" 

58. - .r^ + ^ 3 .?iu f* + Sy) + ,5 eoa (2x y| 

-}- u* 

60. Bin* ■£ croe y -f- hiH^ y cviif X 01. J 3 — 4x — 62. ^ ^ " ■ d- 


63* ln^ (i^ + y*j! — s — iiy 
65. — Ir 4- % -- 4=) 


64. ItjTy: X- + y» + i 

ijfyz 


66- 


67* + -■ + 1P - “ 2;^ + 2y 4- : 

68. 69, 3 loB 1. J* + ,*) ^ 3*^ - 3!(* - fc* 

70* r^M ’f X -f 4?/ 4- Or 4- O-ii 

7 i* Sxy=* - 3 * 24 : 5 ^ - + ftE" d- *■ + V" - + W* 4- 32Jry - 32 ;e; 

4- 3Jy= -f ^ »f>y + 282 + Su 

72. Find the ndnimum vain# of i* + y^H-s*, (ij when x + y+ a = 3rt# 

(Li) when aj/ -f y= -h ii = j fiiL) wbem xy= a\ 

73. Find the mftxifuuni ojid mLnhnuio vidura of x* I y" -- 3* -f ISjy when 
[I 4- yf" -- 4(x - yj- 

74- Proto tkat llm difitftmw from a tlvod poiiiL Pnf^ti" vai'iable point P 

cm tbo curvD ^[1, y) ^ P i* ttiitionftjy wlien PF[^ k nornni] to the eim*# at F- 

78. If ij)p are two point* on Iho ciitvo of Intorweticni of 

£x -f- mtf + TK — 0 ELod rtti* + + ce* = I, the diatanne r belwcen. thm point* 

ia otatkuiary when 

P It* 

1 - rtf* ■•■ I - *f« 11- et* 


0. 











m 
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76 . If (jp,, are fcw« pQintfl on tbo (nurro of intfinieoticrii of 

^ Hh + ^ = S3 Kadi (LE* + = }t Use diitAiKfl r b#tw«ea theoe points 

U nUitloiiNiy when 

m" ii* 

I - itfcr' + 1 - 6fcr« ■** I -fiH 


where 




ft 



77. Ebil the mjLEiMlim aJitl tnluiuiylll ViJuise tif wkoQ JC* A~ "¥ y*- ti*. 

78. Tbid thfl pdint within tba trionglo x4i7C, thci turn of thi? d^nuxisi ^ whose 
diMtanicM Emm the iiJdcd lis a miiilmain. 

79. ITo^ 4- -|- fis* + 2Aifl 4" 2jfi^ 4^ -• -* Ip + in.;|^ ™ Dp 

[TOTP Ih&t tbn HUtiemar}' taIihb of V => x* -f' + i* ntn hf 




9 A iff I 

hb f m 
fff c 
£ ivi. «i 0 


+ KKo + ft + CHI' + m. 9)3 - (P -h itt* + 


ji 


I. ] 1- - i 4, - S. n “ i 

1 ^ an 

7. —- 8. 2 9. n ID. IT I u tl 11. - 

y3 a> 

II. tVn 14. I 15. J6. 4~" 17. — e/i 18. 0 

oA Hp"^ (aiJ + 

n. ^ * JO. ^ (m > l)i (m < t); **" - 

itklDltirmlnjktci hisiL tfAfrt — pVi£?[c — 5 ) if c*j 4 + = ■(I = et? + 

IL - 22. - 2 21. - *r,) 24. ^ 1 

25. 3r -h 3 + 0(^:^) 26. 37. I 4* + iaf^ + 

28. 1 - Jsr* + + £J(a^l 39. 1 + 2is 4* 

30 , jf E* 0 {iottex,); ;p = 3 {raton); x = 1 (mnan); * =r — (max.) 

3li £ =« 0, I (mia.ji i = 0-72, — 081 (approxA (mas,); * — — 1 (Mm.) 
33< £ « ~ log 3 (nmXi) 33 p s => ti (miiLli ^ x =« 0 -p (nnn.) 

34* jc ■= fl (auMc.) j £ = 0 fSnfles^J 

35. 2nit, (2a 4- IJa ±. ttra tan. V(tf (minj; (5^n + l).’f, i2a5T ± am tan v'(|) 
(nmx.h (Sfi + 1)| (index.). 

36, (a + i)n (maxp)t (a + }J;nc (inifl-). 

37* {0 tt7)Fi| appmx- 

38. Iiiooiitrea of AUC^ A^BjC^ are tho aanm. Arva of J la iJ{f — 

39. “(a tjm X + a — S)i^c j|-2 tan a, wlhtii rr^eheM plane]l. 

4fl* Analytlrail miiumura whEn f = fj but partiole Icaveii tabke wheu I ™ 1; 
aotiwl minimnin ia %f(y) flip 

41, lD'3iii (minO; (max ). 

*2. fi) ft = 0. (fij 9 = ft, (iii) a = 0. (iv) a — ft. 44. x ™ fJ“3. 

45. [0, 0) (mm.). 46. (0, d) fminimal). 

47* {Or 0) (mAX.) s (i: tVL 4) (Tniniman), 

48. (1, — 1) (min.); {1 ± — 2) (minimal), 

49, {0, l) [minimax) 50- [U 1} fmin.J^ (&, fl), (0^ — 1) ( m i n i m al). 

51* [— I, - 1) iminrji (3p 3), ( — tt, 1) (mmiraax). 

53. I, I) trnln.); ( — |, 1) (imnimaa)* 

53. {2, |) (mLn.k 54* (U 1) (max.); (0, 1). (2p 1) (mimmax], 

55 * ( 1 . - i)p (I ± V 3 . - 2 ) tmlniTOiisli 86 . (Op 0 ) (min ), 

57. (Op 0) (minlmax). 5S, (0, 0) (miniiaax). 











EXAMPLES Vil 




sq. + 121.x + **) (ttut.)} 

iVfl +411* + I2i*}. I.id + Sm + *'1 {mill.)} 

+ 4w + to), 1:^3 + 41* + tt) 

bO, (^+ *)ir, (ntimnMuc); 

(2n — }{» ~ l)]n, 4 b« (mwt); 

(3»» — 1(1* — 3)]«, Inn (rain-), 

bl. (t, a) (taitx.>, {0, U) (mm.). {|, |) {jtilsismx}. 

b*. ((I, 0, OJ (min.>i (U - 1. 1), (-1, i, J>, (U 1, - IJv L - I. - 1> 

^uinimox)* 

bS. (2, “ I, a) (lailJ.). 6*, (1, 1* J) finin.)- 

b7. (t, -1, (ffliiL): (1 ± V2. - S. IJ, (I ± VS, 0, - 1) (Huiiiiimi:). 

if — fj (toiuLdiiix). 

b9, («.o; 1), (0,1, tl),(0.2-* V». i- I/HJ, [2-1^, 0, (S-V». S-V4,0) 

(uiiiilidRx] t {innic.), 

70* t- 0, — §, — I, t) (mtbliniM). 

71* (1. -1,2, - 1); (1 ± t ^ i Vi, I Of f, — 1) (punim*!). 

73. Mil). 3o* for fl) (a, a, o); (if) (a, a, u), (— •*, —a, - b), (Hi) (a, o, a), 
(-«, -a, a}, (-a, a. - a), (o. - a, — «). 

73* — fiH'fi *t (I'^V — 7'6) (HS b( (I'ts (>■&) (mu.); 4 at (4, 0) (min.). 

77* —«» (Piin.) at (a, —«), (-a, a)t |a* (oim.) *t t«/V3p */V3J 
(- a/Vi - b/Vaj- 
70. Tho circamooiitin!. 








imFmi VIII 

VECTORS, TWISTED CURVES. TENSORS* 


8. Displdcemeitls uad Vectors* If F, Q ftre pwc* points in Eui-ii- 
dean spiioep tbe portion of Q lebtlvo fro P is to be kouwo if we 

HfB i^lvcn this ub^uluie omguitiidc of mid frihe rifiVivfiVw Fy, This 
relative quantity ib raifJed a dupku:mt^Hi tind may eoaveniiintly be written 

PQ, Thfl abiwdute maicnitiidG of PQ is 

called tlifl fiwdulm (or inodtile) of PQ. 
If P, 0, if lire three nQii-coninear pomts 
{Fig, /)i. it in nssuineil in this apace that 

rhiiTB Li only nnc parallelognitn PQJfiR 

whose witenniiiuiji nide^ are PQ^ PR ; njid 
ainci^ PQt itS have frlie »atne modulua and 
directiDiip PQ = AS*, Simifarly PR ^ QS. 
The operatiDn indiciated by PQ -[- QjS b 
defined to be PS und tK therefore) (Njiial to Pif + if A' which in this 



same as QS + PQ,. This operation defines the jvifi gf two displace^ 
ments and implies that the taw of addil^Qn is obeyed. 

Any quantity that ha* diieetioii and magnifrnde and obeys this law 
of ^Miminatioti in calied a isec/jor; liiid tbe displaoemont vocfrKir providcH 
a auitabk geometrical represantatton of other veetoiB (such as relative 
velocity gr forc^), 


Noti. It Lii not ipjiibfd in %he ■buvio LKat oJl phymcuiL vcct^xim Afu i-cm^djctuly 
ftlMTeifiod by their mugnttudi^ aud dirwliGEUF. Tbivi the effbot of s fcMWo. on a. Hgkl 
body, for cxzLmplE!, d^pefwii on tira lino qf apptScifttlqii of the fatm jbs mil pa its 
ida^nibodo acd dirpotioiir 


In printed work it U cuatgniftry to tiise ClareDctaD type to represent 
vDctocs «nch as a. b, E, but in nuiniiecTjpt it will be found more coa- 
veuieat to place a bar or arrow over the Bvnibot representinj^ Ibe vector. 
Tlic delinitioii of the sum of two ^■ectory a, b implies that 
a b ^ b + a 

and by repeated applicatioiiii of thia result it follows that 

“i + «, -h. . . + 

LB iodependent of the order of snnuiiatiDn. 
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S,OL SuUraction cf Veeiots. The %^ector tuBjdulufl Li the Etame 

ai3 that of a bafc wh£^^5e dbeotioii is oppifsiti^ to that of a ia written — :i ; 
and the cxpr^iou a — b, which defines nukmdwn js defined to mean 
ti -h (- bh 

8.03. Scaktn and Sc^tar MnUipticaJim^ A quantity {audi as lunea 
or modiilina) whicdi is oornpietely specified by its uiagnitudo Chnly^ 
caUetl a s&dat (ot iniRifMEflf) and if ft ifl ii scalar* fm is defined to be a 
vector whose ma^itnde m ft times the nioflolim of a iind whoix dinention 
is that of 31. it is oonvenknt in pmctice to use both po^Uim and 
ecahi.fft althoti^li these aiB stricUy directed qiiantitiefl- Thus whilst- such 
a vnetor as — 2a le strictly 2{ — a) where ft (= 2] ia a aigideas number, 
it is rnoro nsefaJ to regard it as (— 2)a where i (= — 2) is an a^tffrruic 
rjUiitit>it>% In ushag tJie terra rnagnituflej therefore, we shall assiuDe that 
this AH an algebraJc rjisgrutiide and rriay ba positive or negative, \naeii, 
for lisaraple^ the modulus of a is a, the uuignit-iide of 
ft,a + + ft„a 

is (A'l + ftj + » ■ i + ftrt)®' 

JS.tt?, CQ^ordinaifjs, Cnm-ponciWj, Let three inulaatly 

perpendicular lines Jl'OX^ T'OF, Z'OZ be drawn through a pcant O 

(the origin of refeirence) and let the rUreetions of these lines Y^OY, 



Z*OZ (oxcjtf of reference) be spmfied by the tmii vectors i, k respectively* 
Let Q the projection of any ptint P on the plane XOY and S the pro- 

jeetion of Q on OY* {Pig- 2-) Then OS = ;eI, SQ — QP = jk, where 
x^y^zar^ scalars (any real nuinbora positive or negative). If the vector 

OP be denoted by v* we Imvo 

dP = T^m + SQ + ^ = xi + yi-^z\L. 

The numbers z are colled the R^Mngtttar C^^trk^^n Co^ordinaia 
of the pfunt P, referred to thfssi-! axes ; and + i/j + ^k) is called the 
of the jioint P. The planes XOY^ FOZ, ZOX are cialtrsJ 
the <v-wTrfi«<x/e pbifiCM. 
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In $ ii jK>]nt P ifl shi>wii iiDt on a co-ordinate plane anfl tlic 
rectangular parallelopipfid ia drawn, on<J mTmT of funiied by 

tl]*! co-ortlinat& ijIfl-Eiei!. fit 0, the opponite comer Jidng P* Tho dimaiiiEjonjs 
of thia Rolirt nrn jg^jg |t[- 

(0 tha AtiQTa formula for thp powdon-vector iJie lotoi need not bp 
mtuigular^ bot tbe araumption ef r«iUn| 5 ulttr iinra will UiUntly fdiUjiUij mat^:it!a| 
reflulEH. Let d he unit vectoni TrhfMW dirtsUoan titt not All Eiamlk^J to ibo aame 

—► 

pliuw; thm the pcniltian viwttir OPmn bo miutiMmlud bv ^ ’ -yh i- =e* iha 

-►- ^ -► 

JC'OAr Y'Oy, Z*0^ bfiiig apwitleil by rbe vfHitor^ a, h, c reup^^^tivcily ikttd |^(, |e!| 
being the dtatan™ of P from tbe plAora YO^, XOY iT*|it^«?lrv-E! 3 r* niwurtvi 

pjuvdl^l to tht wxsa 0S, Oy, 0^. 

(ii) If Py. liAve tffft-onltfiAlffl (sTj^ y, , Si), jfi, r^j Mpiiciiively^ thw ^Luipliice- 

Tnent PiPj, = OP^ - (JPt - (£. - -h “ yjj -h - =i)k- Tluoi ii 

the poanlou-reptar of thr fiotiat fJi| - a*|, x, — ijJ. Thiw els ofttiuAtefi 

— ffjJ, *- 5|} fln- callril Llir ffytw/wRnilj of thm Any veci|<ir 

m ppetTilTeti if iu c?oin|>iJneiblA ilsv^ given. 

(iii) In It u veelor itSAv be BpceifiEMl ffiiuiltirly by mfona of a m~ 

ordliiAtea (or ^na[Hjcicntei j-j, bihI injiy Ihi iTHlimtiMi by oumpnibensive 

pymthol Xf (irbrfe it ii undmui^Kl EluLt- r tabra ibi? viduisfl 1 to a). Tbe jurm of two 
wtteh vwbJTi afp., is ihou jp^. + p^. 

^iM4. Directiotf C^siMS. l^t fho ntigles between OP tind f5A\ 

OZ (Fig. jJj be Op* rcspeetivoly; thfn coaflp, coa^j, coa fia (which 

ar-sr not nnihiguoiu^) are called the flireclmn fjmines of f}P with rfcsxwjct tfi 

the rectfingular OXj OV, OZ. 

nindoiisly X - T cofi Oj, p r coh (3^, * = r O* wliere y, a) are 

thfl iii>-ordiii[i teij of P Ettid r is the mod ulna of 0}\ 

U. W" - rill H- 74 + H-k] 

where {t, m, «) ^ the direction coainea of OP, 

Since OP* = OR* H' W*® + Q-f*% we haTo 

f® = r* f INIS® 01 + istia'flg), i^. P - m* + ^ I, 

Jin identical relation connecting tfJ, il 

Ai^in, if P^, have co-oniinates (^c^p ijJ, (lf,j 2 ^) respoctively 

f\l\ = (^'i - iVi - tfiU + {«. - si)k 

= r,Uii H- i «Is) 

where Th is the modultls nf/*iP] nnd I, m,n the direetjon Ckiainee e>f F,Pi, 
t.e. tlic litrcctiioii of the line joinutg Pi, P^ iijfe pwpwiional to 

(a:, - It). - yi). (*, — SjJ. 

8,0o. Vccior^rcj^imi. Let a given direction be specified by a tiafr 
vector c. The vr^or pf&^{^ion of a in the direolion c in defined to be 
{a cos 0)£, where fi is the modulus of a and fi the angle tietwsen a and 
This rleiinition ifi not atnbiguons since cofl (^0} = coa0. The magni- 
ttido of the projcctitiji is a c^iw 0 which rnay Ije pusitive or negative, the 
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positive dlKCtioii of tho line c being ibiit. of c. Tlie projection of a poitU 
on n Uno is <iefiaed to !» tlin foot of the perpemticulBr fioin the piint 

to the line and therefore if PiF^ (Fig. 3} is 
rlenotefl by a. and are the projeetioiw of 

P,, P, respeet;{vtiiT on h line of direction c, then 

tho pnijecHou of PjP, on c is {j= {n ens 

. , --^ > 

Agnin if P,P„ PJ\t . P^f. iP^ arc! donotoi] 

by Sii an . n a„ and if <> 1 , . are tho 

]irujibctioiiB of P .. P„ on c, Ihen tho 

projeetioR of 

^0^* = QoQh = QoQi + QiQt + ■.. + Qh^iQ*' 

-- >■ -ir 

Blit = PJ*i “h PiPt H- - - - + iP,,, Lf!. the proji^ctlcm rT 

{&! + a, + , ^ -\- a,,) is £4jiiEk1 tcji Bam of the piojectioiis dt a,, 

1 . Ij 

Thus the projEction of the smn is tlia mm of th® projeertioui!. 

NvUn The vector piij.«;tirru nf OP on the oo-onlluBte nxen ure aJ, it where 
«j fife the eooAliiuifB of 

S.06. The qf a Straight Line. A Btraight linte is speoified 

if we ace given its dir^im and the position vector of a point A on it. 
Let c denote n nmt vector in one direction of a line and let a be the 




liosition vector of A, it jMiint on it. [Fig, 4 } If F is any point on the 

line, — fc where £ is a scalar {-j- ot —Thtw if r OF^ wc have 
r a -\- tile vector cH[tiJitioi] of the line. 

If zj are the cfK>idinate^i of J and (f, n) are tJie direction 

DOHimas of the lino (In the direction of c} 

a ^ ^4 + yJ + =ok ; 0 = fi + mi + j^k, 
so tJiat the co'ordinatea (x^ y, x) of the vnriable point. P are given by 

id + (^ni + li/n "h + {*9 + 

Thim j = 35* — ft, g — + mip s = c* -|- nt fthese lieing the Cur- 

tesian etjiiatioiiB of the line). 
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Tile vnriable a 4 yilnr i is llic imigiiitude of AP^ atid may ?ip 
ur negtLtivpt positive dirtisctinn uf tkci [ine h^kkg C 

Conversely^ ttie cquatjnnis j*. ^ f|^ -|~ h^fi^ ij = Ug s = 

whetre ft is a variable parmiieteft represent a straight line through (0^ 
fi^, ^hj *HrhQRe [iiroctioi] oosines are pnrp^trfhti^d (10 ibg, hi, 6*)* 


AV**, l|i) Let pyf jPj be twin pciinii m Umu where = «, OP^ — U. 

TheJi Fii^i = b — a j OP = OFi -h I\P — 11 -J- (t(b ^ i 4 j wLfdW La a varLalnIe 
actQ^KT^ Thus tlqn ft4)iw.ttarv of tlw tine |oinsng PiP^ E# given by r = ftja -h 
wharB 0| 4- flj = 1- 

If rbe eflnoniinfttea of p^ fijy^ (jf,, |^,, ^fg, rtappetiFotj^ ibm 

a = j,| 4 ^|| + ffjk, b = T^l + iji J 4 r « J-l H yj- + ;k mj‘ ibit. 

J -S- (3 - .V - %| 4 (1 ~ = •' 4 (1 " (Jjtg 

tJT ^^ - -} givo thi" (^iiiatiiifiM nf iJi#h Um iolning («» Ji 

*1 - x-, iTj “ 

otherwise obvirmBi]-. 

(iS) JSinoa P^P — - a), PiP, b - q, tfw ficiiitton Tdcb-ir pnim 

^llvkhog ill fhn PdttkK 05 (I — W {1 * it'fii t (tb, Thyit the |kKh 1 iiividina 

-► ji 4 ib / \ 

P^Pj in (hfl mtin 1 la ^_j2-| ^^wherp fl" - 

^.OT. r/j<f Eqmlimi of Ptme. A p!aiie may tie apet^i/ied by thrfw 
iion-coUiniuiLr points P^ oo iL 5 -jl 

Let the position vectors rf Pu l\ be a, b, o 
rertpeetively and let r be the fKJsitkm vnetor of u 
variable point P cm the plane. 

Since the displacement PiP is in the emue ptu^nr 

as PiPj, KPu it folloiFs that F? - iPJ% + 
where f, h are Variable seolara {positive or negative), 
ie. r ^ a + ftb — a) + u{c — a) 

or r = 4- {wheiw + I* + — I) ia 

vector nqiiatitm of the [ilane. 

Pmvfijdf-Ji* (i) Tiki tloxtcauui E}qnutir.iii df tfar pliuio thrDu^ (Xp ^jj^, £|il, ¥$>14)1 

Jlfip i® obidatiMiy 

£ I 

*1 1 

1 
1 

and thm faLba'S kIki- from the v^for f^uation by noting that x = 4 4 t^x^u 

V = h^i +%i + * - bs, 4 4 I = 4 4 

(ii) Prove Cova'rf Tbeoretn—tiiflt if three lines WAn VF^ cckunnirpnt m P* 
are drawn tbrun;^!! Lh.^s vorthjffl uf s t.iNangh ABi7 ki nicftt liw oppomto flidcH in 

^ . ^POKAF . 

D. A. A-, tiMU = i- 

Ifit a+ b^ C, ba the? poeitien VCCfeore of j4, JJ, V ; Hien the poaition Vusutar rif P 



£ 

3^ 




ifi 


Vu 


= U 


4 yb 4 3C TFhptv X 4 j/ 4 E 


-j ■ 

1 . Till' paint d given by , ' - dividi* 
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AB in the ra.tio | ljuti OP = (jt + v)<i wlwtt- {x + -h - = 1. 6nd themfor?: 

AF u 

t.bif piJint glruti tiy rt lind oa d ii the {M»Iiiinii vector of F, I'hiw = -: 


4 mdarly = 


- nnd ihc pvoduoi of the rnrt.iaa h unity. 


8J. PrcMiucts of Vectors. Frain two veotoisi b we ceui form 
two Idods of productii that c^cur in applit:fitio!ia. One of them h n 
Hcalar imd the other ia a vector. 


Bill, Thr Scalar Produi^L The mmlfxr prfjdtfcl of a and b is defined 
to (w ab cos 0 whe^e b are the ounlLili of a, b respectively and 0 the 
angle between b. It will lie written a. b (pronounced a dot &)* nlttiougb 
n^;her notations arc umd by some iMiterB. 

It la t he prodiiLt of the inodiilne of the one vector and the imigiiitude 
(pDsitive or negative) of the vot:bir project.ion on it of the oth4jr; and 
i.lio mnmviatw u>b » b a ia obvioujly obeyed. 

The diiif.ribiilivc /ntc a.(*> ^ c) = a.h -j- a.c is abti ol*oye<l ^in<se tli<s 
projection of the mm of two vectors on any line is equal to the sum of 
the projections of these vectors on that line. 

If a is pcrpeiidimil/ir to b. a,b = U and if a = b. we write a.a as a*. 
Thnii ir^|ii = k*=I; j.k ~ h i = IJ ^ 0. 

if j/j, £j), (Sj) are thr roiripf^ii^wts of a. b respectively^ 

we have 

a.b = [j:,1 | fjJ ■ (V H' Uti + 

^ iTl-h f/iji + tiS. 

nnil tills Nifty callL-^c) tho Cartesian form of the scalar product* 
iVcfr, 111 n dirtH'nptoEUv lln' acakr jirwJui^t of twn vwtore A^r -®r fBsp ««»4 in 

m TH-tigalnr i«»oiii|iMWinM) ii detlmd m be + * . * + 

BJ 2 . Titt Afiifle bt:itCG^n 7 W IHrettiims. Let {l^, mi, (1 |k ffir. nt) 
Ih' the direction coslDes of two lines (drawn iu spedfied directions), 
Unit vcctorn jilong theBC directionH are 

(ji 4- mj + Ji|k, f mj + W|lL 

Tfierc-forc t™ 0 = + »;«!* whera 6 lA the angle between the 

directions. 


(i) a be Ibe diflplLmine4it ljC ty jx^ijit of application lOf n fem 
1% If « art tbo hjNtliih i*f F| a r«jiMtiTely and 0 tbii imgtw bttwm?ji F orul 
l.iiEin ir, Ibo work by Eht force is driined te t«? /a cosft, ijc. If — F.a, 

Ji fniJorsns tlut if (r ^ 1 tr> ii a Hystnm of foiu^ ftotltig at A [lOEnt which ui 

ii ■ 

mai'EHl thimiid^ iho tlIl$ptiu>bUiclit a* Ibir'll tile totnl Wt»k do^no ^ F^.n - 

r—1 ?“l 

A 

|.v. i« EH:|TinJ to the dunci by thr rrtftlLlAtll 2^ ¥f. 

r—I 

fif) tf i wri pairH of oppwitt*’ of a tjetrfthtvlrnn Am (irthiH^til. no A\m ajv 

Uki niiiiEiiiiLlii; |lajf. 

Tidcti tin? k (JJflf- nmt k-t Od = a, Ofi — = e. If 


Of'xjlJr, c.(B — b] = 0; Mh\ if OBK-A^ b,{H — c) 0. 'HieTisfore 
li.c - li« a,bp Lt*, ar(b — c| or £J^ 1 
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(>ii) Tht to a Lrf>t aBif-ve^jEof iJoiig ihn n-tirniiiJ (mm U 

ti pJjmfi 3w c HDd let tto taomuil meet The in A wUero the modular df 04 = p, 
{If <1 in tlie piJyw^ p ^ 0 And c m^y I'hs tikoii along fflithflr nonnaJ to Itin plaini at 0*} 

If T IB tho poailion TUKtcrr of tf, sj. Buy ptdot QD lllO iJion i*,e = p, 

Jf fth fl) aJto tho dirootjon (mtitncs df € (l.o. of OA), tko CartiTiimii M|qjitcgn of 
ihn plomi? ii ^iic + ftijf -I- = p, Con¥e™e]y, ih □ oqiiaiion djr -h + Os -|- J} = 0 

repr^wntj n jjJiuio whoafl normal ta* ilircoilon oofliojes ■pttfpoTfitai/il to 4* F, €* 

S.J5* Vedor Areas. Let a pkac areft of abBoluti} luagiiitutlo i: lie 
detemiinHi by a point P tbat deacribea a clused path w})ieli dof:^ not 

cross itoelf, by displacements P^P^, P±Pa> . . P^P,. (Fi^, d.) We 

can Gonatruct a vccfeof A whose i^nlm is k and wliouc ilirection is that 

ijoniial to the plane from which the boqn<bry 1\1\ . . . iippeajx 
ta be. described coantei-clockTiWh The vect^ir A is t-nlliid a Yecittr /J»w, 
It is neually more oonvetiient, howercr, to prafmV^e one of the normiik 
to the plane by mcsus of n unit-vector p aJonj!: that r)«riiinl. Thus the 
vectofH determined by pieas descdbed in the piane me of tlie form A'p, 



FIB. 7 


Prh% 


Fio. 



wher^s A is tbe niagnitudie of the vBCftor and may be jicisEtive qt rie^jirtiTis f 
positive^ if tbe afisa ifi desciibe^i eoiijat^r-<?lcickwl&e from a ixiiot on the 
prescribed nunual and negative ^ if the deacription is eli.J€kwiae. The 
prescribed nontiiil is oft^n called the namiaL It in ujssfijl to 

nntc^ hnwevET, that the dii!NrtiDt:i of the vector area k t'umjddely inEii- 
catcd by drawing arrows in the Iwundary to show iu whieli diit^ction the 
boundary is described. Thus if a boundary ia ilescribixJ onoe in oacli 
dimctioD^ the vector area indJc^tod is i&em. Aliito if a line 1)e drawn fEom 
a point R of the bonudary to a socond point. S fi) and ItS is diwcribed 
once in <}acb direotioilf thn vector area is iinaitefed ^ and the siim of the 
twu vector areas correaponding to the two subdivMonf! ia oorrectly given 
aa the total vector area. More generally, the given area may lie divided 
up into a network {Fi^. 7)» and the total effect of the circuits rnnod the 
Various meshos i^ equivalent to a circiiit miand the boundary’. 













VEtmjRS 


^3 

S.li. Fector ProjccHt^n of a |'e?ieiT Jmj. Let \ b® tlie vectot Jirea 
<le^ril>etl by n point P in th« plane a for wJiicL tho prescribed tionnal 
ia deterinlncd by the \mit vector p. Then A = Jp where A ia the 
nuij^itude of A. Let /fit be a eornnd plane for wkk-li the preaciibed nortnaJ 




iiLj. a 







h iletrerminod by the unit vector q, I^et Q be the projection of P on ff. 
Then os P descrEbes A in a, Q desGribes an siea U in fi which is called 
the tviior projeciinH of A and It = i?q where M in the ruapiitude of B. If 
fl k the angle between p nnd q, then |5|^ |/I coa fl| nnil ijie aspect of the 
description of B fnmi a fjoin t on the prescribed nomuil of ^ h the mme 
aB the aHpQct of the deflcriptioii of A ironi a jKiint on the prcacribed 
tLOriLial of is pOMitii'e ; wliikt the aspnet m the oppitsiie if eosd 

is Thus B ”■ J cos ad that oiu defiiutioB of tbe 

vector projection of a vector area ts condaieiit with onr previous definition 
Ilf vector inojectioti* 

The Sterjiu*: of a Ulomt Pd^tmlron wf The twrtw 

fcujface of a polyhcdrcm k definE?d 
to he the mm of the veertor areas of 
its faces, the proscTibe<l normal td a 
face being the outward nammi, and 
the boimdoiy' of each face being 
described conntftr-clockwise to that 
norniaL If the areas of the facets are 
jjrojeeted on any plane, the sura of 
the vector projeertiona is iiidlcatef] by 
a network of lines each part of which 
in described once in each direction^ 

The ffnm of the vector projectEona h 
iherefure iiero, from which it follows 
that the projection of the vector 
surface js zero. Since the plane of 
projection is arbitrary, we ileduce that the vector surfsce is zeixi. 
(f iK} 


FtD. n 


SAG. The Veeior Produd. The vedor prodi 4 d of % {iml b m defined 
to be the veelor asva of tha pjLralinlogrAiu formed by a, b, tic boundary 
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of the piiriilk^lijgratii beitig clejicrit)t;cl ho that the vector b follows the 
vector a. TO,) This prrjduct will be written a x b (ptiniaU!H!eil 

f$ Cfoas h}, although other ari^ tised by Home writers. 

It follaw'S from the dchnitioii ttuit uxb^ — bxii| 

The area of the parallalcigni.iii iti in absolute value, to oAiiuO, 

where d mod a; i = rtiod b and fl (between G and ;t) ia the 
angb between a and b- Therefore 
a X b = [oi sin 0)n^ where n is the 
ctriredlif chosen nnit vector perpendicu¬ 
lar to the plane of the p^kmllelogtan]. 




8J7. The IHslribuii^ for ike Vamr Pfid^irL I^et OAt OB. BP 

iu Iw represen tetl l>y the vectors b^. b. c n'spfH'tiyely; then 

i^P — b + c. A trianpilar prism imy he obtaineil by i^ompletiog the 
jKindlelt^^iuM OBQA, OPRA. BPJtQ (the figure, howeverp being ptanc 
if tlic vecrtoTH aTC parallel to t.he fianu> plane). The veet^ir fiurface of 
the prism is zero, 

U. OBQAO + - OmtO + ^&A - OBW (I. 

Hut nHQAf) - h X ii: BPRQB =. c x a; uPHAO = (b + c) x a ; 


AVRA = OBPO ^ f(b X 

Thus b X a I c X a = (b + cj X a or 

a X (b + c) = a X b -|- u y c 
Wf that the diatribiitive law is ubejed* 

The aliove proof ia stiill applieahle when tibe hgUft- in ptmie or more 
simply from t.ht^ fact thjit 

OBPRAO ^ Oslm -h OPRAO - OBQAO + BPltQB + AQfU^ 

In Prffr II, the Armwfl atb aaed to dmiTfio. thp vectors, mjd ehav^i out 
\m PLuttfuftPii with the of htpjii'b fe^r indiE?iiiiii^ the (hiwiioti iti which * hfiuaiAljiTy 
In difKirihod. 

By repeatotl appliearioiLs of the dblribiitive law, w'c find 

tn N 

(8| “3“ « A tr ri" ®-rn) ^ (^1 d~ bj H“ * ■■ -i "H ^ A X b^- 

r - I 

8JS. The ('artesian F<mfi cf fh Yedor ProdatK Let OK^ fFYfOZ lie 
chosen aw the po^rUitm norniiktH of the planes YdZ, Zf^Xf KOY risipec- 
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f ively: aiul I'utuiidtfr the vector lirca i>r Htc triiin^lc AIK\ whpto OA = 1, 

Ofl f, OC ^ k. The dimitian ct)dti4^!4 nf uiiP uuniml ta J[i(^ all 
pnsEtivp anti tine direidkm n-f the otlior iioriii^l arii all negative. 

Therefore tlio Tiiagrkitudi^ta of tho proj+Ktioiis of A BH on the ccj' tjn lLnftte 

phuieH havii tho mm*' aiga. These vector pmjt'diotis arc obviiiLitily (>1K\ 

O^i. u Ui ^ l<K i{k K IJ, Ui ‘ jl. the magnitmle^ of 

j X k, k X i, I X i have the s&mv prign. But J % k - ± h k x i ± j, 

i X j ~ ± k {from the ilefiriLtion of vector prukrluct), anil Lht? -ttpiiH are 

hII + or tdl —- If they a/is all r, t he direction tjf rutAtion from any of 

the ftx^38 QX. Oy. OX to either of the other two as %iew&[l from a point 
^^n the third is ctvEmter-clc>c:lnri.w iuni the wynt^m of aiea h calloil a 
Othenviffe the flyKt-etn Eh 

Por a ficmtim nyateni, thereforf^, j - k = i, k i ^ j, \ x j — k. 
anti for (xith syntema 1 X I — J X f k X k — P- 

ir a - jr,l -f ijti + ;,k. b - A-al + //J ]- rjfc, rhti] for a prjHttive 

» ‘ i> (yi=i - h 

\ i f Thp vrt-tfir pruduri sif cKHiid t bfirefNit- bo tlojintHl 

timpJy fl* lie TisrLor Sj-Zj — 

lol 'I'bFi ahBoIntn mn^nitijdtiiinf ihi' pmjwtifmn ot IEki lrku]|i;k ftirnahji by (<J, 11^ 0)* 

yi- =ik gp 2 ^) 

11 ^^i“3 “ 1 I i ! ■^#1 

{iij) Thift rii^ireeientatkiu cjf vertor pOTMJuj?t m a VetH^^r arML to tfi thiw- 

4liiiirruikinL In a {hniisnainfin, tlm aiiEki^e iif ihi^ vnetop pmcluL't w. a nkcvw^ftyi^- 
rnfltriii teiwtn o( the Bfwfind cKnlnr* 


ExaTuple. The angular velocity of a rigid body touting aS^KJut a 
fixetl axiri ON [FU/. 12) tiiay bo rogariled ws ii veotf^r w whoae rnEninluFj 
lit the meoatire of the ordinary' angular velocity and wboaw dLrectian ihi 


OjV, the rotation being TOuntor-clockwifle 
to an observer on ON kMiiking Ujwards O. 
Let P be any point of the body and let fl 
(lietweeu 0 and .tJ lie the aiiglu bet^veen 

t)N arul OP. The fti>eed of P in m.OP 
Efin 0 whore tu — |tii[ and its iljroetinn Is 



^bvioLialj' that of 4ij X r inhere r -- t)P\ pia. 12 

Le* V the velocity of P is nctiialiy (*» x r* 

If [ci>|^ arc tJie componenf^ of W anfl tf, z) are the C<i-or- 

ilinates of P (referred to a positive system of axes through f)) then 


V = (nijl I fiuj + iUak) X (xi \ -f zk) 
ao that t he coTtifH>aente of v arc 
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SJ9. 8aalar Triple Pfvduets, From the vimtora (a x smd c. we 
Clin form the product (a x b^.n and thi^ m called u afxilat iripls product. 

The modidui$ of {a x b). c is £j 0 whete 
E ifi the Evrea of the parBlIelojxruni foroml 


by OA (= a), OB (= b), and p i§ tho 
perpeudieular diistanoe tmm C to the 
plctue OAB. ThuH the uicwIijIuh of 
(a X b).c: 1 ft the vrilume of ihu jHirallcl- 
opipod who^ ootormlnoiui l■!l1ge!l are 

Oil I OB, fMJ. { Fig^ 13.) The senlsr pro¬ 
duct i« poBitive if c riiakes an acute ue^Ic 


yiQ. 13 


with tbiit normal to 0.^1 A from which the change of diroetion from O-J 


lo OS appears s5oujjter-c!ocbwif«j- 

If a = (d?!, tf,. 2 j), b =(x^, {,), c = (x,, y,, s,), thou 

(q X b) ,c = {(t/, 1 , - - 5 ^,)J 

-f* {^1 + VaJ 1 i,k} 


*i Hi *1 

j *» ^ 

X, yt 

Eroni whicli it appoam tlint. (a X b).c = (b X cj.a = (c x tt).b as ju 
ubviouB from the ubinv gtHiuiotiioiil interprefcntian of the triple pnidiicli. 
Tho product ja of oourae €Mrpinl Ui 

— (b X »).c = - {a X i:) b = — (c x bj.a 
juiil thpi'off>rp without, euobiguity uiuy be doouled hy the symbol [abej, 
if it iit onJeiutouJ thrtt tiui iDtofohiioptt of any twtj of the lottcts ehanj^ 
ite sign. 

Thus [abc] - [bcaj = t<-'JJb | = — [acb] = — [eba] = — [baej. 


Ifett. The 'njlunto of tho totovtiNlraD liiri&ol by (a^, Su) (r 


±i 






±i 


*1-'. 

^1 Vt 


*1-1* (t 

*,—rj 0 

1,-3, P 

I 



- I to 4) i 

tfj *i 1 
e, If, *, J 

a* i* 1, 

■*i y* *1 1 


ifJ9l> Vector rripli? Prattusts. Vrdof Ttip!e Products muy bo forttied 
in vurious wnys. Cooinder, for csamplo, a x (b X e). 

Let a — {itt '/i, 3t), h = j/i, a,), c = s,)- 

Then by usiui! the (-’artoflieii form of the product, (b x c), we may 
eairily Yorify that 

a X {b X c) = jil H- .»! I Ck 

where A = -f y,y, + ?i5,) — + y,y, + with two 

siiailai expre^tsiotiR for B, C, 

Thufl a X ib X c) = (a,c}b ~(a.b]c. 

Similarly 

b X (c X a) = (b.a)c - (b,c}a; c x (a x b) — ic.bja — (c.ajb, 















TWISTED CUHVE8 


S.2^ Curves Lu Spac«. Tf t^hs 2 F^ z of a point P are 

fiinE'tjoiii9 of a parameter f, the locos of P is coJled a ittmied (or ii&rfJiwusFj 
nurve* Under certam coriflitiiDJis the 
onrvo may be pUoo. 

8.21. The Arc, Lei 35 he con- 

tinnooe functions of t and let A, B be two 
points chf th« curve given roHpectivcEy by 
the finite parameietB, f (T ;> Let 
(jt — 1) pammeters be choaen at* that 
< Jfi < ^1 < , * * < 4_i < T 
and kt tg coTTespond to the point whora Pa in 4 and is B = T). 
Then PJP =3 + (j^j+i — !/#)' C^j+i ^is 

aho that ^)' ^(= I) are contiuuouj and that 

thw do not all vanish for the iamc yaliie of L Then, given e, the length 
of eonb Bub-interval euo bo taken ETifEoiently snmll to cnaai^ that the 
uacillationB of y*, alt all < e in each. sub-intervaL 
By the mean value theorem, — a-, = ^J, 

Sfni-i ~ !fIt — ^a)i ^ *j ~ (^1+1 ^ ^ir) 

whero ij, i,**, tt'* w vuluea of t in the interva^l (4, *4+1)1 



i.e. = {(.+, - -f (!fV + (i)C + /->* 

W'here |p| < Se, 

Thus /V\+J - + (yy + . - f.) h ^ o 

where |fe[ <Z Str, M being the mniinisiiii value of |(^" + f/’+ i®)"*, 

When each subdnttirval tends; to aero Znitg^i — < M^tT — 1^) and 

thoreforD tends to stero. 


Also I'mh’ + i - %)“► I* (af* + j* + 

Therefore the atmi of lengths of the chords tends to the value of the 

r-T 

inte-grctl + i®)*diC, so that the mtegral provides a natural 

ilehnition 0 / tlie length of the arc from A to 3. If we take the upper 
Jiinit to be the vEunrible t (correspnidlng to the variahls point PJ, we 

ran form the funtttiuii s — ( (:ir® 4" which medaUMfl the 

Ji, 

arc 4P. 


Dtfferentiiitinp^ w^e find —=(£* + H- 
" df. 


ITiis result is often 


written At® = lii* -h dy* -\- dt% whore dhr, dy, dz arp the differantiELlfl 
corresponding te the mmn increment dU Since [dif^ + dy* + dz*)^ is 
the length of the chord joining (aJ, y^ s) to (x + d£^ ff + dy, z + <fe)i it 
follows from the above that lim (cho^ AP ^ arc AP) = 1 when P A^ 
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(i) Tht fcimiQU fnr tbn am AB Is i^bvi^ujijy B^pplioabli? the cs^ wbfifh 
jP + i* = {I at ^ithrcr or l>vLb of tlna piMJiLii A, E. 

(li) Tlqo jntc^oJ for jp wilJ tiDdiTf kaa rftrtrirEivn DothlitiDira Iktkn tlwwe givrn 
abflTR. For ruj^pki i mfiy a- finite iiiunbiir of GiuU' diM^ontiTiiiil.irM 

(ij* tba mffVB mfiy hiTS 4 (inilo Dymbef of tomcr/i}, 

(iij) Tbe fiuvTtion i with I ai^jd ie Eoitrii t tbc/tifcnn t nm]^ 

expiw^ AB A funiivion of in ui inlMVAl witMu t^birb i m not lEora ([i.lU;iou}j;h i nmy 
tond to Qisro At tbn of ihn it- k LbctiLfbn.^ L-onrEEdout in Lhmn'‘ttnj^l 

wort to re^rd ^ = ab foBotiooB Eif tJir am #. 

ZfemttiiHa d/ Festoi-jf. A visitor la Aakl to a funrtioti of 
scalar tTiriables, tij y* , * * if Ha. coiTipuBullts arc fiuidioDA of 
variablfe? i and ii Baid to be ooiitiiiur;>tw and dmvutivea if it« 

eoniponenta poBseBH theae propeities. 

Thus if a — Xi + >'j + Xk and X, Y, Z are fimcrtionFi af iJic vEurinhle 
Wp iSa itt defifieil to be flAi + ^Yj +dZk and 
to _ Mj _ ^ 
dll da ' to Sa 


Since the distributive biw is obeyed for prudiiciSp we eaaily deducio 
the n!aulta 


3 

to 


(a*b} = ft* 


to 3a 
to"^to' ' 


d. .. 3b 3a 

—[a X b) = a X ^ — X b; 

da dll 


^_lpqrj _ [p^rj + [pq„r] + [pqr,] ; 

da 

At(p X q) X r}^ (p,, X q) X r + (P X qj X r + (p X q| xr^. 

8.23. Thd TmfjeM fi Ourvf , Let }\ Q he two pomta of t lie i-urve 

fj = z = z{t), detennSned hy tlii» 

valij^ I, t + dt. op lie dtriiotecl by r njid 

OQ by r + Then FQ =- 

When Q —^ P, the limiting pjHEtior at tlio 
chord PQ Ls defined to be the Undent fit R 

rfr 

Thus the direction of the vector — is that uf 

dJf 



the tangent and dure lim (K^ord t- are) = I 

' dr 

when y P, the otodulm of the vectof -j- is 

ds 

imity. If T is unit, vector alfing the tangent 
at P (in the directmn of hmrcamfi^ jf) it follows 
dr 


that T = 


~ds 


If {li, nj flxc the djrecdori cosmes of the tangent 

lit + »«,i + »>,k = T = ^ = + fk 

ds ds os dd 


i.e. 


dm dy dz . fdxY MffY . i 

■ "■ = 5' £• * [s) + Uj * W " 
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S^4. The iKphmmt Itdi&itriE, Trtke n unit optioro with itB centre 
jit feed point; (fJ, for example) aiiil draw the vector T from O 

meeting the Bphere In the pi?int 1\ 
the poini P describes th<i given 
enrvTO, the point T describes » curve 
nil the ephem (the splnTO h^ing eivlied 
tho e^phmmt [Pig. 16 ,} 

S.25. Th^ Priirfii^d 
(iT^ OT^ iMi parallel to the tangent.^ 
at P, Q rtaapeetively tn the given 
Then iincfe Of ^ Oft = U 
HLv TTt ifl equal to the angle 
netween the tiangenia ut I\ Q. When 
Q ^ jP, the liiultbag ptisititifi of Tl\ 
is tlio taiigont at T to the curve 
disKTibed by T on the Bpheie, iSinfie 
thk tangent ia peTpendioiilnr to OT, 

it i» |mmlW to a c^ertain flornio)' to the given ernrve* This normal 
riklied the pniwijiai jiofFiifif. Since rTi = it follows that- i#s 


no. IH 


in the direLtlon of t h<^ priiKripal nomuil and its moduJujs where y 


iii the tuigte iJimiigh which the tonipant hftB turned frum mim initial 
fKjdtion. 

If N is UMl vector along the principal noTitml 


kH, where ic = *v^ (h mskm^ scalar). 
m (lit 


Tlio number st is calletl the dfmkiT of the given L^urve and 

p ii=i l/jf is called t he rfidim of cimtlar cunyaluTCr 

If j|, Ffti, B| are the diieotioti cosine# of the principal nonnal 


(,1 + HI J + liik 


N-i" 

K as 


Id^ 

7 


1 

ft 



((> ».. »■) - 1 ( 0 , 0 . 0 ) 


S,26. Tinr Osculating Ptonr. The plane rontedning the tangent and 
ih^ principjil normal is colled the Oseuinting Pfejic. 

If Zr, A/p N are the diroction etssines of either aomuil to this 
plane we must have Lit + H Nn^ ^ 0 = iJi + Afmi + Nh^ and 
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tht tquatton qf the osculating pUuie i& 


= 0 


f — X 


c~ 

di. 

dtf 

dz 

ti^ 

d* 

dn 



dH 


djf* 



f lire i4S&il for the tiurrent to-ordiniiteB on Lh^f 


whrrc 

4 Yri#€#. ( 3 ) A pi Jinn am bei dmt^U tLrOtt(^l: f-bo Icingont- Jtt fwu’dt-c’l Ui tbn 

tangunl At Q. (Tbu plAnis [b pumlL'al to in li")- 'JIlw oBuulflUug plana 

i» tin limiting pdiitt-nn af tbs aboVD plnDfr when Q —> P, ftnti miiy ik-frrwfupc' bu 
dfsoribctd aa thfl pbvTVH eantaiining thn dirL'C'tioeifi of ??finflnciiittTn Ung'?nta. 

(U) if£ = r/ = C = In t.h& i^quutiun nf ihn c»unlfllii 4 c 

l>3Ane ttt; JT = # 1 ;* liar n^oliing «iTiatinti in ji hu a iripl* n^Jt aX j - ijr *ijw 

jfj) - *<«,) (t - (^*)i+- *j)*i 

willi aJnulftr orpiAMnns fotr “■ 

Tbn c»Ani 4 tntina£ frl^Tin nmy t-hniis-rafie bn d^ribid aa thrungii thrs^ 

ncmseciilive points: if in thn linntiiig prBtl4CKi i>f tb-n plAhjC' P, H ■whffo 

g, 

(Hi) Lei c:|(> <fj Im the limitip^; 'raJan of thn iiuims cf tlici einiaiin!iri''k> of P^R 
when k —► l\ ttErtl V, Fbr citntm Hhm €j liy (11 > bt in tlw nck^ulAtiog 

plBJ 3 c ttt PtijK Tbr a^Eialion [r - b TA-hnn? k, f>r.\ iniinL hftve A l.raptL' 

root if — tj, 

Tbprofun? (fj 


fi* = ('^i “ “J-^s ~ + <fi - 


Fkiim (lie spDOtki El fqlki3Vi:» ihnt. — u, = ±CjN aiiwn ic iii 1111? tjKcinlalitt{j 
plBJiB and by aubBtit aLujfl in iho thipi we Hud ibfit Cj ^ I /« /»(nLuDnit ii imwitivc). 

Tlui fuliuN of curs-aturt! ii thrinron' i4«ntltl€^| na ibs liniUiTig vnlua i.tl Ihn miiiiaii of 
tbo DirPBnicirple df P, P wbiTl (J, H —► P, 

BhttrmiL The ffinmnud is that iiurmnl U* thi? rjBCLiInt-ing 
pUne (and tbuTefore to the ctirve) wkich is sncli that the tangent, ihf^ 
principiil noniiul ami the bijiomvil fin this order) fonn a positive system. 
If B is veetor along the binonouh w-e have 
[TNBJ = 1. T. B = 0, T,N = 0. B.N ^ 0, T x N - B, etc. 


Since B* ~ 1, 




and 

r/B 


JD 

B T = 0v "".T+ B.firN) 

tElf 


(L 


But B.N — thMftiM IB perpendicular bn B and T and must 

rtfji 

be of iJie form — XN (where X is a scalar^ positive or negjitive). Since 
|r/B| mcDtsurfiS tht angle through which the bidofiiiiil turns whiiTi P 

the 


is displaced througii the arc the msgnitude Xj of (in 

direction of N) iuea;;^uret5 the iimuting of the enrvo from the qsedating 
plane. The scalar >. is therefore called the foraicwi and l/k the r^iuH 
ftf toTf^ion^ In Fig, the extremitieH of the unit vectors T, N, B are 
shown and a1?c the extremities Tt, B| corresponding to T + liT* 

N -I- rfN, B + rfB Sraw ? = AN, ^ ^ JJV. tim ORja TTj. BB^ 

d^t at 
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lie rMpeati^fllr Mlnng tbe ^nt cirolea T^t, SB. If itx^ the 

tliiwtiun coBUtutt of tins hlnumin.] 

f„i h»»J+njlt-^B ^TxN" 

_i r/rfy d*i th d*;i\. d*jr^i{x d^\. t(U eiy(?*jp\.'[ 

«J*v liS' 5#*“^'j#*/ d7»“S *7 r 

S.28. The Fren^-Semt Foriimlae. Since N — B X T, 
dS 




= (- aN) X T + B X (kN} = JiB - kT. 


The three equations: 

dr „ JN 

s-'"' s 


//R 

aB - (tT; ^=r ^ )JV 


t^jtuiUsriffli what aisf ktinwti rttt the Fr^*td-Serrd Fonrivlmf. 
etiiiivafent tfl t-he 

a = '''=S-»'--''‘'s=-“- 

with similar equations iiivqlvins ?Un jm,, »«„ and Ux, W|, iij. 

.?,3£>. The Tttrmoa Fermidu. Tim iwolar triple product. 


They are 


is erjud to 


rdr f^"j 
L^‘ ffa*' At'J 


[- 


jfN, MXB jfT) + 


>] = 




i,r!. 


ic»Dl 


dz/ds 

d^/ds^ dH/ds* 
d^!//d^ (P£/di^ 


x\fvtei mid (IJ Th4 CfFnditiont. far u. Hento IT lh«? lutw lioi 

in Lbe ptoiu] 'h ^ C QOH uU £?ri>|p tb^afet nil viJiics difM^ 


IJ + % + Vt + i> 


J** 4. 10 + 


. B<^V , ^ 4 , rf'"'' 4 . 


A nATAusir^ Ddfflilitiiid u ibon^ora dx/dt 

d^/dr 
' ds/ds 

Thu L’rjtHlitjcin ift idm* «ni^i>MftJ. Mur lot 

® “ JUl ~ xC ^ ~ >1.1 ” j- 




fth/Oi* 


tt 


dTdH d«^"'<(H'’'“*** (liiH* 


ffcprfV 


If Ji4lf (ra« pf tbEae i!T|maiiiotidi at. y rotkliih, thii dtlf^ ia pJ3Lq£^» Fi^r m^jxipft, 

dy da ^ 

if m = (>t ^ where h in imJcipencJcnt of i. (In thn- triiTnl unw whim a fii^t 

diiri'nttLvft vnniibee the (rurv6 iihviPiu^ly liei in a plnne jKinJJd to a «>-ofditiAtf] 

plane). Thercfoie ^ = ib + 1^ a 

IT l-w of ifadm. ¥imidh« m DitM the Ihifd jeatEiept {ioniihly In the tilviAl 
and the earyn rBdh™& 1* & I*j«> 
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ADVANCED CALCULUS 


If of thorn 


fix 






rfi- ^a- 


+ ^ “ *aii + “ “*■ + ^riw*. + y, 


fi>" 


IfiffwonttAllian fiivm 


j_ ^ '^V ^ 

dx dt di fix ^ tU d» 


ii^ tPx iffi 4^*^ rij' 4H 
dx 4 m^ ^ iis djf^ ^ iiM 


4a 


(A dx ^ ^ y fk* 

indepeniient of «t 


fiOJU wKjdIi it t&nt ^ y = 1A>'heE^ £-,r i-j 

dits- dv di 

^ = 0 or j, j iiiiiil Ihf irti h filunc 


rux3 


* + iil^ Hh ii* = 

(ii) /'cNtFl'rt/d^ in I^srWW cjf a ttl appiic&tirMia i, ff, i ftfn ntfllnlly given 

in tDrjiiJ< of ji iiuiLaicLfir ilia fo^uLui we bi&ve obtsiiund tOKy be ajup^Mod muie 

Dotitrciikititly in tEmna -of ^ £ md the dorLTtttivisA with rrapoct to l» Lcli do^M bp 
lO^od to dtxkuba bhnie tUrivnIdTdi. 

(itj 3rAe Art. 4 id ubtoidod ErOkU i- It ihoqJd Eio tioied tlmt 

Jl «+ M. 

dt dt 4*X £i 

(b) Cimiiiar rfji “—nmilui. for 

dy d^ ds (i^ 

Wo ttiii^ tben oiurily obtain tbe ibrnmla 

, 1 *» + + S* - Jt 

=^i =- i* -’ 

(tf) T'oti^^aI &fid Normak. 

M (fjf. niji A-j) = d* “ J 

»,) = - ^a,. ^Jt — M — ;. 

n^) = ^ - jt^ ^ ^ dS - xy i 

nnd ft may bcimiifEsd lhAt — yi)* -|- (4£ — 

fd) FordWAa E^iiw -t = /r, f = Ajwi 


. a T + IM + 3j{*ci*) }N -h - mT) 


jukti ibirnftjn! [r f r] 

of 


k*LF" = 


d 

d 

1 


tf 

i 


i 

* 


and the TiLoidhin^ af tbifr clEit^irminAnt k Iho oortiditlDD (iiDc«ftary And 
that the □nme- ihould bo pEnne. 

(iii J The Virtuiar Ff eiix. The atjTTft ^ven hy x = fi 0, y = *in 0* 
z = aB tan a w mlM o eirrulor It obrioitialy ]\m on thf> rylindor 4* *■ a*. 

It cqtd the gflnwvLtoTB at a on-ndiant iJi|i;le (|jf — ^ 1 ;}^ it property llwvt. nmy «wi]y be 

Been by cutting the nylindor aJoiig tbo getwrat«r in XOZ and rierelnpJnif the cytindor 
into a plane. 7f,)[ The uurvo tbeo beeomofl a ml of atrwlgbl linos iiuclliied to 

A A aiongloou 

= {— ft iin &]r i = {a oew 0J,, f = a tun at. 

4* =- a* ft fuid UiHofon! # ^ (q * 2 * ^)fil Lf 4 k meuaurtd fmm t? •- i> ua tho 

difwUon of increftPtng 0. Tliii ht obvioualy veribed by icipedtlon of the developed 
Qurre m Fid- J*'- 

T « (— siiiE^ODia)l i' (uoftE^eGn^lJ + (ftlji&tlc.. 

OOA [I UiU^ ft 

— ((^ e<li0coan)l — Jtinfl outtaj}— La. *c * —^—' mid t-b® prmtifjttJ 
isrprjujb] bi 4li^n>> thf nwiiyi of thr> rirtiiiliir iteii'Eioii Ihn»iig1i P. 
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II T X N tfmiU + (i»»a)IC| llitM ilickwing that th» 

triEhuniuil makca n cfrUdtAJlt tkugh wjtb tlw g^oueratcirt. 

iUHi*K 

t(- » imm- 


ftl^r ene^it , , 

Tbi^fym 5e 33/^ ^ ^ 


«ir> 01 OQB a ^ 

- -. In tutr- 

d * 


tJi^ukr; a =C|| ihp hflSri: i* a dtdffl, x ^ l/fl* A = U- 
«£ — ,V^fc hilljc M a gfliimtcrfp K ^ 0* A ■* 0* 

a w.^/4, H = l/2ci =A* anil thii |l the ibellJC wf ITUlxiiniaiii tamtrt!! cm thin 
iryitadjer. 



jeasjssassw; 


na. !T 


tf the ifpb?npivl intlicatni (JPiil- biiH a:* -h * + 3* = 1 for its w^jatiPii^ the 

IMthn of 7', 71 iwH thn uirL-ulai- antkdiJi s * «in a, s = U, s = cos a rpap^^^^ly. 

genmi is duHjudd ten tw a fonre that makei the 

iiD^c with ft fiT^drt dlnsitUm. 

(Lr) iiUrirmn ^wttwtut of a Vnn^. Ldt line hces f>£ f^rpniiuo be the UDgent 

(U.V). the ^rluclfiiil fHXTnal tfad blnfirmil (O^), wheire O b ii point cui thn 
onrvfl. Hifi ao-aniinAt«H of nnj Dtl»f poim P (wbon- bfo OP = an* Ihm funcUiDoi 
of i oml d&n hb expramu.*!! in l^rmA tif Xp A cturv^iaarfl ftud busioa at Or Sanca 
juiy pauit O may be chodt^it ibdHe axes may bo ^dganied an wftli the |K)iiit 

O cm tht! eurv41 and ain^ ^ dfipiHul only od a, the a^^nrtUiifttea itn djc^oribeii 
iri/fiitM. The iftviQtft'S€4T9t I'lirniahio sbciw that tbe dciriniUra onn b« iui|tr&8»d 
by nqmitliliiJl (if tJu* tyfXi 

tPht dH 

■“ I = wtl“# “f* + wijfip,! “■ #|«p llg^p + Hjfp 

when Hftn r,p are wrtaui faiajcH-una of J. 

''' By difTerentwtiiig ihetiw ef^iukliuna and uaiog the formiih&r wa ohtiilii 


At, 


d&, 


<kf, 
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Also, tinnn C? iti at 3 ikv oorrtfp 

ffa* *fl) "" ^)i! (j^* (U *(p 0) £ 

{f|p fflii P<a^)qi = {Oi !■ II) S i(l||p filgj. ]%)'4 «* (. 0 ^ I )^H 
Thus takioff jUI ttui rdnea for (O^ 0^, 0]^ wm ItftTe h^, ^ ( 1 , 0* 0 )i 

{a^ fr,, (Up j«p in: («*- r^) - f- k\ k\ hti; 

(df^, h^, e^} = (^ $iCK\ K-* — at’ — k>.^ idf H- 
wliEfQ JMn^ntu diiFripnntjivti^MVi witb M|k*t fe* «. 


Thiu I «■ # — —ffi 


Kit' 

V'* 


5^+|i^ + («" 




^ = ■^i<* + (kA' + t . , 


{t) SIlEwtJlttt (ho ikortDfft diiitiiiEiofl Iwtwiwn tlift t^mgPTitii ftl O, F la 

4i]iprciximAtelj Va«^V Then fi ^aU. 

Tho direoliuii ^ofikww m. h of th® innBimt at F mri* 


JC* _ kk _ 

2* “ a' 




.! M + -^ + («" - 

jrJU* V 

^ -r IkH' + j . 

Tho direel Ion cosiiiea of Lho tine pnrpondU'nlAT to tli lf Uuij^tmt und tlip p-ssi* 
f!*ng«nt at O) anp ± ( 0 , fl, — mj/jm* 4-»•) 1 /^, Jliul lilt* HlirirUi*! til^lojki'n 7) ifl 
I W-t^\ 

(111* H- ftiji' 

Tho ntimcmtur of /> iq H- 0 |q*]| and thsi dfinoraiii^lk^r ii (051: \ f.i^dr"ii 

atid i^erefom f? 

(vi) ^ dk A thm BtriRg him firm (‘phI dl dt tb*' 

point D of a idveii enn^ imd Ikai mloEig th^ onrvo in tlKfi dinwtfoo of ^^iwinwnig. 
Th^ airing Ea un-wdnnd from O, the Emwound p*rt being (w^pt iiiut. ’J “he p«tli of A 
U o 4 llod axi I'ni^ifla nf th® giir4zii eizm. If the liuigth * i* ^nw^'iuiiflp whtHre i\w w 
OP = tho point J! is on tho tndniint at P ftt ft diitomv # front F in iho dliwUon 
ixppimtt. to T, 

Thu* If OF = then £?J — = r - ^Tp where the suffix 1 4vmKm thnt the 

qniinlity nltsn to the inyokto. 

Tt = ^ l e. Ti = - !« Mjd ^ 


1*^1 


ki 


(IB ^ icTji 

pr]Ni — — ■■ ^ tp-e. kSri*'#* = I® k * »u that thonuliuB of ciioulAr 

r-nrnttiire of the involuto^, ^ ^^aj* ^hore p, c xre thci jmdii iiT cirmiliaf corvatiEiT' 

of tofflion of the given ciirvn. 

Also N| *»TcO(ia — fiiifift wbora tali at = XM = 

Thnndbro = T| X = B ooe at 4* T Ain a ; diffseeaitiBEijc^n gi^iw 

— I^Nji = — | — IN f^ems -H kN fliii «* + (T oda a; — B dn «)^| ^ 

i„ a_(tf> - Efp) , ^ \\ + 

(vtl) ChaTt^ (jf a Kssiew F r^rreef fki Aftmng A:m*i J^ot *• ijAtoui of 

TecLanguliir Alee bo rotating with anji^liiir T4ilD0it;{r oi (- lu^ rffikwl to thfim 
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AKi 4 ). Tlifr unit '9-ogtarB L k that iba diiwtionR uf thiRse iUti 

funotioxM of tho time lict F «- ffj, /’ll Fj}. 

^ — cu w I -= E!jJ — ; sdimlaHy ^ = v^'k — cu^U And 


- * Ctl^l - Qi,|. 

rlF d 
Thprafow ^ 

= (P| — Cij|F| ^ + (J^i — H" 

+ (!■* — Hh 

gtving Lbe oomponDnls of 

In fK» diinctuikmji, if m ifl i 43P iwi^lar Tutoaii^ ol Llue naw, fl-ud F = 

Enfcmd ta tbesiC aSca, Ultn tllP of P am /| — fiiF^, /, + fgFi* 

(vul) Jjjnm/iff. A Jj^irtiLdS' ma™ on i oerUiii clirvn. Find the fi^mpoispnla 
of aooelonitqaii mfcmnl to ibc inoving fkicn T, N, 


Hptf* “ — Kt^y -f^ = _ ffvT -|- loB, --ArN+ fpoin tlw Fj^mS-S irrftjl 

qi fit itf 

fonnnltw H v m dw/di; «q that tk* mtii^toinents of i^neular Yvlfjmty of tht a™ 

aw K^j. = Af a ftij = 0* = ifTTn 

dv rfi! ^ 

Thu? the -opinponsintfl -n-™ O^fiinoia the component* of v an? (t^p 0* D). 


S,3. Si::iiJar mid Vector Functions, A function F(a!u nJu - -p^p) 
that ifl completely ^)ecifiod hy the vjiIucb of (aSjj ifl calte<l 

II futwikm or inmnaML A iwc/orV(^i, , * .* z,^) iu 

oiip that Tuqniius (in m dimeiueioiihk} m comjifnn&utu far its spcciilcaticin, 
ipfi. is n vector wLdw^ FotniKUtf'ntB ure scalar fimctiauji. F^if Riinplicity 
in expoeitiou^ wc ahull often take mi — 5, and consider funcdonit of 
tlircc (or fewiiir) variables. 

If F(z, y, e) ifli II single valued fanetioii defiiieil for all y, then 
through any point {z*p there ia a uingfe sfuriairie given by 

Vi^. yp =) ^ ffs. 

It is often convenjentp however^ to drop the auffixei in x*p ?, and to 
refer merely to the F-snifaec through the point ?). 

SJL Th Nomml fo n Sur/ii^e^ Tlie straight line through the point 
fj6t 3 J of direction-cosiiiM (, w, » is given by 

I = 3?, + ir, jj — + fftrp r = + nr 

where r ig the distance of the j^omt (ii, s) from P* It lueeta the but- 
face VlXy y, =) = F{z„ yn* Zu) in points detfl^miued by 

FEz* + tr, + »\Ty s, + nr) — F(afB. 3^) = 0 

i.e. rfi^ -i- fn— + w-^'\ + Oir^) ^ 0^ if T po^ssesses bonndod sooemd 

^ 3i, fly* dsj 

derivatives at R 

a One root ja obviously aero^ and one (at least) of the other roots tends 
to Kero ^vhen the Une appruachas a direction that satishea the equation 

- 4- Bt~ + = 0* If therefore the fiirt derivativea do not ali 

ftifl fe, 

vaniftb at (za, y,j £^,3, the hnes whose directiou ezines satisfy the above 
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equation Are (urtgenis to tho !iurfAOf^> TLum all the tani^nt lines to the 
aurfkce throufl'b (s-^, he on the plane 

SV dV 3V 

f* - -rJj- + (.V - yji + (s - ^ t) 

Wg 

whJoh b thareforii? cd.lod tlie Plaife at yt^r Tlie nonnal 

to thb plane k called the tli^ mrfa^ nuil tte dbecdon oj-e 
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(I) The Hnab^uitj in oomn^xjnda to t)ic two direetirjim in which 
thfi nrarTna .1 priAy be drawn. In iLpplidi.E.idnii thei mrrnAl d^^own li dtlitir itatod of 
ImpliPfit rtrviJ in Hie cWic uf h eimplE^ cfoicd stufiuie in Ein-’qiiJI^ taken ua the onimml 
normal. It ii -ijftvn thi!’ Ufkin nlK thnt thin enmiaiJiFruIn to jnofw utiTtLt 

(li) I f thf flnift derivalivww tjf V all Tuiiah ml (Xq, i^q, =Qh ihia jRiint ib oatd \» 
jnn^id/jr fnr the »urrBHLTi. 


#.52+ The IhfiiJiitive for y, 5 ), Let P he a giv'en 

pi lint, though which a Ktim|rht tine b dmwTif end fet Q l ie ci variable* 
point on thiff line diaiant « frotn P\ Then litn ((F^ — Fj.)/PQ} when 
Q P may be called the mU^ uf fluiiign of V nt P vrith reaiwet to ft. 


Thw lintt » litii ■{ ^ ^ i,r, + j«,r^ + 

Inhere (n sfii, Miti %h\* diKHslioij-codiiiiiaNfrnnil y, z me the 
cG-ordiaatea of P. Iliis iiiay be ciilLcKi ihn d*Tii 7 nfiW of F iif ih^ 
rlirepfivN f!i, wi,, nj. 

#.55. TAc Gf<idwHi nf i* Fuitcimn F(a:^ y, 3), Sintie P f m* 4 - n* ^ U 
where (f, m, «) ate lUiection-iCoauiea, tlie directionul derivative 


IV, [ mV^ i- nr, 

haa ohvioufily a iDaxiiniiiu (ojid a niininmml detcrtiilned by tlie eqUHtJoiie 

\\ -h fil ^ I y + ;4m ^ Fp + [| 

i _ trt _ n _ ^ ^ t 1 

7 ; f; ' f; ^ ^ ^ ^ ^/fF/TT7Tiv) ‘ 

The masiniLLiii value b therofore {I- 3 .* + F^,® -h and the corre- 

ftp>ndillg dltcetioEi b aloiijr the raorrjMil tcj the F-eurfftt^e t-lirougb {f, y. 3 ) 
in the direction of incrreiaBiiiig V. Tlae gmiieift of F{^, y, 2 :) is detined 
he the veotot function whose direertion b abng the ahoyc? finttnal ntid 
wIiOM inagnitmle. b the majsiinuiii deiivative+ In tennH of the unit 
vectors k, it b o^inril Iti F^ + I'^J + F^k and h u?fually written 
y F or ffrad F, 


N(^ In n diniimpiDiiit j^rad , * +^ x,J ia df^hnod feu Jw t hfl ViWiOf funciticti 

(d DumporucaLB dr/dx^. 

#,J#. F-fC^dr The Bytribol V =-—1 “ -^J + ^k may be 

fir dy 3? 

cegurded aa ilcl operator that gives the gradient when applied to a scalar 
fnnetion F* That it h vectorial Lti characlef may verilied ^iiructly 
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by loddn]! a qd^ardiii&te transfanrmtion. If th« iixw are r«(;taiigukr 
the fondulae of titanaforiciatioii biti of the type 

«■' ^ fiT -f m,y + fill; y' = |,i + w.,y + «,t: s' = (,* + + n^. 

— J,i' + iij' + i,r’; iT = IW|X' + \ z ^ »,ic' + 4 - Aj*'. 

If I', J', k' dtiiiote utiit veetotit along the new uxea, we have 
i' = I|i r- fflti + Wjh ! J' = + «»J 4- + wj -h Bak. 

{-=7 (!ii' + y' + i,k'; i = m-tV + + w,k'; k = a,!' + aJ' 4- n,lt'» 

Now (V 17 = -K +^k' = + V^m, + V,n,W 

= + /J' + f.k') -: ly -h ly + F,k = VF. 

W«? call givii an abvioua mterprettLt.Eon to the ^ipeialxn* a.Vi 
Cut (a-V)l' timy l>e fitifioifil an 

(,M4-«J + ..k).(^i+ii + ik)K 

= II, Fj + «iF^ + «bFj (whore a = (nii, «„ Ht)}. 

ThuR (a V)!' = a VF, 

flV ?V 8V 

We toav also take: (a*VjV to nssaxi aj=— and no 

" <7Z et 

flifticuHjr cniflea If we write {a p V)V aa a. V V, aincfl W haa not beeo givon 
A meimlDg. 

NctM. (L) ]£X a MAi^ V 4 «|ar in tlio dbiKtion [ 1 ^ thin 

Ae7 r = (V^ 4- 

iJsn dirH)tiofkd x 

^il} If r i# till? podtipn ?©ctOT nf {r, if, ij, Uletl r 

rfr.yr i\dx.^ iprfjf I i^dE o 3| 

ibe rfijytppfijifif of K* 

The OpeFotorE V., VX* Dimrgene^ amf CurL If 
V ^ Y,i + Fd + r.k 

ui A v«<itor fnnctiDii, theii V-V Ls d&finpd to he 

Sinew V in gbron to lie a vector ami V is tiewiofiMli in chamdier, V ■ V 13 i 

dV dV 9F 

^u:;nk^ (invniiAiil for ohAnge of axes), lla value is -^-1 + 

and it is tmlled llie Di’fifiTfimce of V and wiittfin div Vp Again 

I + -h X (F.J + yj + y,k) and 


( a 

si' 

muAt bo a vector. Thus 

The vector V X V ia caJIcirl the c«rl (or lotnritin) of V and U Bonietim6» 
written curl V (or roi V), 

iV-ofe. The Hhn nirl vettr^ (itroetly tbut fer a tmniErDrriufcitiOii of axm, tba 
^jpiivesiouii given far dW V luid tniri V (ire vnvuriMitive imd: vecioirfAl 
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8 . 3 U. r/rf- Stp^ixAii (» ?c V)*V, a.(V X Vf, V-fV X aj. Hwe it is 
assumed that u b a conatant vector. 

It folluws from the formal expansioin of the imtor triple product that 
these s^lK>b alt rejjresent 

and so this expauHiuii ia equivalent to 

{a X V) , V =; ft. curl V ■- div (V x a), 

8.3T. The {a x V) X V, a x (V x V), SF ' {V ■ a), A« 

iibave, we cflti find expresaions for these froin the formulae for fwfor 
triple pnHiuetfl, if it jj rcuieoibered that the Bpmhnl ^ must ptcewle V. 

(i) (B X C) X A ^C{A.B}- (C-A)Il i»iveiJ 

(a X V) X V = V(V.aJ - (V.V)a - (V aj - (d*ir V)a. 

(ii) A X (B X C) = B(C.AJ — (A BJC pivea 

H X (V X V) = V(V.a) -(a.v)V 
or a X cwrf V ^ jnroJ (V.u) ™ {a.VjV. 

(iii) A X (B X C) = (A.C)B - (B .AIC givefl 

V X (a X V) = (V.V|a - fa. V)V 
or ewl (a X V) = (dtp V)b — (a.VlV. 

It may be noted front the ftlx^ve that 

fa X V} X V =i o X CMff V + (wi (V X ft) 
or V X (V X a) + a X (V X V) + (V X a) X V = U. 

8.8S. Op^atioThS Oft Pruduota of Fitndioint. We eaii ahv^ dctefiame 
expreastuns for 


(i) 7C/F : (ti) V.ff/V}; (ui) 7 X (C'V); (iv) 7.(U x V| r 
{v)7x(UxV){ (vi) 7(U,V). 

The obviouB methixl of dctenniniiig these is to add the expreasioit oldAiberi 
when 17 or U is eonatAnt to that obtainod when V or V is eoiuitanl. 
Thus fi) Vf7r (- j^d VV) ^UW + FVW (»JBKtor). 
fii) 7.(^^){= div I7V) = f7V.V H- V,7F (araW 
fiii) V X (t'V) f- furl fTV) = i7(7 X V) + (7t7) x V (uerfw). 
fiv) From V,{a x VI — — ft-fV X Vj when a is conRtani, 

Therefore 

7.(U X V} {= div U X VJ = V,(7 X UJ - U.(7 X V) 

(v) From § S.S7, 7 X fa X Vj = (V. V)a - fa.7)V. 

Therefore 

7X(lIx V)(-(uirlUxV)=fV V)ir-tU. 7)V-(V, IJ)V+(V.7}D 

(I'oetor). 

(Vi) From j SJ7, 7(8,V)= ft X (7 X V) +{a.V)V. 

Therefore 

V{U. VJ = U X (V X V) + V X (7 X U) + (U. V)V + (V. VjO(«ctor). 
i.e. (i) grad (i7F) - (7grad F -f F grad U. 

(ii) div (tJV) = f/ div V + V. grad U. 

(iii) eiirl (I7V) = 17 curl V -p [grad V) x V. 

(iv) div (U X V) = V, curl U — U eurl V. 
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lv> curl (U X V} = (tUv V)Li - idW U)V + (V,7)U - {U, V)V. 

(vi) grad (U. V) ^ V X curl U + U x curl V + (V.V)U + (0. V)V. 

8.39, Hwond Onler Ojuiratort. B;jf □ppljiuif this operAtoi^ V, V., 

V X twica ou suitahlo fonctioas wo n)a 7 obtain tliefuUowiEi^rfixprwiAionfi: 

(i) 7.(VF) ( - div grad F); (ii) V x (VF) (= ciirigmd FJ ■ 

(iii) V.(V X V) {= (JiT Citfl V): {iv) V X (V X V) {= curl curl V); 
(v) V(7. V) (= grud iliv VJ. 

Thus 

(i) V4VF) - V,(r.i i- I + r,k) ^ 

This ia writteli V*F {imd callorl tbo hajdttcimi of F)< 

The aviiibot (7-V)F itutv alsts l>e written V'*V wliere tliiaia tntcn to 
tiiHin (V*F,)i i + (7*F.)k, (Fk F^ F. being the C 0 Mi»neiitB 

of V), 

(ii) Since a X a = 0. wo deduce that V X (7 F) = 0. 

(iii) Since a,(a X b) = 0, we dediioe that V*(V X V) = 0. 

(iv) , (v) Since :t x (a x b) — a(a,b) — (a-a)b, h'b deduce that 

7 X (V X V) - V(V. V} - V*V. 

Thm (i) div grad V ^ V*F = F„ + + F„; 

(ii) curl grad V = 0; (iii) tiiv ourl V = U f 
(it), (v) curl curl V = grud i^v V —y*V, 

Emmjitit. (i) Find Vr", 7i(f“r), V X(r*"r), whpref'wthBVcclurO/'jiniiOfiif. 

7r™ = + ^k)= mf*<-*r* 

+ r^V -r} = 1 nC«-*r* + 3 f*" = (« -j- a)r". 

V « (r^r) = (Vr") ?: r + x rj =0 since 

j Vi^j X r) = x f) ^ u and V X r ^ o. 

(ii) If «T “ Vw (wove Ifast V .oqrl V = (1. 

nutl Y = 7(-^) X Vw X (Vw) ^(v) ^ 

‘ITiLTcfore V.ctitI v = ^ 

8.4. Transformation of Co-ordinates.. A vector liaa u meaning 
that is independent of any particHlsr co-ordinate ayoteta ; and tJiorefore 
u study of the relatiotisliip between its conipuaents in one systCJii with 
those ill aaothej msy lie expected to give an indication of the essentia! 
characteristics of a vector. In order to deal satiafnctotily with the effect 
on vectors of a tmnsformatioD of co-ordinates, it is neccssaiy to intrcxluee 
the special notations and Cuavchtions that are used in this aiuilysis, 

8.41. The iSiumtaaf^ CoiMjeafron, A"«wi«Aer IMtae. In the Tensor 
(or Ahsolute) Calcidqs, r^nBLniitic!) necur with various a£ixet, *ome of 
which may appear obotfe the main symbol (or aymbola) aa in n’^h* 
or bdme the symbols a« in A^. In the former case the affix is called 
a and in the latter a mhicnp. Symbols occur having both 

types of affix^, as for example or o^c". If a symbol crantainis 
an affix that is Eepeated, this affix ia called /ree and ia supposed to 
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take all viilues from 1 to AT (where N is the number of dimen^^iutiiB uiKler 
cousideiation}. 

Thus AfiA& symbol dinioting the N values J y; whilst 

A* denotes the N* vaities A% j 4L . - -j Ay, 

A Affix implies u mmmalhn. Tbua aJ/. dieans the N 

exprestuons (^ — 1 to A^). 

*■-1 

A repeated affix is sometimes called umttral Bini:^ it inay be changed 
to Buj other affii not appearing in the symbol, For exauiplc: 

xz. 

An illiistratioD of the type of quantity that oceiiTS ia provided by the 
Kronecker Delta ^ which is defined to be 1 when f = ^ mid 0 when 
rt^s. Thne N of these quantities ftTC equaJ tn unity, vis. ^f, ^ ,, 

and the reaiainiiij; iV* — N are Kero. 

Alsf> — Af i and = A^. 


iVfflte, Kmnedkir BdUi of higher order nmy aJmi l» cflufllniatfid. Thiw ^ 

is deltii«d to be mro except when (J) la <= ii = ^ it« vaAne thisa being + t 

and (ii) m =q, n^p (ts^ah fta then briog — J. It fulkuwa that 

= Ki + * * • +^Ii?>= 0 if = JT - I if r -.# {nintui J|{» 0, fof 

example] 

If. 62 1)j;: dJbo d™ ^ (S - t)d; = - »}. 

SA2. Lincaf Tnuisformaiiong, A dispIa^jeOLejit vecUir may fjc iudi* 
ented by tho sy^ibol 3f, where in anticipation of a rewllt. t.t be provnd 
later, the aflSr ia written aa a atiperacript. 

A linear tiaxLEforniaticiD ia by the equation 

(' o;*‘ + . . , + r = 1 to JV) 

where the detenoinant of the coeflicieDta, aamotiniea writ,ten ]i)UI|, ih 
fniite and not £em. 

liy aoMnn thew erjaatiooB, wo expreea nf in terms erf £• in the form 
J* = cc^ w'here id«^ is tho oofoctor of oj in the dctenninaxit A ^ fajj. 

By the Eubetitution of it* = in the equation for P" (or by 
uainjf the pipportiics of a detenninant), wu «« that ajetj, - ] when 
f = tw and rcto when r m, 


i ,o, — dj, and aim liar ly = d‘". 

In view of mote general txanafonnaiioba, we can write theen reaulfo na 

d’.F 

=^.3^i jf 


w ^ 


where 


A?" ftr' Ss^ _ 

5r*'3jc* * 


Xfitt, A ijncUl Eue uIbw wlv«n the two aat« of aui ore nrtlingenat. ^uppeev 
for eum]^, Jf — 9 sod ((i» nii, *,), [i,, otj. Wj.), h^j the dlKclion cofiiM* 

of OX, OT, OZ with tnqiect \a OXt u l'^, OZ, and that, the two ,yjn«iiw ate of tho 
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Piiinfi ipnias. Thfn 1,^ ( 1 %, itfi,, mp), fi|p iJiu difncrtiim cnkcuai of 

OX* OVf OZ with reapeat to OX, Of, OX. 

Thnii £ ^ ill + fKLj^ + ^*^4 : ^ - lg± + ^ i f ^ m 0 4 - and 

ST - i!|f + lij? Hh Vl y = ffh^ -f- + J!Mj£; 3 = «^£ H- 

Tiypical roliktiona wlwflwi by tIuMs oonfliafenM ftfe + iwJ + itj = 1 ; 

+ ifj = I : li = '■ T«,W|: nnd thf det^rmiiuirBlii of t.hif otwfficipnta 

tm bul^ BC]qj4 tn ]h 

Thh la A HpadflJ rai*^ wbpJi dj -= t* an 4 |flj| =« |*J| - I, 

8,43r F^iidioml TmtLKfarfmtwm* Whetk ia a functbii of af (not 
nec-es^onlj ]in<‘AT)^ the tliffereiituil diBpEflcementJ?cf^Ate cciiiii&ct^ 
with tfe^ at xf, provided 9(ir»p is Gnit* 

fljid not zero. The new fraiDPwork f^^ refcrentie conaiffta of the loci ^ — 
eoQatont fwhieli in ^ diiiLeindoDB are aurfaeefl) ntiii the taJigEzita to the 
varioiiB Jrjei obtained when all Lmt one of the vojiahle^ ^ are eomtaot 
fonn t.lie axart of reference at the pcjint The equatioDs conneetin^r 
the two diiTplarement s^ecMru dx" arfl: nhvioii^ij? given by di*^ — 
3x^ 

dxf or disd' wheTCi m in the Iju4: paragraph, 

d-x^ Bx* _ 



d£*' dx* 

' d'jf 

8^44-, €t>mrUiiU nnd Oontmmiiiinf Kcdc/fl. The of 

(an invafiantj ijt deiinwl ^f> Im the 


whrm the variables are changed we have 

sr _ -SF 

If ^ 




Also we have Rhown 


thofi d# = ^.dx*, 

or 


ThuB voct^ji^ appear to be of Um kinds, one which ift tranafoniied 
Eke the (aradient and one Mko the rliapliiccmcnt vector. The former is 
calbi Covariiini nnet the hit ter Cffnfraimrittnf. Thus if is a vector 
that obeys the law 

^ X * 
fta^ 

it is called a Ganir^variant a mtp&rsmpt being uaed to denote 

contravarianoe; whilKt. if lr a vector olieying the law 

it h called a UmKinuni Fmfor, a sut^ript beiiig used to denote covariance. 
Ss4S. Tamorfi^ If the qiiabrities obey the law of transfurmatioit 


_ &>* ftrv 

—_*■ 2"“-A' 


w 


dir dsr 

X„ IN i-uLlcd u Vovariani ftnm of the seamd ord^r. 
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If the n* qiiantiLiee ol>ey the law 




Sx/^ 




ia called a Co$itmvitrmM Tem^r of the Mm>id ojfder. It k posable 
&1 bo to have a mixed tcasor if it- t>bey^3 the law 

Similarlv, we may have tenisoiii of any orfer having eoiitravariant 
and oovarioDt ptopeitdes. Thij» we Bhould write u tenAor of the fifth 
order ob if it obeyed the taw 

a£V ftljt Sif 

aild there is of eomee a flimilar eqilRtbn ft^r the inveiifle tranaformation ^ 




feP . 


(i) A Yeelof b & ten&i>r of tLer drai otdtr, 

(il) It it iiDportMLC to noU: tbjit any freti oJDjc a|apnrm^ fpii ihL- Ml yl riudh on 
Hiuation as the cui& nboY^ ^houkl appear in tba pEiied vn ihe riijbt.: aitd that 
%ny umbral iii!bc tm cud hUi- uf the oquatkiii imly nlbinik] ^tir odc« jm a 

aupencript. auil oo^ m a aabst^pt ; thu b n ehm^aetcirijitiiT fc^antre of TtiDAor 
Ki^uaU'onji. 

MuUipticntivH of Tefutors. Two UmaorB of the 
some order and speeica may be added to form another of the as me order 
and apeciee. 

Thus A'„ + is & coviuiatit tenaar sf the Eiceotiil urdor if X„, 

Y^Zmi an covenant teiieion of the aecoad ofder. 

The jiratuct of two tenwta of orders /h- i'l ia & toiwor of ortlor jt, + hi- 

Tb,» if i--g.g.g..^, „d n-g.gy; iii«i .tji-i 

ie obviously a krtieor of the flftli order that might be denoted by Z^. 
8J7. The Sabititidion Operator. Sin^e th^n 

* ffiE* uX^ 




A(r) 


when .d(0 19 any espnesbii invoiviug the affix f. The operator 

ja thenfora csatled a operalaf. Shuihiidy 

ass' 33^ , jj. 


ifl a substitatiou operator. 
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The operator mixed tensor of the necomd order. For 

(Isfi dx^ - 

S.'lii. Contraction of Tenaorn. From such a teusai aa we cab form 
a tonaor of lower order bj writing a euperscript identical with a subscdpt 
and obtaining Dor example A^. 


Now 


J'w - 4^ 


dP dP di' . di'f dr' 

h!* djj^ di» ' dll dP ^ 


BO that ill a tonaor of the third order. This opemtioii iB called the 
(•nnfrcKVwn of tcnmrs^ 

Sliiularl^ bv fnither eont.raction we obtain the vector 


SiMm-. Cknitr^rtiiHi fjhtAiqud by tai&kiiig & inat£mv%fuiit idcaiticii vitb a 
TOVimwit aIWt R4ld nn NgnlEconixi m alliicbni tn tbo E^^pireAaioi] obtflinudi by making 
tvm nflixin nl the hahic kind ^pntirAL 


S.A9. Suppose wtd are giv-en that 

^mdcr inujftfomiatiDTJff, where in a cert^n vecrtor and ia an fitrdt- 
irart^ tensor of the second order. ^ 


Then .'f{^ t)^B^ S3 5^ 


ftr** 


to* 


m 




But if fi** is arbitrary, we iuunt theiefon have 

dJt^ .. , 

P> ?) 


j, ,. dj' ate'^ 

*■ *■" - ir-mw 


.4:1 {a 


BO that ia a tensor of this thlnl order that sliotdd ha [lenoted 

by^:,- 

Similarly if (7^ ‘ "t ;; are tensors^ the latter being arbitraiy* and if 
X,.) ^i:: = ci;:t wo may show that d is a tensor of the 


8.5, The FiKidurnGntul Dbuhlc Tensors, When thn ‘dUtfliicc' 
da between the points 

r.f'). tf + + di\ . . 

is (03 in rectangular Carre^an co-oidinatesj given by 

(is* = del .+ ^ df* + ■ - . + df-'' de^\ 

tho space of N diuicnstons is said to lie fat. 


NoIkm. (i) Moi^ g]i!iirtirti.lly» m #pai.'f? if hy ImiiAfV^rmiftiicii!! of co-Dniinat4jB it 
T 4 m h& Tv^ar^od to tiHi abcvii- form. 

(1.1) The BymlMjl df' it oned for ibc ^p^tatv of m ma to ■void umbigyity of 






244 ADVANCED CALCULUS 


Hmj ithtei itTinlicilB. Thorp «. lliJWPVl 4 , ilttlo likoJihoQll tif i 3 iynfii>imi in tho non (»f 
eff" for Llifi iquatp c>f 


In a tran^fgomticiii. the (fMvnrirU itf* b«ouUieK ib* = (L;* dx” 

3f* 

where 


tf^ howcvcf, we define the invftriant by oicfins of thin- general 

{juDdratle faim, it cunout in geneml he tmiiiSbrined into the m\u cjf n 
pOHitivc Squares with eoiuatam. coefljL-ietita. tapaee in which ds® w 
by ihet general quadratic fonii is therpfoitr, in p^neml. One of 

the investigationa occurring in tensor rmniyibi^ consists in dot^rmining 
the conditions for which tha epivcie b flat. 

Since may be regnided ns nn aThitrarj teniKir in iJio expression 
for the {jimnant rfi*, it follows by the i|uoticTii law that 
rmviriaiK iw^r; atid, by w further spplicAtion of th+j law, that is 
a comrimif of the ^jcond ortler. The pji?Jtion of thn in 

La therefaie jindiSe<h 

9 = [the deteruuiinm. of iht whcEt- 3 ^,, ^ 9 ^^, and 
let the cofoctor nf he divided by ij and the quotient bft denuted bv 
(thus anticipating its contravnrirtiiri cluiracief). 

Consider By the propertioM of the dote^n^in^Hlfc thiH is j^ern 

when m ^ fi and 1 whea m = u. 


Thus is the mixed tcnBor 





m t.hrtl. 


= A{u) 

and if /I IS contmvariant vector : J'', 

This mixed tenmt is here usually denoted by Agnin, 

sinco may )x repardruJ as an arhitraFg cavariflut vector aod 

it follows that is a contra variant tensor of tlio 

second order. 

The teuaora are called the Ftinftafmfitfd jTMwWe Ternary. 

8.5L atid Ltnpt^ring A£ixfjs. Frijm the vector we ubtaio 

another by mmm of the fektirjn *1^ = This is calfiyj 

' Raising fhe AJix\ SimiJariy from we obtain A^ by the relation 
-^ji = ^hia is called ' Lauvring the ^ AlthiMigh thc/orwi 

of the vector k alt(?red in this way, the two foniia should bi^ regarded 
as equivalent WBys of representing the sarnt vector. For thifl reason a 
vector and that obtained by raising! or lowering an iiffii am stmjctuiies 
called j4jra«a<ed 

Similarly, we inay raise or tower nUixesi in tensors of any order and 
obtain awK^ated teneom. For example 


y ^rmn — * 

It ia ^mediuos necessary t4> intLcate which pnrticulLir afiix has been 
raised of lowered and this can 1 ^ done by allotting a certain place for 
each affix in the and upper paeitioiia. 
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Thus if w4JJJ5^be detiot«d by writes 

Ttfa is iiiin(ioea3a.iy in ctaTtaiD cases of ajmlnetEy, for if ^ A^, then 
^ g^^Aip = und both cim be written jI*. 

Naia, irthM b un 4kflit« |l may h& railed ta one jilieei if it li iowmd 

m tfafl otiW. 

Thu. A;^B^ ^ 

- a::b, - jr,B^ 

(U) In s Lmiicrr eqoitkKR, »/ffw iflix may 1im raJsetl jor Jawiiml) ihmugbeul the 
eqaatjad. 

Thn» If 

thnii - 

#.5;?. Ohriii^ffd In the further developEnent of tensor 

Msiysis^ two erpiessions [which are not tensors] oocitr which sie of 
fnmhiMeLiital impomnee. 

(ii) fji». X) - ,1 

They arc culled the Chrislaff^ Sgmbd^ (or the thf^And^ tymtHilsi) of the 
first and second kind respective! v« 

We bavs seen that when the Space is Jlai, ^ 

can hnd ei^q^iicnsioiis for the Hyinbolsr in this speoisl case, m terms of 
tlie derivatives of P with respect to 

For ^ ^ -;^V+ -^— j;—^— with two mmjlar eipTMions for 

dTf Sr/ Bx^ ftr»* * 

3ff,), 3s^ 

Tbis 


J !£ 

“ftr^atE-^ ajf* 


a*r ds' , 3»f 3f" 




Sill 

*9^} 


&* to" fa' 


,, d‘r 


(j) Or, Jt] ^ 1^1 A]- = wtiQu the ^'n are oon^ank 
ta) i?v ft**. />} ” 9*^f[fi*> ff] = [/•** 

(iu) [>. AJ - [1^. ^: (^4*. ^ > = {*/*, A}. 

(Iv) Or. ai + A*] + 1^> *1 •= i(^ + ^ 

^ - IfX. Jif] +- 1^, rJ, 


J 














r 
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(v') Sbofw tfant imp. m) 

Since dg ^ ff™" where Gf™" is tluo of in we hm 




•be (wp, W} = 


«"“» Bynimntiy of 


i-i^ 


£nfcptt?liuigo of ijmbrflJ affljcsrt 
1 3a 3 

imp, 


Note. TIhj rwallB in tha» exemiilBA m of owiree teuo for wy Kt of fandn- 
mnitAl tdoean. 

8-4. Covaiiiknt Deriradves. If A' is & orjust&titi vector in flat 
the correspoDdLO^ diapliKseTiiexit ’voctof at a point P move^ pamllE! 
to it^lf aa the point P movei!. The voctor *4'" is therefore said to repre¬ 
sent a tin^ofm^/Selj. If P moviia along a curve, the vector represeDts 
a unift™ (or parallel) field of veotom along the csnrve, VVlieu a traoB- 
formetioji i& i^o to the system is tranafomied into where 

dP 

A' = being the original Cntteainn system). 

If A^ is coDfffcant along a curve (specified by a parameter £) 

di fa'® "S 


Le. 


giving 


or 


Bp 3P dB”*^ dP BV dx^ 
4- ostpizl ^ B^"- 

^ ar* dt fa^^ au^fa" dt 




Hip 


^ dSz* _ 
+ {tim, OL — 0 


di 


dt 


d5* dx^ 

~ + {jfm. (X}5^^ ^ 0. 
eJi A 


More generally^ if represents a uniform field thronghoiLt fiat space, 
Bmoe the above eqnsticii is tme for all curves passing through any 
point P^ we have 

g+{«^. *}a« = o. 

If Jf, B a pven cotrariant vector, then ia ab ihvsnuit and its 
partial deiivativfi a covenant vector, 

Tlus partial derivative ia 

-(g'-W.»)X,)fl-. 
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But Mnce B* may be token arbitrarily, it foiloWri} that 

is Ji tonflor. It is call^ the Deri^^hm of (ind wiittea 

Tte uovanant; derivative of X* may bo obtained siraiiorly, but it IM 
more instructive to obtain it horn the above reeull. The covenant 
derivative of X* ia written X’, ^ and may be doRncfl aimply na 
N'ow Xp ^ SpqX^ and IheTofore by DovuTuiDt dilTerentintion 

^ ~ n}X, = ^ {pfi. $)g^^ 




3^1. 


since - I#- p\ + [pP. Vl *^6 p^ipp, »} = [pp, ?I. 

bx^ 

i.e. f = tf <*.Vp, ^ plXo 


iX* 


.yX’i. 

Vflte, Aliheu^b we hftve laywd the propartloi of Oa^ B|hic* to abuun them? derr™- 
tiTE»> tba bxpitTsmtjQJt are tenseca in wy ftpaco fo# wiiiah di* » It ia 

poHiiblD to diDom & flftt vpa/ae for which the thJimm of mdi tbtlx dm dmvmtiTflii 
agree with a gtr-Dii apuu^e at a paints The TinoKir law li aatiflil^d, the Talne of 

uqJqi- a touierenuation bmiig 

S,G1^ Temor DerimitTm. Tlie covuriant derivative qf n tenaoc 

3X' 

may notr be obtninet] by writing down the oiditinjy derivative ^ 

and odding (i) — {pn, for every covariant affix p, (ii) {rs, 

for every dontravariont affix a. 

It is GuSiuieuli tti |m)vo this for a poxtiealar case aueb as X^ eince 
the method indicated ia gcDond, 

Let A*, By be two arliitrery imiTofni iietda; then is 

invariant and its ordinary derivative is a cqvariant vector. This deriva¬ 
tive IB 




f]A*B^ + Jfp {’rtWi r]A>’Br 


= (^ - (P«. jJJrr + m}Xiy^3„, 


3 Y”" 

i.e. 5^ — {pa, + {(fn, *>*}X% is e tensor of the third order 

ffj* 


that may be written 
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8.62. Ctnvirinni The oTfUnan' nilftH for tlifi 

diffcrentiftlion of n tnim or a product ate ecinjserv^ in covjLrinjit diffor- 
^ntiation, 

(Ji. + YX = + (v L; ^ mr} +{ x_){ r.L. 

Tlic fijvt result ie obviaaEi oikI itiu eewnd is ubviuiiH fur at lesjiti h 
fi^ index appearing In tiia product, tf, however, there in at repeatud 
af&x tt os in the case then in there is a term {rit, 

and in (y,"!,, there in » temi — {an, rjy,;:, Thiaw two terena iti the 
expresaion for the derivative give 

{m. x)x:::y-: - {««, 

which vaniaheB by the ttiIi* fur repente<l uMxefl, 

S.6S, TX Cf'i*>9inani Derii'tiiivef of am smi, 

-Wr = ^ 

^ - [Mtr, uj - |«r. m \ 11, 

The funilatheiitiiJ t«a»ani rruiy therefore- Ixi ii® coostantB in 

rovariant tlifTorentiatLon^ and aflixea tmy be nii^wrl or luweri^j \v?htvf or 
ufter differentJation. 

yaU. Thiri tTBult in, ox aJipwn Irue^ fer iiaiy hut in ubvliiuiijy trui^ 

fctf flat ApnJx^ siftcB tho variafalBB mxy rfiimgwt U> ifivij a viiJlw fcir ^Itdrh 

iM coofliBJit, aitd Eh™fw‘ thi' ooltfifto" dfrivativ™ <*( jinil iJi*^ riUriPtnhc’i 
jtyTnbah vxnixh. 

S.Gi. GmdicM, Diverg^nc^:, Lapkirmn. Wfl liftvti! already aeon that 
the gradi^^nt of an. invariant ^ ia a covariBiit vector which we uiay denote 

by or ^ or 

The tensor formed from X' by eovariant diffefentiatifjii Jf'",, anri 
the iiwntraotol tensor X^^j. is tilictefore invariant. Thifl invariant is 
called the Di^rfrgcnce (and ngrcca with the corriwpundiii|« ilwhnitiiiii hi 
Carteeian ccH-ordinataa). 

Since X** = div 

The divergeoee of the gradient may be written „ or 
and m called the iMi^acian. 

Thus V V«■ 

S.5S* MfiffniUidfis of reciorj and Smi^r ProdfifiU. the inagnb 

tuclc nf dfl ia {g^^dx^ the fnngni tilde nf the fonlrayarTitnfc vector 

ia A where 

The MMiar product, of *4"’, is deiinod to be arwi this is 

eqiuvaleiit to 

NcU. The icaloT product (which ia Bom^timou culkd t be inner i^Todual) phriooMy 
ugrrcA with that dnfiticMi in letnu of f^artiwiic oo-olditlBtLca i fur whuni ihi> ues ATO 
tvctBiigtilu^ thci iuviirijLnt becomes .•tS doh wheTt-ti U the 411^0 between thq iwlCifv. 
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8M6, Orthfji^onai Co‘^>fdinfii6s. The magoitude of the aiiiglo rlinplac^- 
niEnt d:^ ia and thfirefore t.h« migle 9„ Ijet^reeJi the diapboe- 

ui^ntA djf, djH* it givDU by VSrtVSt* dif di£\ whem 

from now until tli(? i>iul of the. p&mgrupb we drop the Kumniation eon- 
V'onticni for a iifliic (iiole^ citherui.j^ sdAtflrl), 

1 SfM/VyjffffsJ* 

The eo-ordinat^ nre therefore orthogooiiJ if = 0, [r 3^ Jtj^ 
i.e. <Ii* = + . . * . 

If we write (the scjimre of A^), thf^n 

// - A'A'i . . . A*v. T = 

H. tni>y eiksity (w verified that 
|rr. f| lr¥, = 0 (f, r nJ3 ililfereiit) ; 


rr. 


n- ' ?*:• 


1 . > 




I>r!ticifmliMi the l>iiYejr;^ooe Aud lApJacian fer ortho^ouiil po-urdiiuUfl 
iti thmi ilimcniiioiui. Thia iii mcattly tJiJtcD MA aii 0]faHira.t[on nod ia, of eDnwp not 
tlbD beat tectfai^d of o^jiaidJi^ tbe forfflolHA in lb™ dimeoMDiUr 

iX'' BXf a 

div X' = JT, = + <133. r]A'P " ^ 

^ 4 . > r _ _L JLr /„ vn 

ti fo^uln flpplK!^b|fi to L}^ ^ncrul <mm luid the nuranaAih^ eDCLVcidtian being iui«dr 
Fe^ iPFtbi^DCLp^ Dp.ui 4 (oa» 4 <^( in tliree dinaerwloiui 

dn* = 

j 

A ta»iV dhipliM.-enirfit lEoog t||i^ ™Tf*riqi|^ Ujt dJl itiErEBBO of J in e^* 

A dbplw?(mE*iit U% nBong ^ cornaptindii tbtirefore to ua ifbem&Ai? of U^/hj in 
A ¥Wlor X^ nf onnipofvnilJi of Aciiiiil m&f|iijtude« it given thmfore 

bv X* = U^/^r’ 

TIew, In ihxm djuienHlomi, 

IS/ 

Agam VH ^ {antfilUftlioti), 


...Li 

1 9 fhjt, a#i 

u ^ 1 

fMi 


fcjA^lar‘Vfcj ^^V 

^ + &i' 

ih^ a**J 

' ftt'V \ dsfl/I 


csdiuide^ in aphtiiiml pdlor coHindinnteft^ whore 

iM* = dr* + + r*i^n*^d4\ 

div ^Ui, fit. Fi) *7^1^* 

whrm r/jt t'V t/* w ihn phypifal wmpu-iirtaiiita of n vHtor khJ 

X/ ^ l‘■■lnO 35\“"" 
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8M?, The Seoond Commne Derivatives of The 


ChriAtnffd Tmsor. Since ^ = —' — tlicu 

3ap* ^ 

air * 

- <"• “>(^ “ !**• - I”' ”>(^ ■ <""' 

a*AV , .dx„ ,aA„ . .3A, 


Similftrlv 


p) — frf, t«}fMW, js| - R in}{m, jjjyAp, 








33 J 


up } 


aa™ 


— p} “ m){fw;, f} - {it, (? 1 }( 7 WI, j>}^Ap, 

But H n»i~ = {rt, p)^- and {w, {«. 


d?* 


Therefore 

^j-, Mi ^ ^T, ^ 

+ {rt, m}{mjt, j»} — (w, m}{Hif, 

But Ap in any vector anti A,^ jt — A,, n, in a tcnaar. Thercrore the 
coefficient of Ap is a tensor of tLc tyfse It is called the /^iwjiiiinM- 

Vftristoj^el femor, 

9 9 

Le. = —{rl,p}~ P> + \fiy wilfm#, p} frt, p}. 


The iisBociateii ia 

Alaq'yp^{rf^ g } = [ri^ p\, ami thorefoii& 

pj - H ?}([!!»■ ?1 + [9fs. PD 

and fumilatly {rt, ^> = ^[ra. pJ - {w, y] + [^, p]). 

Therefore 

Pl+ ^tP- ?]- frt. ?}l>*. ?]■ 

Since £,h,^ = Q for CarteKian cg-ordinatea, it follows that => 


0 










TENSORS 


251 


fur any tranBfonnatiaD. Tfiiiia tha vaniBhing of ie a iLeccaaory 

conditioD for flat Bpiuie. 

(ij Tb 0 condition = 0 may alAf» ba piw^ to b© fue 

fUt «pfue. 

(il) Thjo form of tlmE- 

^pt*! “ ^rprt i = — ^ftt» I ** ^imr I 

^tirwi ^ JSpflr + » *>- 

Tbc oumpqpimt ja ^hbn p r iff 4 ^ t Then? Aft- mf- ■C'l) dlQbrenl 

pAitu of ftfliycB- TIid uumbor of of i^lpotiag S pahm (repotitioD 

biiitt^ alJcnrw]) is rn (wlisii tbcft il m ftpctrtiiin) + ™C> (wlucfl tip sekriTUona am 
diffcMiit), ^Finilly tibcft are ftlatimiB inTDlvJn|^ IhftO oonnpOnEnls (n > 3), 
Tlw namber of TndcptmdC'iit ooinputumtA il limfort "f-, 4- J^CTgf^Cj — 0 “ "^V 
yrhich will bo A>uiwi l4> bd — lju For Hi = 4. Ibcro uro indapeDdeat 

LitmpoqcnUi 

Fiir a = 3* ihp 0 dtpmfKiiKntB may bp tnken vritli th-D foUiiwiiig^ STFfLngtmouii of 
afbxFfl i2l2t 1213,1222, J2L2| 1222i. For n £, llicii! la c?n^ Qomponent 

in thii cww 

*II» = Jit22- 13 - ^12. IJ + (la, l}tJ2. 1] ~ (22.1J[11, i] 

+ (12. 33tl2. 21 “ (22. S }[1), 5J 

tuui the iliBt two ticrniB ure — t * 

^ s fli' 3x* ^ as*' at* s ai“ Sv' 

For eiiunple, If 4 j* « E dti^ -i- 

I a*B 1 3»fl 1 1 /3G\* . 1 /SS^/ddX , 1 /a£^f3G\ 

“*■ “ 3 a»* ” 2 3it* iEVdv / '•' vAdK* ■*■ 4B\dK 40\aB Ato / 

nntK {la, I f = J 113. IJ - , fjfl. 11 = - t (11.1] •= ; 

(12,2}-^.; p2.2] = ^,t !Sj!.2>=^,l lli.21=-|s,. 

Tlie tfniijr VAllidhEe ir 

^ L 

iSG 

a/ A, y B/ \ 

\/(SO)/ du\i/{EG]/ ~ ® 


„ _ A, 9 

*” 2i5G 3ii 




la pvUcuUr, + ^,) log * = 0. if Aj * Aj - L 


A|t. 




(iif) SiiiQp ^ (tlio tangent viA2t4ir)- La imfafliBJif for a RtmigiiL 3ina in fU t ppuxj, 
Ibfr DChOfilijui^ of A pomt on ft Atreight lino DlLtlt AAtnafy tbe aqimtlon 

^ fltr" 

SrUJ+ 

J^£™ rfj! " 

(wtJt* f j-^ ^ = ^3 lA tho s^tuatiofl of a stta^gbt line Jn enirTiyimar 
ro-oniiustoH. 

VVbea iho Epsoa is not it may ba ihoim that tbo aboTo HinAtiao ft|jftsenu 
a geodcaiOi wbenf the goofioiiti cnifvp itruagb .4, £1 ta dfiftnedto h« tbat foi’ wbiab 

~ii 

li m jiiinimum, 

A 


i; 
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In irpoce ihv iyUjcm A'" tliHi. iha i^uAiron -S- {mn, — U 

imd baa ^v<en valu^ al n pnmt A of b Ciirva ia a B^-atom of Ulil 

litD vaJona at ft^rp iiid4;p«nd'r*nt i>T Lba t-umi laiaing In ibif* 

cqimtioRa mikj be uped to dt£ii^ ptLmJlolusi oloii^ a oiirva ABt limt ibc V 4 UUI 4 at if 
Ih-Dii dfifwrui nu tbo eurra tikfflwn. Thuf! ^AvkijlHl- tbs dascripiinTi nf ft piU] 

by B pnuit P in Hftt fl^iftoe doee not Alt4?r a ooiuiajit vB^tor dr^WTi tbfiiugh F, 
L'cnTDffpondiqg muk k mi am-c««arlJy trms in aurrRcl 

(flf/T. fijfnAarr. /fiVpiOJlft-iaft CrsMwrf/ Eddiji^u, MnfhfnffUu'.fd T^trTf 


Kicamples VIII 

Im tsbciD^ tbal tl]e TCfrigra « — b — 3a — 3b, it -|- .ic mw jbtjiIIi.-'I to lim 
4ikilll> pbkEIC-. 

2. If ^ 4 , bk C are niqtnfllEj perpCThliiiUliLr vcctora of cqujii magrutndti, ihoo 
a -E- b + € ia €«|iiAlly in^^lioed to b^ Cv 

3, Intf^rpret gBOTiiJitTOyUly the aquAtkin (r - a) .fr + 0) = 11^ 

4+ If £c — la).o — (c — JbE.'b 0^^ jjcovo that (n — b) k porpandiDiilftr to 
0—1(4* bl andtntyrprot ihi' i%«ult ^^niDtiicfiiiy^ 

Pro™ tluE* reflialta ppvBTi fn M3:amplw wb?re tbe I'onttnid (I of ft iyptflm of 
ptuliolfiB qf wcigbte Wr at Fw i® I^ivuii by IIil^ poflUjon Tor-tor (AVrajr)/(AVwji), lb«" 
pofiition v^icttyr of bfr iitf) n,, 

5i 0 |a twleppodcnt of the ur%m ui' TvfGren^'ai 

6 i Thfl wotrc^d of Wj ftt /*| nnd W| at d|Tid*ja /\, /'j ii* tb?^ ratio itji|$ W|. 

7. Tbf 4?eTitrofd of e^iml ive^hta at Pj m tEu' int^THf^lfon of tht meditunw 

of tbo Pj, P^ P^. 

fl. If <1? ii tht oemtrtiid of at P, (_r = t to »} Kndl 0" tiur t^^ntrald of n?/ at P/ 
(r = 1 toiaS tbe (Mttttdd of ttio wMobsnsd ayat^m k iSib *t!ntroid uf ii# r Q 
ftod iTv/ fit 0\ 

9^ Tbe ocnlroid of ihr? «r*t of a qmMlriklf^rftl ii tlif namn im ihni uf 

iuirt*c 1 fi of wei^ta 1 , k 1 , 1 » — I. iiit //, f,\ iK A? rcwpectivi^ly wbao:^ A' ia tbo 
int^rmtiou of AC^ PD. 

m* The oi^^ht YEfticBB of ft unit siube, referrwi to mUaiii^nJiy: men OX, f>K, OZ 
rtpcoififil by unit rocston 1, k ftre O, A, Ii, C, d,, C^, wlLi?ru A,. E, f P 

mi jaiven jreapwlively by Ip J, kp 1 -|- j — k and A^, B^, an? llm Tit<iijppliDtiii of 
P tm TOE, ZOK, XOY rBspadtlv-ely. Find tile f^iOihtou Voclyitii nf Ihi- midpolllti 
itiOB, BO^, C\P, PBgf and phow tbAt theao polntu ftirrti n. rp^^lnr hp3^aj;^ti 

in n p^iktici |Hirpciidi[7ukLr to tho Teutor 1 — J « k. 

II. This pointa P, Q, R divide dS, m Id tbo ratjew 1, ^ Jp Jfc^: X* 


mpTCliTisIy, Fiitd f>/\ OC* Olt in luriiw uf a (— (Jd),. b (=; Mfj a.™J Mhow I but 
P, Q,. R ans tjulliinw if tj = — 1. (JfeAflibtak Thmem.} 

13. If 9, b Bin two veotorp of dliTewnl dinoctidna, piovu tbit tbn |ijSnta wbtiflti 
poifition wiectora uTe. yja -|- jjb* -f- -|- am DolljnofU' if 


Pi 

^1 

fa 

?■ 

fk 



13. If 0, b^i C are thraq Toqtoni not parallel to tbo Oanie Jiliiiw!, iliyw tbal the 
pointa giiron by p„a. + Sp^ti + r^c (# — I, 2, 3, 4) am ooplanai’ if 



Pi 



Pb 

9b 

^B 

Pd 

9b 

*■1 

P* 

7* 



14. Piovop hy TootarUp ihnl tlw' midpoint# of the diBij^OnalB of a uompklu qnmi- 
rilaleiaJ arts unlliiiear. 
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15^ If £7, /J &tf pcrintfl ihui dividfr AB intorimlly lit'nl ext^mnlly in tbo mtlQ 

ifcj ifc,. i^mvp llmt tfi, wimre OA = a. 


OB b. Dodik-fi llijit llw»e I’flvtijr® OCf Olt jirv pcrriKiudicLilar If wbore 

= 0 , OB A, Mid in^i^prpT. th^- mult* 

16, Poiiiln hrc tiiktn raflpwrti^=ciy im OA^ OB, 00 sueb I'.hst 

at, = k^OA, OB. = Khg«r ciml {AB. {Hf\ 

(r7j4, OiAi) m.fn c?i}r3iinpiir on a line ia tkci TooLur 

k,{h, ~ KYM t - k,m - 

It- k A ubiw quii^lriiKk«rul and jSi are four cofilaiLftf poitlbS tjji 


Ba CD, DA tts^jwcstivdy dividiniz ihise Bit4h 5 vn the mtiHi 1, 1^. h^t 1, 

I'l; L. IVi^vD lluit- it', — i r 

Ifl. If /I, B* C, /? iifti iiiat pijinlit not In tb& Bftine plimis; ^how that the uii pLanta 
islitaintwi laj lAklii^ lwi> of ibp (liiLuli alwl ihf mlilj>ojnl of t!io join of the otbof tmt 
juf^ thrcmicb ths ccnlmlll of A, B, O. 

The I'wInrH Od, OB, DC Mr ^iVfti by tt, b, ^ raapectir^fy, From the nsiulfc 
<11 X (b - cjj.c - liibc], prove Llial t\w voIoimo of thp tc^t^hpciran OABC u 
OA^BCp KLiiO wbfire jj k t.lie nhcirti»t dkljlrwii OA. BC mni P (between 

i> iLiHi .* 1 ^ is lhv‘ on^Ee bot^xvbi OA^ BC. 

2D. Dndujr4i fnim EJatitfU 19, that if 4I| are ulili ViiOl^arv two and 

f\p tire two jiiimLA, ^Jn^ im i*l'!j lirn?, tJiD ibuiii'iiiti djef4nx!e bPtwefin thf^ Jinca ib 


nkwiiiiio \Ti\m5 of divided by ihu tiUnlulliH of (D; M n,)^ 

21 p tl l|p mj. aA!> thr liirrclnpn ouainiRi of s liut tbrod^h (X|, y|, ::j) Alld il, 

tin''dlreistiDn iiiieiiuH iif a line thtipu^h i|rr|« ^y, 2 ,) prTTvc I bat Ihsf difiCa-lloa D 

kir-tWMn iba linm ia ^vrtL by 


[■ D sill tl 


f| iJ?f| fly 

I, ftj 

'1 'l Wt - IfH =l - ** 


whMO eo* 0 « -r fJh^a T" Jh"r 


21. E^bow Ibat the Ahocle^t JklsuL^t^ belWivo the line joLoillg l/i» 

(jg, atnl ibe lino jciiniti^ [x^, y,, tn (x^, t^J k 

iAix^ I - y,] 1 =y)) f (d" 4 B* 4 C'-jl 

whens A. B. C life tbo CofactOhJ o( - ijV tVi V|)p (^i “ **) Pe 0 |j«)tivfl|y in tl^e 
dat-ennixuuit 


^1 “ ^ yi “ S-a =l “ *1 

3=1-^ ffl-99 ^l“=i 

^1 - yi - yi 5i - '1 


23, lihaahurlratdktjiiu.'a belwoon tbolmoepTaliby ^ « 2 4 — ft + 4l, 

s = 4 4 ISr: X = :l — jiP - 4 - Sd* 2 = 2 — 4ic, 

24, FItuI tbn shnrtiTffb rlbitriuiiHi belwpon tbfi intnFBeciion of tbo pbrnod- 
jC i 2jf 4 a: = 4. Sjt 4 .V 4 i "4 nnd Lh^ inLerBeotton af l;b« pianofl 

iLr — y 4 ^ = 1, 43J 4 y — 3:: = 2, 

25, ^faow thdt tliB UiiPa loLnin^ lb«' inldjiniqta of oppooita edjZOB of b tot^rabodron 
atii t'JH^lL'•^l^rent lut tho contniifl ipf tliii tTitmtiBdmnh 

26* ir i?si'h eidge of 4 t^tpubedmn ih equdl to the edge qppqeite to it, pruTo that 
I ho Hurt joining the inkl]iri|nta of th-o opp^ifllu? idgei lire thi^ abartoat diitftiu^ 
l^otwootii thfiae 4ind iimt tho aliorteat dUttMioe* En ierma i*f the aid^ of tbe 

ictraKodrni. 


37, TJie vwbor momeiTl iibKnit O of tk femw F fw tiug al f* is chf^a-ed to he OP >. F ; 
pnivo t.hii-t Els w:alar otnuj^fjiic-jit si-lKiut (tny ask is the orflinaiy munient tpf F about 
tliut jULk. llwiimi thftt the Pium 4 if the tifiliiinry jnoments of Ui flyitem of fari>^ 
abuiit fin asdi li tbL'i mornoiit of tJio mLilinjit aiiout liuil bjus. 

in 
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(tj {c N -- fii.tj(h-d) — 

[lK'd|it 4 [dali]£, wliora ii, b, £, d hre Umr 


38. kSJjgw Umt (a k 1i),^c >: d], 

2^. 8him tbAt [nitcjd 4 [cdR]Ei 

TectorH in thw diTTnsRsiqilfl, 

30. Hwi of mQtlLvn of n (nurticJn iiF ihjlh wi rniclrr t bn AfiUnn fjf A fw’l^ F 

, . , rfv 

iH giTcn tfl be iH = F wnprc! ¥ jil ilro Velixiity. Thfi kj.iiE!|^]i! <uinryy 7* ll Rfcven 

ki }iv JJrtV". Thn iivork done CW") hy thfl farw ill ^ smttLl di#|jliLoctdoat dr is ^i'eo to 
\m Fjdr. Esholr that the IncnmiKi in klnott'r wh¥£i Lbi* piirtiule ruLJvcH Tmin 

dT 

Fj to I\ idoui£ It# iiath and ii tU^mfcire to the Wc,'tk dutto by 

the fiwno. 

31, Tbn EuigiQlQT momentum 11 of ft mining, fMkrydo of mnife m i& definDd to bo 
r v WPV ¥rbnrD r la the poastiraj TfCtiJr of tfcni |liinic3n ikud V it* vdiieiiy. flhnw 
that H ia EqiLft] to the TPotcr moimml (WI! FmmpUi 27} of ilie fo™ noting an tha 
particle^ ¥ix. r F, 

J2. OABCfl IB fr riglit pypimid of verivx O atul of Itrigfat tbo bufle AJM'O 
hfiiDiE a flquijn of Hidfi 2a. l-^nrl llifr ahortt^t tiinUliw) bolwecu OL\ AK 

33, 11^0 h^E L>f * nght pyriui^iHl of height A ia a irij^ulBr jpolygnn of n siioa 

-Mch irf IcmgtJi Fin^l the *horE<?^t dJivlAIUni llctWoclj H ektn sif the t(w 

edges nf pymmfd that do n^Jt lie in a pIeoil'^ Ikroiigh tkit nide, 

34. Find the area of the cinruhr of the uplkun^ f 4 i" - mmh 

hy the plrtM isr 4 iwy 4 ft; =■ (whoff + fb" 4 — 1 ) nrd ttlaa the aFfn# of 

Uiir pmj-wtioiia s^f tliftt ieution on the oo-onJinBti] plami!. 

3B« Prore limt tho perxierwliiciuiftr diBtujjcD uf a [ioIeeI P frifni alipe dirtH^iJon 

"—^ 

IB irpcdjiod! by ft unit v^ftirlor a ui tlio miftlaJiu of ■; d wh^'rr^ 4 in fttiy [Aiint of the 
tioo. iKxIu.Cn tliat thr OQllAli'On of thL-' oLfruIar cylinder of riidlltH H whOMc ftx^ 
pftveB thl>.»ilgh Atid kjui difnGticm ocisIiuBe hFu 

fm|* - s*) - Fi(y - + {n{x - - l(a - z^) }^ 

+ - Uo) ~ i* - 

36. Whow ihjvi Ibc pomtM (fl, 4, - 3}, (4* 4, - 5). (3. ~ 2, 3). {3* 2, U) arc i!^]- 
iJAimr. 

37i P%^>Vij tbiut Lbe kHrof df ihn midpoint of S[nrB vhou^ oxIlflllitECB arc un two 
gifrn Unc# Aiid am- iFftrallEd to ■ gi-ren plnoL- la u Btnugbl lin£. 

3Si t^how tbiLt tbfl kitiLia of tbo mklpoint of ]inea whew^ oidTt^mlCi^n ILo on two 
given noti-inLtfflhotdiqr linca Ji a jilonu pcrjHFntllonlftF to the xhurt^M^t filBtnntrc betivoon 
the given Hum. 

39. Find the ptrinte on. ihc ceitvb x = P, y = Sf" — 24 s =■ 3f — 3 where the 
ceeiilntib^ pliLcicB para tbroogh the origin^ 

4Uu For the curve piVcn by * *= 5!n{& 4 lin Q oojiijr = 3d (dn' 0, = — oin E), 
pliuw tiuLl p ^ u ^ Sa OCA'S. 

4 U Fov thu -LTirt^n giren ji = 4nF^ y = ftdjl 4 2/*^ - ' ^crl pFivp Lhiit 
Sdd — 

43, If for A giTEin. enrve^ p/tr in i;iODIit4iril, tthoW that the tangent mokra a condtnnt 
Biigle with a fixed dirretson tbftt llio tiirtfo ia A hnlijc). 

+3. Show that if w on; both tiniatAnt, the Ctirt-Q i* a dmiliir helSsn 

44, If the fl^iborp af centr? 0 aiui mJin* if fpvcn by {& — r)" = whm 

A — OOf hoa fimr-ppint iiantftijti with, a giVTsfi curve at the point whoae pnaitton TeobDr 
JB t (b fnncljoa, of prove thni (1) fia—r).T=th (ii) (n —rj,N— 
(ih) (ii —T).li — oys' whem T, Ml p* a ncfffr to tbfl given nurve. DiduiJe tbnt 

OC *- r 4 phi 4- op"B And = p* H- (f7 ib cAJled the irentre imd F tho 

fodiuB of jtjihenrat cunviiure^) 

46. A C1UT9 Is drawn cm a right ddmoiar eonc ao ab to eat tho getneratom at a- 
lictutBiit Angle. Pmvo tliAi ita pn^Jeccian cin a plane peiTiemdiiruLAr to the uxia of 
the cone b on equiangular apimJ. 
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46* The prindjHil tiortiuii Al Any point P on oni? t^tutw iii ^lyen 1 ki nlpo tli? 
prim^ipal DunnoJ at A oonrcaj^niiiig point g on a eccohsI curve. Prove tJwt (i) FO 
j£ fK^n^onti. tli) tic UiOijpnt HI. F mafeca a nonHtant. JkOfllc tMilh She EAngont at Qp 
(in) t ho pwrvnturo uul tnrtion of eai'h onrve am li neariy cnniicctcil. (i^rr/ftiarl t^nmA.) 

47, If d ift Ebe sLcirtcftt diitADtin between the prinaipal mrttnald at two poJiitJ 

F, of a cuiTCj pmi'c tikH.13iin Sb to p/VCf-'* + wfapm b Ia the &jv? 

«—^a 

48, A cotuftiml iaH\iih t frimi oaich puint of a ^ven turve fii TtEeaaurerl ta a poLct 

4? alucig the biiiuriniil. Pn>V 4 i that if the toraaon uf tliD given oor^'e le iN-matuit, tha 
nuJivu of cttnatitlT iif £110 lr.K*Ui of <J li ;j(c* + + 0^) "h ffVJr ’"hiTP 

fh O' rofer tu tho ipViMi tlirvc. 

49, If PC = R whetc P id Apoint on a given ourve wid Cid theocutw of Kphmwl 

rfR, ^ 

oiimitnrD (Mzumpia 44), ehem' iliftt ^ = V^V/ ~ 

90. l>[Hluoe fmm that if a In tlm mngtei bet whiij the- tii4ii of rurva- 

lUFO Hi two puintJi P, of a giV4m ourvo 


a {*'* + 

liTO = = '- 


/fa 

^•{1 + 


-p wIiciH? PQ 4- 


51, iShow that (r'")* • 

5J, that the ao^of volcteity ijf the moving aicoa ilatcrnnini'd by Ihe 

npherli'al poLar co oniiiiatoa r, 8, ^ Eb eoa ^ acn 0, ). Ucduco tb*t the viJodty 

{/v 

V m {^, rAi r^mnd) and the aocelcrftiioa ^ id 

l(r - ftfi _ f niD* 0 — r Bin (I cobO ^(r» aln* 

Sa. Prova that the accelefatiua of li muvii^ partiole iD oylimirlcal cixirdlneteit 

p, s is (jp - ^ 

54. Prove that y .Vr * ti, 

55 . thill V :k (ii r) = if A in oenatAikt. 


fi«. Hhuw tb»t fl.7(l».v(;))“p(r.ii)fr.b)-^a.H 
B 7 . If dir D > ^ dlT H =< 0 , auil H 


1 - H , 

X pv), cLtrl Q = — —’ where fl in 

C £ 


oaDitAUt., dhow thil 

T. d 

Cl) e*V^ b * (ii) - H =. - e onrl Cpv). 

58, Shaw t}ubt in three dimen/niotm 

y = fl — Qce* 0ja — ^?ii “ ™* djj + Ji CM Oh cm fl„ DM 
wbcirvi $t}L^ Oji, On sms th^ Hnglm b^Ftween th« qmrrea of refereviftA. 

SQ, l^hQw that for 

xm) -^ -flKv -fl), liKfl - ft)=-ftx P - )- 

;*fa — fiXft — e) = U — c)j Co-orcfiTisIfti A* fi, v). 


hU* = 






(A - rtKA - ftXl - e) - «Xm - - b) 

**" fr — o)(i- — ftXt* — e^"*^ * 

t>D, tVhon X ■= MV CUB ifip y K av aiil id, 2^ u* — c* {PaTabaiir. 

V.. 0, ipj^. ehow that -f- 4- 

61. Bhow directly that Vj + “d + Ftrui + F,, are Invariant 

for A change of rectangular njEsii. 
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Find, voltm* for tbe axprwunfli gircn in Smmfilu BS-^. 

'H'hfM Smitp ™ cciBplrtoljf ^tiunttricAl. 

frS* Tlfce la dfAq^id m Iw (i) Kfms if two cr moro of tha iubftsfipta 

(or t.m the jmJn-B in' iHuin Ti i not y^HEUit of thff IUIJ 1 II> iblW M-ffla H?* 

w w* n, p i ( 11 } -j- 1 ^hsn Tjd flflnl map dilfBr hy iwi ciVM nujHb&r of ; 

(iii) — I n'^n mi And mup dMcqr by «ii odd niiinbcc of |}«niiiitdtk)rOiL Skew that 
W - {iv - ^^ - i)(i^ - 2 *^;;,, 

(uj =■ KI wtrnEi Jf = 3. 

frb- If Xa, HA} VKitOM, pnWfl Lhat VtCttWr 

67 . &hov thal Z,., ^ I,., = ^ 

6 ®. If lit" =/^r)i (lis* + whuan r ^ + |f*} tiqntacnta iL fli|t ApAiS« to 

Iwu dizDrenHfciniff^ tlnfi/(F} mwst bi» of ttui foFin ur^ wlium it, b ar^ OGiurtiuitA. 

69 . If iij» = A* dK* + Aj d^K Bhow Ikit iltir cOttUipoDiiing twO-diinapiikiooJ 

*{Mu3ft 1ft Bat wbm ** =* ^ wbaw 

/^X, p) Jft «LO^ fuiWtiOD <>f Xt F’ 

SF dii dij -|-(b tiiltt wlipii 
w 0 whia^ A* *- EG — F\ 


Bhow tkkt iha iijaoc by lit" >• X 
9 JFEr - EG^X d J 2 EF^ - £E^ - JX 

Sit —jpi—} + d —m - 

?i. PtDTQ tiMt for dyilndriCMLt L-o-oidmatoi pt ^ 

<J>v (fj. /f >») - - 3p,(l»^il + ^ ^ * 

’ p + p*a^' * 3fe* • 

72. Vilify Uuit tbc oliaAlijDiift -of a Etiaigbt Una jn oyllndrwA] lavantini^tnB uv 
d*P fd4\* „ 3 ^ iH „ 

=(*J d?+pd#*-^' ’ 

^3. PrqfT# tUftl In Mij spttoi! to wliidh, lii* «■ iJa^ jii" 

-- d^jp- daCf* 3a* daP* da" _ ,, 

p] ^ M*" 9 £^' 9 £^ 

^ Sjcp 

By thii reimlt by f proYO iliAl 

px 




-diJ' d»« dJJ" 


[mn. pi 


anti dftdmw that 

SX, 


a£i riX^ - - Jpp, 

74* If im jn.TAria.iitj wLor« sc^* = &ul 1 if jp^ m abow tfai.! 


dp^ BE. 




119 n BOVBxifljit 
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) =‘^t+ [Uv.AjiVi't 




0 dstearminea ^ Met of mvaiiuit 


^r^king ^'(JP^p ^*} to b* dixium that 

is A iioiitm^driiyit. Ittwor and ikofofofD that 
raiTCi. 

r^civtieiu 

3, ditiiA'Ii EfDCEi a point on the BLtrfaoo i;if -ii spl^i^ U) ibr C^Xtrctult^ of 
A diattiDfof nft* Gid-bcjgoitJil. 

4, ’The pcrivemdlDalBT biooctOTB of t\m ajd^ nf n tridllgEt) ilT^ oOlLcUTtuOt^ 

i^^Ar -!- J*) XwtfQf . , ..... 

-TTT-"" ^ -ST— + K wHn«^ h III tm qippiAC«mvtit vi thi^ otigm. 


dTw'r ' 2:Wf 

4- l>et AH I EC Xij^\. Eihu txnitruEd in that of wiolghtB ^ A + A i-t 

Of D, A ldn|}cdJv^l])r. If A li added at C juid jm at A tlw gentraid ji ynftltcfod 
if - A — yiE ia plaocd at E. 

IK I + *1.1 4 i + iK i + iJ i-K il + k, ik 

ktm a + Jt.b b 

j +V \-\- h 

15. If DoiTBHpcindiiig Twyn ctf a harmooi? jfcin^tJ fyntud^ofEiaU fcfp this 
biafirotqn of thn an^glw between the other ray*. 23, a3/./(2SH) 

24. V\n,ne thiroEigb thn fbvt. line pantllgi to itte sODood i* 

(x + % + 3t _ 4) + + y + f " 4) - tl 

when? -(1 +3A) + ief2 + A) + e<a^A)^0. Ln. ia iSHr + IJ^ - ^ ^ 130, 

Plmir through the aecoud patulhd to firrit |a Eindliirly -p t ly ~ » 64. 

ShorU«t diataujcf] Li n6/3\/(ii41), tho diEianDa batwoon the 

254 TflJeo tbr ponitlon Tiiotcm of ^ertrLoofi aa c. Cbie of tho JioeH ii 

F'^ Jiu + 1(1 — Ij^b H- c) Tfhiiih nontaiiu! the oBrntmid J(u -j- b -p o) for I — 

36. n* {!> * e}^; u.{b f c ~ d) = 0. Jto. ^ = It** + - «*). &i’. 

2I(. TaJ£o e « C M d, id rbat ijy r == Jabc] «= (b H fj-At A;e. 

29i Tako il « xa -(- ^b + zC thon [ilbcj = a! (abq] , 

31. H » V X H- Ii' t' X P. 

32. ^ 

+ h^} 


354 


„ . . m . r - 

3fMP itn — mn - - 

It n 


n (2r — 

dll'* - + a"fmo* 

n n 


\J 




r ^ 2 to It - 1. 


34. niN^ - p*h - p*]lf ±c 
43. ffdT cr f/a = l\ i.fe B + rT = a* a 4iiiQfttiftnl 
’T.ii = s, so that T mfikes- ft noujitftnt ftiki^lc ^'ith a. 
d6 

4S. ProTO = nr/rwfLant, vrbf^xfi fh ^ are eyiiodirical L^th-onlLiiat«ff!. 
4ii. Toko r' r + werntm njcfiw io tht eurvo 4). 


39- I - U. L S. 
sthi?to e p/(T, Also 




T H ^ N + rf AB - jfT) i 


N'-N; M.T'=5f.T- 


:fh:; 


do /d*'V df' 

ihttti'rww ^ 0* aI« 3 ^ J = (J -J- Acl" + jc“ir:* j -* /t, fl + Ac} « yi ocn a, 

then T-" =■ T ooa a + B sn a ; t,h£iRfon]i Jf'yiN => j^N och a — 

N.T = t) with N.B = 0 jdvw ^ » 0. AJiQ 


rir - fn Ein a: 


AN sLn i — T ibk a ^ + B itob qc ™ i 


1“.T = CO# a and flmdiy (1 h Ac) tan a — ice. 

b3. + A-reirfeiw# 


b4. 24*^ov3t^ 
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M 




BP Bx^ 


3 ^ 


"*» ®f 


S*:fi _ .3/ at« 




ds 

and thsTeforo 


^ - e^ir'T ^ - 


#1 


di« 

07 


d« Ss« 




Sarr 

dV 

d** 



4.Jf?g^4. 

9?^' 


+ 2^3^ + 

ai«?. 




+ [i?X. 









CHAPTER IX 


DOUBLE AND MULTIPLE INTEGRALS* LINE, VOLUME 
AND SURFACE INTEGRALS. 


9. SimpJe Curvtfa {Pli^ne). Tbu loeua fbt<JimiD6Mi by 
tf — wheru ^re conHiiiiou* riiJicld[>iLS of i id the interval 

< ( < r, ifl 4 ^ 4 iIIihI pr jiin/jife mrve if ae, do not assume tbe ftamo pair 
of values for any two diff(fr™t valuea of I in tlie intervEil in ■< * < P (e-g- 
if llie rurve does not oruas itaplf)!- 

If x{tt) = ap(r) and yirjn the curve m 

rfo? Cirt^uniscni&ad RecUinglc and Square. For a cloted oiirva y, 
let a, A be tb^ lower and upper bounds of sP fail y) and A, B the lower 
and upper bounds of // (all :r)* 



FID. I 



III) 


The rectjiDglB detemiined by jg i= a, jc 4, g = b, y i=s B niay be 
called the circufmcriM^ recianffic of y. J {i)') If c is tlia greater 

of 4 — a* B “ fr (or iiheir coQLmon value if equal)* a square of ride c 
can be drawn with its sides paralbl to OX, f) Y {mologing y and having 
one point (at least) in conmion with y on at ieiiat two opposite sides, 
(fifl. J (u).) The lima o* of such a nquare may be denot^ by isj. (y)^ 

THfi torm unsi iff a symbol A whii^b apcciilsefl it win often be mied lo rvfcEr 
lo a twordinacmaiiiru] flet of poLuU and also I<1 ite JfieaMur^ whan lihifm ia nn liknlilmud 
of wnbl^Uy* 

9.02* Ek*mfiltiry Quadfaik Cloml Curve. Let the rireuniMiEbed 
rectangle of y be given by s < 4, 5 <y < R. It wiU Its found 
lufficient for a simple dovelopiDent of the theoiy to assume that y ia such 
that everj' line j? = c wbem a <e<A, End every lino y = whore 
b c a* < B fjieete the curve in fiiw points and two points only. The 

iipB 
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CAJTV^ ift thm ijf thfl type ilJuBt.mtr:!! in Fiff. 2, niipire y 
of partja of the aides of tbe Dircrnnscrilitsd reotna^le Joitiwl hy curves 



witiiifl the reetaiigle in e«rli nf wliieli tj (or ir) nan hii ha h mn^U- 

vainerl function of ar(/y), Sijrh n curve iiiiiy r&Wed fpmdratir. 

Nat£, It would be iTnOfiiii^nt fur tilfliafi |)ur|liwail thni- t-hMe Viftluivl fntiui.Uili^ 

ntmuM hr. (in t.bf tmriTJW 

fK63, Ml^nminry Vtmed f-wrfr. It will he n&emiiefi im r>l>vioim that 
a Bimple olofieH nirvo divides the points nf rhci pLine not rm f.ho ourve 

into two rategories^ the one forming 
the iHUatiifr nf tlic etirvo and tike 
other the exfmor (/fr/. Cemt- 

Tnicl A'ff. i5j /.) Wo ahnl] 
call a simple cloaeti curve ekmefitari/ 
if the interior can be djviricd up into 
a inimbcr of rcgioiiB by 

of lines parallel t4^j the axes such Ih&t 
the bcjtmdary tsf each raib'n?gion in 
quaili^tic. (Jy, S.) A cliTVE ifl 
dementary, for qjvample, if every line 
paraJlel to bh bjlU moc-ts tlie curve in 
a finite number of poLata (except 
when the line coincidea with part of the boundary, tbr exceprinnal lincft 
being finite in iiuinlier). 

^^.04. Ti^- Arm lUif^rmiuctl a t-h^Aed (JHm\ U-t tf = J\it} be a 
bounded function defineii for the iutorved n < j' ^ Ik Draw' a iKjtiare 
of side «T whose sides are parallel to O^Yj OF such that the carve hes 
entirely within the: eqimre. 4.} Divide th? square into n* smaller 

eqoares of aide c/n by lines parallel to the axes* 

These uiujdler squares may be pijiccti in three clnsaes: 

(i) Thofle having some in comnian with the curve. 

(ii) Those that are interior to the cciriDti bounded by r = a, = b 
the curve and OX^ f/{^) for aimpheity being aeffunied > 0). 

(lii) The remainder. 



nu. 3 
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DOUSLB [NTEOlL^Ii; 

Let tlie I4jt&t iiien of the J^^|ijares in thiyse rtaeaes be denoted bv 
y,, anti r* — reflpwtivelj* bo that 

■iVs f» iiiLareaBraip it k easy to aee that are dcsiriRaaiEi^iE positive 

rmn^tiooB of ir. and /„ an incn^in^ fuii<rtion. Thus whfiO iso, 
f n Hrnits K, E, I respectively ti^here K = E ^ 1, 





The hmit K nmy be wiled the ^'iwi cffivred lAi? ctww and is Dot 
neee^rily Eero. When K ^0,E is equal to / and it is anfiicieDt, but not 
necessary* in ortlcr that K should he EerD» fibat/(^) shoiilEi bo a (xm^nuotis 
function of x\ fnr then obviously toiiil to the ooramon limit 

j /(J5>lr. 

The uutHlivkiuD of thr stuiATe of side e may be replacofl by h sub¬ 
division int^ jyjtif^rm provided ^fj(Pp) tonib to in the continued 
snbdi^idsiaii j for the polygons that have a point in oommon with the 
(jitrve can always he taken sufficiently small as to lie entirely wilhui 

{fi9* 51 


Y 


jriu. 0 



x=a 


Agiiin. let P,. . . P^-\ be (la - 1) f>oium taken in order on 

AB, The ares of tho polyjjon APi^P^ * , - RVU (Ptfl. tends also to 

f[T)dx wheti this if P teuda to infinity in auch ft way that the 
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upper liHDtind of the length? of the chords for a pven n tends to 

^ero, (£?, D ure the points [ft, 0}, (fi^ 0) respectively.) 

Similarly if we take an elementary close4 curve y (Fiij. TJ Ami stib- 
divitie A sqtn&rn of aido c into aoiaLIer sqtiares of fflde c/n* the limit of the 
Biun of the aquares having n piiint in coniincn with y iu zero when n 
tends to oo; am] the limit of /,,, the sum of the sqimrtiB interior to y, 
niflv be called the arm mduml- by y. 



FIO. 7 


[t follows also that for such a ciirv^e, the area enclmfqd is the tiinit 
of the area of a polygon inscrihcfl in the ciirva phjvkied that, the upper 
bounds (for it given n) of the lengths of the tddea t^ndK to scero, {Fiff. 5.) 

A filuQpIfr curve Lit not, iii rwtifLabtci, mir is the STH revered! ly 

it nesDosaatify tero. It can "bo proT-wl tiiat if a eurvfi hw a ksigtli ^K>w^^vcr^ iha nrai 
coirttfcd by it ia Bcm, but th|ia ii net n ncc'nsaary rendition^ For CKampbc, tim Iriij^tb 
of the aurvfl ^ fryiu f « a to z c= £i wJn?Bii/(jji is noTiilTniotWi may not exist, 

buEi llio oroa uovefed b^^ it ia 


^,1,. Double lutegrala. Ij«t an area of magnitade £}, onclcksetl hy 
an elementoxy closed curve y be divided up into N sub-regionB of areaa 
a>i, oil, * . {Fiy. SJj Let/fx, y) he a bonndoil funi'-tbn of y 

dcl^rminiw] at all pomta of £3 inefuding y. Form the irams; 

jf jf 


1 1 

where wtj. are the upper and lower bounds of /(r, y) m mf. (with it« 
boundary y;^)- Also let J/, iri^ be the upper anil lower boumk of/(Xr y) 
in Q (and y); then " 

mj > s, > £f(f^ y;)ft,y > 4 > i omW 

Inhere ia any point in of on y,. ^ 
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If cftch sub-Tcgioti bo subfiivided in a (ijiiuLir if&y and the 

immbeTB ho aummeil ovct the whole ajc&D, where w, denotes 

ono of the new nnh-ropDiiap and the aim id tN5 denoted by Sg, 9^ roapcctively* 
we have 

By continuing this procoas^ we form two monotones 

jS^ > Sj J> 5i t J *j ^ J| da ^ t - - 

and those setjucpces tend to htnite os the mimber of timea a sub^¥islon 
is nuide tends to infinity i If also this nmnbor tendfl to infiiiitT in such 
a way that every (y^) tends to zero, it can be shown that the Ilmite 
ft.ro indcpondonl of the mode of snbdivisioD (i^e. of the particular choice 




na, ^ 


of the aub-regionfJ m). Deiiotinp thcac Undta by B, reepectivelj^ we 
have Mil > H> 9 > mQ. If S = », the common value u coled tim 

Doublet fnUgral of /(?, y) over U oml k writlieii |j /(jf, y)dj;its. 

*ln particiiJart over fJ Had y, it may b* provatl 

by u raet^od analogous to that givea for fanctioiijs of oae variable that 
the doubb mtegtal 

Also, the double integral, when it exiats, ia then obvicuiflly equal to 
the liinit of the sam yr)f»r^ 

9.li, Mean Vatup ttf a IknMe Inteynd. Siwje 


MD > 




y mQ 


t.hea J J /(?, y)(i* dy = tTJ where k is some miinlier for which M. > k > pw. 
This number k le (salltsd the Mean FoImc ot f(x, jf) over i?. 

jVc9i{j!JH {i) C ^ ^ i>s ub^enuty tsqlUlJ lO ^ DOdatant. 

(hj If/(** y)^ 1* wnttnuaua over Q sjid y, thw& m mt laast one poinL y,) of 
l|]p tkiC^n fbr which/(in, = t, 

IhuB ^jj Af, vldiX rfif =/(x^ y,) «W liuiiie peiat {w^, in O oe tm y. 
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5/. 13. in Internnd. I^t be n cnjnfe JyinR entirely 

within Cp which is md\ that th^ ar^a rtjvorMi by it is aero. {Fig. 10 (*).} 



na, IH 


Let f{x, be discoDtinuoiiH (but. Iioiinrjed) on Let l{^^ !>? ihe iotaJ 
aroi of those subdivif^iotis that bave a p<‘jLQt In convrm^n with yi^, when 
the euinB that eorrapnnd to all the sufj-fe^ons are and Thtin 
in — Sj,, the part bebnginp to mqifft lie lem than or eqiuil to 
(Af — ttt}Kn and therefore ieiulB to aero dnoe lim A* = 0, Tima thoae 
discontinuities have no elfccfc on the vtiliie of the clouhle Simi- 

lajly we may have a finite nuinbeT of curves if they are 

K'if thp reqiiwitrf^ tyiie. 


N<3k^r (i) Lti u ffiiUlL^iciat Lbat ah^jnld firjrwHt of a. finit-o iiLLiiiTj<?r of part^ 
in 'Hirli of whkih fiitbur g iA Gsrpimiblci &a a t^i^TnUFinniiii fiinui.Toe of s, or ^ 1 ji m coii> 
f.inuruf fiiiictioti of It is Bnffioipnt alffiip h^t not llirkt Rhorjld Iwwe 

A finite bDgtHr 

(ii) 1[. ii Imyhed liForc that TiIid Bu1>n^Dn£ Aij. hi any iub-diviHiijo ptjjfUjitf 
(or mtvhfir Wbna & ruTTO- ii—i- i- - - ... .-r ■ . 


itflulL it Ia r[iiM**4ry iu iHn njuilytjr'^l 
onae Up [ktlrthute itgn to nti hit* brMinded 
by it m ni^l^ to a IliuinJu^ Ui suVll 

no lum. iSiiioe, bawTVBTH in this purtiLialu^ 
oifliB, wfl APS di^aling with \7utvm that 
wro U m p^issihJi? for y„ to Ih oon- 

nTFipIv, S 4 in 7 ^ (h')w if it i^nn bmbtH] 
up inlo d fin i to nutii-ijFf of minimi' ^njcvpff (if 
the right ty|H-r 

9J3. HecUurguiar Bmind^ity. I^et Q 
Iw the rpotanple Imundod by 

y = h, y ^ B (Fig. 11 ]; 
and let ((x, g] be oontlnuoiin over Q 
and its boundary. 

A QQtural method of aubdivisiDn consi^ in iliawiiijif tbe lines :r — 
S~ I to m — L # = 1 to n — 1) where J^fr ^ n, yp = t, 

tfn — 3. The atih-regions conahit of the rectaJigles spi?tifi^ by 
X =.x^ ® — -T-pr+i, g — tfa y — ^ir^-i. the area of this recitaogle bein^ 
(aj^ 4 .j ~ *r)fft 4 i ~ Ji)- The double integial is therePew eqitBl to the 
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t 




J 








L 

1 
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H 

1 




ax. 


Xj-X, 


r+i 

FJO. J1 
























BOUBUi ISTBURAL8 


S»S5 

Limit, of — *r)(yjH'i — ^*} whens jf', hk aoy imrobow 

that utwfj tho iocqimtitioa ^r <‘^ 

AJso tjie vaLw of the limit is imicipoiuicnt of the mods in wbicb m, M 
tend to infinity provided that max und max both 

tend to sero. 

The part of the aummatiDn belon^iop to the re<:tangles of bteulth 

WT j 

*-+i yl)(yj+i — ®r) ‘“'1 definition of 

(I 

A aiiuptc integmla tli@ liinit of tMa wbcn la to infinity ia 

y)%J 

Tke double Lateral i& therefore the limit of 

|{i; - *f) 

M^Iijchf ugaio from the delinition of a ahople iotcgral is equal to 

By reverainp the order of integfution wo obtakii ainiLlarly tbut the double 
iutogrul La equal Uy J |J f{x, For a rectang!^, ihi^raforo, we 

nmy ■v^'itliout aiobiguity^ write 

/£^, jy)dj itt 

and regard tin: two Latter lot^gmls aa simyds miegraU. 

SmmfiUs. (t) j'j'tif* -3- % am the ™ttLiigk banndiid by jr = Di s = 

^ Jf mt tr^ \m equflj IQ f {x^ + ^ = I (ft** + W) = 4«^4* H” 

Jq Jd 


If- 


(li) /fJPWfwKfcdtf om lh& raotAZ^ giv^n by 


eqxwl Uj ^j" (/(a!)(6f||J^ 4(yiiis|* 


flU) If df d& iivflf the i|ujtdfaal of tt eirplp ppwifie^ by 0 < / < a, 
Cl < ^ < 3t/2 [Cu polar c:o-cifdiiifili3a):+ ia 




9.i4i Et^entaty Ctaaed Btmudary. Asaunie first that the boundaiy 
la quadratic^ {Eiff, 12.) Then the line x = c, (o < e < A) ineets the 
bonodaiy in two points given by {«, Pi{c)), (o, yi(<s)) where yi > y, and 
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yi aiH coiitiiiiiE>n8 functiuris of 0. SimilBrly the line j {6 < 0^ •<. B) 
meets the bnuiulitEy in two poLnis given hy &), <J^)i whflfe 

srt>®iJ the drenmscribbg teetnngb being given by ii<x<A, 

IX'iwste z,{,v) i»y I\, I'i, Xt, A’, rrapet^ 

tively. 

Now defiDe/(j?, for the vrJiole rectnngle by takiiig/(^, y) = 0 troissJe 
the Area Qt The boundery of O is therefore a ourve of flnite diflcOB- 
ttnnity, and the area eovwd by it in aero. The iloobki integruJ over 
the rectangle is then obvionaly. equii] tf* the double integnl over Q* 



no. 12 


no, 19 


f*"' 

Now j f{x, yhiy = /{*, y'fdff since/{z, y) = 0 for ft < y < T, and 

/(jPp (3V, I\ beitig fmicitipjis of arji 

SimilQrly 


JJ /(z. yjdz dy = J /(z, y)db:|<fy, (X,, A', bang fiinetiotifi of y). 


More generally, we can apply the eatne method to an area D bounded 

by iia eleJiientary ennre^ Binoft wq can divide H int« a fmiie nuDiber of 
aqb-regionfl whose boundaries nre qiiadmtio. Thufl, in Fig, tJio do^bb 
iute^p^ ia equJiJ t^p 


nD'')*+ 0 rH* 
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SS7 




aad if /(ar, = —(js, yj, tlie ii,boV« result might be vmttoft 

i>U 

f Yi)dx-~ f ' J'fx, V,)iir+ [ *#’(», y,)iL; 

Jni Jp, Jp. 

- pFfx, - r>(x, f 

J 9 t J tfp J 

(i) JJay dxfl^ ovoT tlio BJfrat gfvuli by the baqiulnry J ^ 

(0< jr< 3] £ 1/ = (5?- 3)V(1!< »< 3): - 1,(1 < »< 3jj 3|:< 1). 

[Fig. 14.) This inUignK it 

f H- o^Jisf “■ Ifi Hvalmtiinn), 

Jo 

Of* IniB^mtiug iiret with rwpcel to sc, we Teilfy tknt th& vmlu? is 

f = f’ fiJ - - ly'Wif = 

(iij dx dy ay^ iho B-TeA bIiowh £a Fig. i j. 



FIO* 14 



nOp 15 


H«» jje^ ifir =■ I ( 3 )r)^ (te + J J J ^ 

wlura ^ — J(1 e ^ 4), ■* — 4^? S> “ |afp 

Hifl Tslota is 

J 4r + J (|jF — -b — 4*^ + + J ^ 

9.15. Sfpmf^ri&d Areas. Lot tho area Q be sjriutuetricai about OF 
oa m Fig. JS (i); then ftoin the definitioii of a double iotegml as h mm, 
it foUoti'a that 

{/(*, +/(— », y)>i* dy 

whiorQ X?, is that half of £J fur which i > 0. DcTiote £ii by D (x -(-, y). 
tf) =/(—*♦ y) is said to be ewn (*); 

and if f{x, y) ~ —f{— x, y), /{*, y) ia to be odd (x). 
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Tlieraforfl for «n (wesi y) ajHiumbriwI about OV 

||/{s,y)(Ji5dy ^ s jj/t*, yjd* dy r»v^r y) 

if / ia even (jf) and JJ /{ar, yjiefx dy = 0 if / ifl odd (x). 




Similarly for an wem s).yiniiiotri(:a1 about OX as in Fig. 

over y +) 

if / is even (y) und |j /(if, y)tisf (i!y = 0 if / is odd (y)* 

FinaUyp if the Jiroa is aynuDotricol about both os in Fig, W ('ti'i] 

jj = y)d« dy over i'i{x +, y +) 

if / eyen y) aud lA ^uro if / ia odd ia eithnc viLnabJe^ 

In particular^ if m, n dcrki>ti3 po^dtiv^- irLt<^nB or mro, for 

Fig. /S{t), 

JJ •£*^y‘*d3!dy = 2jJj!*Py* dip dy over iJ{x +, y); JJ tlxtty =0; 

for Fig. 16 (ii), 

JJ x™y®''didy = 2jj3P"]y*'dap Jy over D(;r, jf -}') * JJ Ji!'*y*®’*’’dirdy = 0 ; 

and for Fig. 16 (»wj, 

JJ x*‘‘y*>ditdg= 4jjx*'*y“** de dy over D(i +, y +), 

whilst 

=JJ i:*J^y*^^dspdy=JJ s*" ^iy*«+^dj:dy — ll. 

.Vqlf. diDpSiBoaticma lOMy be nuuJe vboi tbErc ra smy tine of 

by ubangiog the bjlcb bO thiil thn nsaw g ruia becomes thci lido of ryininetlr^^. 

□ext’ §.) In pMrtiimlArif2 k 41& ■ liqo qf ajmmetiy^ it |a qWioai- tbe -dc^biiliqti 
□r tbd double lnl;£gr«1 ttut 

V}f^ # Jffla-p If} = Jl/la + ftp p)d^ dy gtctt Q(^ + ftp y) 
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-f + 2^ -f £)e£z 
ov^ir iha arc* boMfiddd tiy 

(j - 3!^)/p ± - ± If (p, ? > OK 

{Fitf. 17.) 

Tak« I - a;, f, y ^ 1^, + jy, 

ThiititbB int^i^miid bnionied -|- 

■+ S/if; -f y J and tljn dtinLaln 

iif j| IB tbn paToIkildjigrjim giVEm by ff/|F[ 
~l~ l^/^l = ^ BynLnifltrkal abtrut tbe 

ana axoa. Xow 

JJ#* l*S rfff = 4 dji = 

«Q Lh^t Ibx? n?qiilml rDHulil Eit 

ip^«^ + “K ♦(y?*. ir*K 


V 


~5 



-S 

JlQ^ li 


UJG. CMnge of FarttiW^ in « Let ti, i' be giv^ea 

funeGoiiB of Xt tf. Then if these fimctioiia ore continuous at z,, and in 



FIO. 18 


the neighbourtood and possess partial derivativea of the first ordeip £p ^ 

eau be esepreeaed luudtiety m functions of u, o wLon J = -^^s iiot 

£eio at ^cp yt ; and tbe^ fuactfona tend to Uq = ti„ = v(xti tfi) 

wiica Xf y tend Tflspeotivcly to HCg., We may write those funotiona os 
jc(u» iy)^ yi(Mj i?)« Given a ceitiiin region Q IS) in the X — y pknOp 
wM its botindary y, there will therefore correspond a aet of points Q* 
with a boundory [f w> v arc aiuEb'Yaloeti functions of *, to ench 
point of £i and y there will correspond a ningle point v. But the 
converse m not neceEsarily true even when J doea not vanish in Q or on 
yi, Let ns assumOi howini^eTp that D and y (whec^ y is a simple closed curve} 
is transformed into Uj anil y| so that the transforioation ift (ictually 
«>fie-ane. If thk is the c48e, then y* is also a siniple do^] curve In one- 
one coTT^pondencii with y* 

Since the case of the simpk closed hoimdary is easily reduced to that 
of the rectangle, it will he suflident for ub to take the boundary y^ oa a 
m^tanglo &i < u < <t|t 

Since we Eue aasuinbig J ^0 throughout Q and y we may take 
*/ > 0 (for the VRiiablee u, v may l>e iuterebanged if nooesetary). 

|y 
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Carrespanduig to the diviaioti of the 
rectangiB by the lines u 
« — 1), V = v, (tf = 1 to 
have a subdivision of f3(x, 
linear (juadrilatomU 1*QR$. li/.t 

It is ahviously sufficient, however, to 
Bssunie that: the element of urea Is the 
ordinary quadiilaternl PQIiS. 

If P is given by 3:(«, v), u), then 

jg Qt R, S lire detonniaed by the parariietoffl 

(u + ^, u), (a + da, u + dn), (a, a + dw}. 
Tlilia ar^ — iTj. = zJS\t d- a* — Xp = s,d|j -f- Ol{d^*), 


fu — Xp — + 0(d/»*) 

with sinular expressians for — yj,. y,, — y* — yp, whew 

ip = (dn* + 

If the terms 0(dp*) were ignored, the pointe PQRS woidd form a parellelo- 
giam of area 


{xg — Xp}(}/s — ffp) — (sta - - jfp) == ^“1 dw. dv 


i.e. the area of the quodiiJateial PQRS is /, du do -p f^dp*) where 


Thus 


^ dCu,'w>* 


= lim £rt/W“r. *x) + l K«^+i - 


when) u,+i — u,, — it, an wiitten dw,, de, and k =■ 0(ip„). Given 

c, the Bnbdivisiona CAD be token tfufiicitmily efmaU to eofiiire dp^g < f 
for every r, Tbxis 0(d^„) < vrlicie X is bouDded. 

TbnB|jy(!c,y)da; Jy = jj^ [/{*(«, p), y(u, + Jim ^ 

where J/fJ < KdfsfiXi — «,X/Ef| — fid and M = max f/{s, y)|, 
i,e. if -f 0 and|J^/(*, ff)ds dy = J f{z, yj/i du dv /(x, 


where J t= 

d{*. y) 


1 

j: 


Ko(td. (1} This sTiwQhiMi /j isuty* of uotirKi voiiLifa. issi tb* tHuiJwJUiiy* 

(ii) to bUoh- fw tbe iMWfl wbim w, v ^ns inli'rvkiiflgi 5 d+ ts-o may imtei Ul Tof J 
Ul tlu faftnnl&. 

(ill) WThih fclw wkblee (irto ehaia^Hit tlie hae clornKtit d* is girrn by 
4 ** ™ Ix^ da -f da + tf„ dv]^ 

w E da* + fljii dff + # iu* 
wti«* « - aj + J/;. G y - + yj. 

It ahcniM tkfs urtUal tluAt |J,f « V# - ^ V{EF - (J*)- 
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Tliemmait • Mutimtjff ^ 0,aIiiut|us{j;iBiliiiiita 

of t|iae« euTTCi itn n(BpmUT«ly. Thtu for ortlutiigunBl iM<onUt»>td 

•i«* »■ of tins farm AJ da* + hg «te* irfaem Ji/j| = h^kf, 

Jf(ir fium>ls, J| /{*, y)ixdy » JJ /(rptAQ, T^0)r ir dQ, iibee 

dt* - dr* + r* dQ\ 

{iv) In upplfing tbs fannulA for cllKE^ of vuEalilc, oiirfl Hhoiilil be lokoi ba 
eiuiim tbftt thfl t^uwlariTUkttan of Q (und y) into (ojul y^) b cin&'Gfw, Mpna 
liATiiculiurly, -when t.lifi Twi^blM are being ohonj^ finm ai^ y to mir, it, b meotbl 
thiit to eacll paioi at (or yj^ thcva ebould uurnjirpGiijd: cmly aiijOi pomt of Q (or pii 
Tbo irrntndbtmKUcin b nnt oodhoiue, vhim J b of loTiiruibb Hign in Q 

lAUfJ y). 



HQ. 20 



f'ot c^Km^p if tl tai a* — if B 3j*|' — y\ it Ia e^y TeiiHed Lbat tho 

rtootungla of tbc « — y pluifl ibown in J%. M H tiniiKramtiHl into Mk aeob of tho 
li — » plttflo vliDBO bcmnda^y^k not flmpb. In ptirtiauLn^, ihm palnb y'S, Ij aw 
IxiIIl tiinrfnrnmd into (0, Abu J ^ Of** ^ b dstfet ffiBro io dr on 
In Fig. 2Jf oaoh of tiio three anas iihown in Lha a — y plnne b tFanifotnusci into 
Lfan iftOib reotangjlo in the 4 — ir plnno S)| Ukd the tmu- 

fortnatioa b 1 ^ I for tmj of tlwa* Uuwe ucu yfhsn u, tf belong to tb* fwtaogbv 
if the OdftDob fnnetlon»1 Titluce (or brimcbeA) of y m t«km. 

The fdHawiog tbeorem gtTW n ouflioifniL imt for one-cnie oorrapondDiioo, 
TheQTDiTtu if (i) Q b ghmivoe (Lo. ffucb Ibat the etnUght line Jddning &ny two 
poiniB of Q liea wholly in i^) 
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(ii) J/i) ^iC^r JiT^) ui-y two iHsiate m Q (distinct ar LH^cuoidanL) 

p 3« Sai 5il 

(ui) Jim = =—=—1* nowr ioxi 

^ dy^dx^ 

i\iti tIiiludbrmi&liDii ia grEie-CFfu^ {.Petni^h) 

If pOBSibld, ]oL T£(i^i « ^ Tben if ih& atnugbt lino joining 

kiiA tbo o^njitjan a coa $ 4^ ^ ain 0 mMst tuiTa ir^flin ^ =a ^ 

Idr KUDd betwic^ Pi P' and ^Tn ^ oqs ^ = 0 for booId point 

brtwoen P^ P* muj P|p P^ may or may not oQincrklo. 

@u ^ir dll 041 

TLitstfororp — — ~!r~ 3^=* wbicb ocrntradintfl om of the conditiorifi of tfeq 

3*, fly, fljtjflyj 

tiicotmini 

(i) Find the flolte cueft in tbe tint qciailriiJit banndfid hj y* « a^x^i 
v" * xy* = .6J, *5^* = >«,><!* hj > h^> Oj, Tako u =* xy\ 

TJw um in the ii — v phnie u the Tentanglq fKmndfid by a, < v < 

6f. 


Alpo f(——^ AIbo X = y 


ia onq-KirKi. 


and the? trimiformatioo 


Atw 




VTv-S^Trfudlp = |(&t¥ - 6,. y(a, I - a, I). 


(ii) Kind tbe ttjm of tJw loop of tluf otirMJ i* + Jr" >• 3iMy. 


T»J(ifff = ^, It' 

3 


y 3{i, y) 


3 p if X, ^ Bj^ nnt tiom. Thi^ of the loop 

i* tho limit of fUdu iv over Lbo tirbrngjo ipc^Hed by tf = in !■ « «|. h -p- v » 30^ 
when Xj (> OJp ^ (> 0) —^ tk Lb. hi oqdeLl Ift JJJ rfi* dv or#r tlift trilinKlB giTwi by 
a = 0- D » Op ti 4- I' => Thofl tlid area of (he bop hi fa*- 

- tr - y„)- , 


(iii} Find ffW^P “Ter the art* of the nUipie- 


+ 




whort ^(jJp y) = As* 4- 2/ijy | + SGj + SFp + C- 

Lel * « JB, + oX, y = y. + ^^1'. then yj Twiwmm 

Aa-x^ -r 2// Dfr iy + r + y,) 

anfi tho fljtw region is tbo iaterbr of tho fiarcb JC* -h Y* * 1- 

Uy BynmKrtJy JJJf^dXdF - jj:r“ dXdY = + J'jdX dY - JJ/r^lfda. 

where i ■* r ooi ## F = r sin 0i 0 < r < 1, 0 0 < Sn 

i,q, fJJC" dY -;JF«^ dX dF = t-i 

Al» ifXY dX d¥ - Jl-T dX rJF - i|F dX dY = (i? IJdX dF - n, Ihtis the 
reqairod ralon b -f- Eh^ + -i-^nF 

9.2. %'oliimQs ;md Surfaces, Lmt f{x^ y)^Q over uri fti^a X/* If 

at eadi point {z^ y) oi' Q a distance 
z(=f{Xfy)] is meaatLTCH] piiTidlol bo 
Oif, the ei±remitv liod an rt tturfiace 

z-fix,y]. {Fiim 

The lines dravni pEtmllei i>o (}Z 
from the bonndtiry of a wob-iepion 
of XJp determine a cy'^lltl^*^ of oross- 
sectinn The volLLcae of that por¬ 
tion of the cylinder cut off lietween the 
two planed z = c and 3 ^ c + fi ia 
cmd we tberofore aamime that the 
volume cat off from the cylinder 
betweefi a — U and z ™f% y) hes 
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between and Thus the tntal toIuiuc cat ofi" from the 

cylinder of liectiioii Q betw^cTi z = 0 and s =? y) may be asaumesd 
to lio bot:wecii and Since thege Emm Inive a common 

limit JJ/C-®* double inte^^l providea a aaitablft dcfinitton 

of the required. 

Noif. ir /(i:, liilfl both oigufl ill Ih-o datibic iuUgFoJ umat tlis 

■urn of Lha vojujnca for z > C le^ the flum of tba volumsa for ^ < 0, 

9.21. IWiiCWiC ikie^tmiTwd if/ « CIm&i i^urftiee. TIse laoua giveji by 

X ^ T.i)^ // ^ t/{u, t.^}, i = j~(up t>). whom u, V aru varinbk-! partmietem 

Indonj^iiig to u reiriciEi in the ti — tt plane, ia calltNl ii ^impia juirface if 
?*♦ ift ^ fire t^>nt.iinuuiia fatictiDna of v not siasuiniiii?: the Bame Eiet of 
l-liree values for any pair of vrJuca interior to .\eAuinjng that ar* y, z 
are ilifTenfiitijible funedoroi, we shall jiLso aBsumo that tlih Jaof.diintis 



(Jo nut vanisli simultaneously at any point nf tlnj surface, A point where 
these Jacobiiins all vnnkh is called The loci given by ti = con¬ 

stant, F — constant tiurves diawn on the SEiifece, aiui the direction 
comnea of the tang&nl>s to these curves (and therefore to the anrface) are 
pmportioual ito anci tespectively. If i, n are the 

direction coames of the normal to tiie surface at 1>J we have 

/^«i \- = 0 ^ ix^ -P my, + nz^ 

and therefore l:Min — so that a unjqiia normal (or tan¬ 

gent plane) does not exist at a iinguLu point: anti ulao it is not in general 
|)osaib1e to expreas any one of the variables x, z oa a unique funDtioii 
of the other two in the neiglibotjLrh'.jod of a singular point.. A wmplii 
Btlrflice may be caller] dumctitanf if it in po^lble to divide it op into n 
finite nnmbar of regions within euch of which ohl- of tin; variablea it, y, z 
rrin bo expresflied aa n Mingle vaIiumI continiious function of tho other 
two. An elcmentaTy surface w hich let euch that all ILnea parallel to OX^ 
OK and OZ meet the aiirfinL^ tn two pointa at mast n^ay l>e calEed rin 
elconmtaTy ipmimiic surface, Eind we slinll regard it as obvious that the 
region bounded by an elemiintjir)" closed surface can be divided up into 
a finito number of sub-rcgioiis, each of which is bounded by an elementary 
quodratie ekmed aurfnce. It h fliifTidentK therefore^ in obtaining the- 
otdioniy formulae relating to volume^ and areas of dosed (eletncntaryj 
rturfaccjg to ^^luiidet the qiuulmtic type. 

Ey taking a cube of hIiIk c viiu?^ edge/* aft parallel to the asna and 
which entirely cneloi*PB u portion of a aurfat^ z =/(i^, y), it may be 
shown a« in the case of artna^, that if/fj, y) U continuoiie^ the voluine 
covered by it. is ?XJI0. 

The projection of the puiiibj of a quadratic surface ou z ^ 0 ia obvi- 
ouflly jtui area Q bounded by a quadratic (surve. (f'ig. BS.) A Hue 
flfflffu through any point (a*, y, 0) of £; parallel to OZ meeta the surface 
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in the two pointo (ar, ii (ar, ff))^ {x, 2 , (ar, y]) wbcr? > ?t. bo thut flmee 

we wfume ik^t 2 ^, continuoua rirnDtiooe of y> the Tolome coclgeed 

hy the aurfew ^ J J (^1 ” Wo may fiiniikrly obiaLa formulae 

far the volamo ai JJ (sfi — “ yi)dte dtr, ming on obvious 

notation, fli, X?j boing the projoctiona of the surface on ii ~ 0, y = 0 
reflpectivdy^ 


Z 



na. 23 



no. 24 


jc® V* s 

J^*£crmi|Sife. Find the 'rdiiiUD ctnt from tha etuljtjce ^ ^ platra 

£ar 4 , my IK « p te meet ihe ffurfjMse^ S4i) 

A line thiidiigti (,t, y) pAniUd to OZ meetiDg the Tolimia cKk« h> eh, two pointi 
(x, y, E|} and (;c^ y* a^j whefw 


jt — fy — nty 



Thde V Jfg(3i — T^)dbf dy where ii delvfmln^ by the cqpatiou S| — ^ 0. 

Now -j- " i'. wlwf® ^iPW - y*"** “ 


bhn* 

By tflidag 4= + a*! ^ or ^1 y + sin 0 and nain;; the motbod- nf ^josnifiEc 

(ill), |SJC, w fijMl tl»t r = 


9,2g, Arta tf a t = /(*, y). A twisted t^iirve ar = ^(Ot 

y = Srti). * ™ *^^^ in«T be catkd olernentiuy if it can be divided up into 
a finite niitiiber of parta in eacli of whicli two of the viiiiiible!t cmi be 
expressed as elngle-valued conlinuoua funotiona of the third. Tta pio- 
jectiaiLB on the co-ordinate pUoee are then elenientaTT pUnv emvaB 
and tbe projectiotia ora ckacd if tba ouive is eloand. For nimpLuity in 
exposition we shell uaaally Hsaume that thow projections ate quMiratic. 
In particular, the locus of the point given by * = x{m, v}, y = yfw, v}, 
i = s(u, w), (i = u(i), V = oft), is a otirve lying on tbe flurfaraj x =» a(tt, t), 
y = 8 = *{«, «)■ If it is elementary and closed, ita projection 
























DOITBLE [KTBaBALS 273 

qn the co-ordiiaiate plaiips ajr eletncntfliy dofl^d curv-es* which ate the 
boundaries of plane tegiaiu^ diviittble into a finite number of dosed 
sub-regione with quedmticr boundaries. 

Let the projection on s = 0 be an elementary curve y hauiidijig a 
region O {Fvj. J05), and let the equation of the surface be ± =/(;r^ y) 
where/(*, y) is Bingle-valued and positive. !?/(?:, y) h continuoiis and 
difTEroutiable, there is a single tinmial ut eadb point whose direction 
coeinea ore pnoportionft] to ^——fjti 1 thirt normal is never per^ 



^ndionlar to OZ, ChooM t!iat normal that makes au neifte angle with 
OZ. The area £3 may be enbdjvidetl into regions by means of the pknee 
— 1), y = ^ 1 to where a: = Xm, z = 

ff = y&r y = fo™ *bo rGetnnglL* eirnuntflcribed to y. 

The Bub-Tcjriona of D conaist of ootnpti^f^ rectangica like 
and of irr«^dqr areas ulnitting on y. The frabdividing plan^ divide the 
flurfaoe area also into fliiI>-regioiis of wfiicb the former sub-regions ore 
the corresponding projentioiiH. Let the vertices of the representative 
odmpleto rMtanglu P\Q,RSi be given by y), Q,l^ + y), 

iti(i + dj, y dy), y + dy) and let thesta be the projentioiis of 
P, Q, S of the ffurfucc. The diieetion ooiinea of the normal to the 
surface at P are 

l,m.n = (- — ?„. 1)/(1 + ** + 3 j)t * 

and thErafore the direction oosinca of the normals to the planefl PQR and 
PSR are of the form (( + fei, in + a + Jfc|), (f 4 ns + X|, n + X*) 
reapeotively, whori^ + %’). 

Bnt kP^Q^R^ ^ £n + t,]APQR and ^P^&,S, ^ (n + \,)&PSS, 
i.e. APQR + APRJi = Asp dy where tr = 0(dp3^ since n 

ft 

Thus + APRn) = - y^} (i ^ 

where in„, iVg are th« ftiieetion coaines of the nonnol at (x,, y,) and 

a„ 1= 0 {dpf,). 
















r 


.\DVANCKD CAIJCLTLUJ& 

An irrcgulftr flub-rijgiofi of D h part, of a Te^itfLn^h abutting on y 
and is prajcctiop af a pormportding patt of a skew quEuJriktc^nil B, 
one of whose vertices at least is outside the bouriflaTy curve on the surfiu;* 
and om, at least, insida 6^^.^ heJng sin all enough). AIho E {the stun 
of ooc pair of the two triangtos of which it is Ocnuposed) ^ + 4) 

where (, nt, a are the rUrecticm coames of the nortual for any pcjiut of 

anirt k — 0(dp)j dp being the diagonal of E^. If tberefori.t y is a curve 
that covers aero area^ —► (I and therefore £fi —^ ii (since {n I- 4)'' 

is bounded and niaJt dp —► 0). 

By meaniH of the subdividing planes x ^ tf =» w luive tibtainetl 
a number of afceW' qiiadiilat^Eds whcNsa vertices iitp in tlic siirfacc^ and 
by joining a disgunal of each quadriktera] wd have oldiiiucd Lbe tiicingu- 
Jar faces of a polyhedron inscribed in the surface (wlsfcli is therefore not 
the most general type of polyhedron). The projcctioiiin of rertnin of 
thEHte faces are trisngies Ai lying entirely within y* mil tile mint of their 
areas k + a)/fl where n refers to a paint rrf Ai anri ft — e 

l>eing ina£ {dppj. 

The projections of the other faces are triangles nindting un y and 
the ffnm of th&ir areas tends to ^ro when mai l.cndH In 

The !5uiiunation —tends to f f -{h fh/mil tlic suiminaticui V*being 

fi JJu w ^ ^ 

^ must tend to zero. Thfi double intcgnil -^ duscFiy ihcrofore 

provides a ijatuial liefinition of the Amt. 

Substituting tlir* value of n, we flnd for the flurfaoe area unrlor 

r.’onHiderflticiij, S — + H- %, 

9£3. Sutfact Arm in Cun.iimmr €o-(trdim(kie. Let u = u{(), v ^ v{t) 
be an elcmentaiy closed curve yj in the u — v plane eiictosing an area 
Q. Then this curve corn^|Kuids to an elementary closed curve y on Ih** 
elementaty aurfacc defined by the equations ac ^ £{u, i^}p y ^ y(M, u)^ 

^ = r[u, e). If wo asstuiic that 2 are single-valued functions of v 
for all ir in (and yd^ then to each such poinfc u, 0 thooi eorroflijonds 
one point within or on y [although the ocuivcnse k not. in general ^ true). 

We shall assume aku that Ji (-- ^i^iV 

\ Stw,v)/ \ S{u,v}J \ 

do not alt vanish aimiiltoueouyiy at any point of S}, since the smtfnce 
k oOffUnied to Ija sunple. The dircctioti co&tnes of the nomia] at (f4p f) 
have already been shown to be proportional to Jjj Jg. 

Lot Q h^. divided up into reetungles by nicana of the lines u = 

(r = 1 to ft. — V — tv = 1 to Fji. — 1), where u — «n, U — 
c = V = are fiied lines oq the w - w pkiin formiug the ebeutn- 
smibed rectangle of yi. The sub-regions are either eoinplefeo rectangles 
like PiQiRiS^ or irregular BJfeaa iwj partly bounded by an arc 

of yii The surface urea is correapondingly divided up into curvilinear * 
quadrilatemU FQRS and irregular areas m partly hounded by an arc of 
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y. In the Ugtt of out work in the Iftst pamjiTOplii where the sinipler cjiae 
x^u,j/ = v waa coneidered, it b nufficietitt in order to get the repaired 
formola, to find bn pipreasbn for the area of the piirtillelograia formed 

by the diiTenntiA] dUplflceiuetita PQ't -PS' along the curves (f = cotmtant, 





U 


Fin, SO 


u = eonetaiit respectively thioagh P. If y, s are the co ordiimteA of P 
PQ‘ = (x„i -I- .V J + a„k>5«; PS' = + ;/rJ + 

and tie vooto? aieu of the paraUelogratn is 

(J,i + JJ J,k)(3» in 

its direction being along tic appropriate normal to the Hurfoce. The 
abeohite rnagnitude of the eurfttce area is therafure 



-h Js + flv 


wb™ du dv corteapondB to the abadutta miignitTii.de of the ekiiiflnt4iry 

area of the w — v plane. 

The aynibol (/J + rfv is often Tmtten iS and m caller] 

the Suiftm and is eaacntinlly poiitivc. It is neceeiaa^j howevflr^ 

for flobsoquent devclopruunt to give greater precUion to the notion of 
fiurface area by iiitro< I lining the idea of Sur/ats& ElefnenL Thia is 

defined to be rfif,N wbere N ia uaii normal in such s direction that 
[K^h] = + I, whfJTC a, b ate vectora along the directions u-increBa- 
ing and fj'inctirajiijg re^apecrfvoly^ It h usually more convenient to 
pre^crihe this Tiormal to a given uiirfboot imd therefore the variahl^ f/ 
should bo interchanged if nenesaary to socnie that [Nab] =3 + 1* For 
a closed surface, for eJCMupfe, it ih nsnol to pieaoxibe the ouliWard-drawn 
normal. 


9.24. The Line-ctemmi m a Surface. In rectanplar co-cidinates, 
the line element da is given by 

tfcf* = -h rfy* + is* 
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and whea y, s jne fajutiona ef u, t? thin beooniea 
da* = eftt* + 2G dv dv + F dv^ 

where E = JS^, ^ F = Ja?. Thun dS = -^{EF - 0»>/« dv. 

The curves « = couatEuit, v = i-ojutont are arthogotuU if f? = Q Md 
therefore for orthc^nel co-oidinatca on a surface/in of the fortn 
A| dtt* + Ay dw* and dS AiA^ dn dv. 


Emmpte, The sphore #* + jf* + s* » o* in spherJed. jioliir ca-onhoate* ftiir 
Whkh 7 = r«iuS j^^rduOun^, !>°r[)tuO, is givob by Thn 

ourvat (I = ocnaliuitT ^ = eourtant «« octbtJEuiiJiJ sml ds*^ <- u'/itu' 6 iti* + i 

HO tlut n a’ ALQ 0 ^ d^t. 

Thiaa the AtEo. between tho twQ imlchUdI plmn* s ^ A|, i = Aj, where 


in gitoai hy 



d > > T > 

{A| 


Ag > “ fl 

w ti ctm f>r A^ = ^3 DQi 


i.d. Amft Iff 2;ia(Ai — A,), 


9^. Surfacet &/ Revolution^ Let tho part of the curve y =/{a 5 ) 
between SF sx iXj. and ^ ij) be rotated about QX thruugli an 

angle Sire to form part of a surface of revplutton, where /(u) m single- 
valued, ouatinuouB and positivo in aft < a; < x,. {Fiff. 27.) Aim uaaumo 



no. ST 


that/'(x) existu in (:fi, ?i 5. The « ~ tf cmrcB at & point on tlie aurfuco 
may be taken reispectively to be, (i) the generatiijg curve at the point, 
(ii) the OTcle described by the point. These curves ate orthogona]. 
Let the line clement of the generating curve be ie and let 0 l)e the angle 
through wUch tbc ordinate has irnmnl from its initial poaitian (in XOY). 
Then the line dement ois the Surface h \/{de* + y* dO*) and the sorfEice 
elemenl. dS — y dj fi#. 

The sEirfaee area required h 


r*-»i r 


.la it— 


r 


d« 
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If the ocMndinatAa of the generatuig curvia ore ferpsedfier.! in terniis of t, 
S = 27rJ ’ y (f# &iid if in temw of a parameter L S = y{®* + eft. 

fSxatnjit». (i) ,4. iqnnjti liciJft of iide 2(i ta tint HjrmmcLrkutUj thr^gh a iphera 
of TivdliuP a(>- FHod Buxfkon Tt’inftV’iid-. Take OiS of lluc Asdi of tho b.olE' 

iJjnq o^e piifb nf the Suifkoe u pVfili by JE = V{^* — x* — y*) and 

I + _ ,1 _ yij’ 

Let tbe Hiiips of the HquiTo be [HLrollelto 0^, 0 T* Titan ™ j 

over l.hfl pqiiiirn given by 0 < ^ 0 < y ^ 

i.r. H = So 4 -rc riii{J 

f* ^dx f* dx , .f'* dt 

whsn t « * " J -**-**) ’^ * + W 

and X — t/ia* — i*) an ( — tun fi “ Ian ■■ V(a’ ^ "1*1 ^i- 

On tfvaluatLm wa lliul tJut 

8 = - to* arc too 

fil) Find tlie portltm intcTcepted on Ibo suadjeme ar = y coa y » 4u 
I H Lon n by Ibn cyMculef p « A 

^ + vj + " 1 : ^ " jP* + “’ ® ® 

TberefbF? S — + o" ban" s)! ifp over tke a™ 0 < p < fr* 0 < ^ < 2™ 

r . + V{*‘ + o* «)M' 

= + fl*tftn*a) d- a* tati" s - )i 

rf fc = o, 1^ = nd^Miu" X 4 lan'^ st lojc ^ 

(iii) THw iwl«nAry y ■“ enoaliJc/D from x = Oto^iiHTOtetod ebont tbs nsii OJT- 
Find Tbfi AK» cd tie BOrEk™ fordHsJ, 

y' 1-! mnh *; (1 4 = coah * {> D) Mid ^ ippili" - d* 

e c Jq 

i.o. i? =* 4ir(a:i + c amh onall ^ J ^ it{6*^ 4 yi»|)' 


9.3, Line Integrals. If y, z are the i^o-ordinatea of a point on 
n givoTi roctiflnbb enrve, they are faiCK^tionB of the era ^ (measured from 

fiome fijced point) and wo can form an intoj^ral of the form | f{^, jf, z)d^ 

where d. B are two pomta of the curve. 

Bneh an integm] is called a tine If B are fonctions 

of r, the integral denotod by J {P^t^ 4 Cdy -j- Jfds) to 

racan the line integral | ((P + mQ 4 nR)ds where 

I ( = (fc/(b), m { = dif/i»), n £= dz/ds) 
are the direction ooaines of the tangent (in the direction of ^dnereaaing). 
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lAne IntKffrtd for a Plana Ctirwr. Id two fliTTMiDmun^ 

I" (f ii» + Uijt) + mg)j<. 


g 


It ui iiBnall^ pcjtssibk to divide tliearc (its far exampio in tho df 



Fid. ^ 


Ad eknientaiy diurve) itito a lisito 
number of pi^, within each of 
which either y is eTprc?ssiblc as a 
siiiKle-viiluad difieredtiable function 
of or ^ os a fttimlar fimctbii 
of y. It is then posetiblo to es- 
proBs a line integral os the 

sum i>f a finito luimher of orriinojy 
integrate. It is e<i9cntial in such an 
expression to keep Dcooimt of the 
appropriate signs of c£c dt dy. 

For example, for the curve shown 
in Fiff, 23, if the nbciaaiic of B 
am denoted by a, 6 reapectivdy 


+ j — J' /*(*, Si)(i» + j P(i>t 


where A^At in the Bgure are parallel toiOF. 


Mnd lc{x* + whixu 0 th tbfl beundewy of the 

ckmd nuTvm gi?ro by £ ^ = Ij' 4^ 1^ |(x ^ 4)», ^ ^0 and ii deecHbod 

ooiml«r-i3l[X!kww. (Fig. 29.) 



Along y 
Along y 




if* + 4 }', / « {j-t _ 4^t _ 4)1 _ - 4 ) 4 » 
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asi 


/ 


Ahmg = jaj + 1, J 




f*" * -h 2 +■ J - » — 


Tb{i tbIuc of tbfl LLoe' tnt^^nkl Jb tLli£it«rur« 

Nn(r. ThiB mity be verifiS by Orvin^j Forrmint 


0 , 


3Jt2, Grean's Fotmnlit /^f sh Eiemeniary Phne Clos&t Owmc. If F, 
Q OTB contmiidiiA fimctioiifl of t/ on and Tritbui an ekmientftry pkne 
domd curve Cl aod possess oontlniiou^ partinl derivetiyes-T 




wlietE ifi the region bonoded by 0^ and wbere the arrow an the integtnJ 
Mign denotes that the direction in which C is tlasoTibed is the flame aa 
the direction frciin OX to OY an viewed ftom a point on one side of the 
plane XOV* 

Let C be no ^iGioeDtaiy (jondmtio curve as shown in Fig. 30j with 
drcnmflciibixLg rectangle given by d < x < A < j < B. For a valae 
T for which a < * < J thofu are two points E, F on 0 pvm by (x, 



no. 30 


(ac, (Vi > y*)> ^ vjalun jf for which 6 < jf < B, there are 

two points G on C given by (ia(ySlji yj* yh ^ On the 

boundary of the rectangle there may be straight parts L|J#j| 

Ntfftu on X = d, X — A, y B, y ^ 6 reapectivdy. 

Then, sinoo the derivative is continuous 

aincfl dy is 2 sero an SjSi and itfiATi- 


^milarly jj P^dii= - 
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Thufl (Pii»r + 0(f^) F^)d:i}dy and the dii^citioii iu 

which C is described is oountei-clDckwise as ™wed from that sid^ of 
the plane XOY for which the direction from OX to OY is counter- 
doclrwise. 

The theorem is immediatelj extended to any elementary closed curve 
C by dividing the rcgiDD Q encloited by C into a finite nuiubef of sub^ 
regions bo,, . . (n^ bounded by quadratic enn'^ea Vu y*. . - k* v-* 

[Fig. 3L] Yot then 


[Q. - % = f j| ( 0 ^ " ^ (P & + Q 

=5 (P (is + C dy] 


since each part of a boundary not belonidng to C \r described once 
in each direction and jP, Q are emgle valued. 




TUlr 32 


VIQ, z\ 

Exampit. + 3^)dx! + (v — BacKj^. wbiM*o € ii tba qiuuirilatBfnil p;p^fl«l 

by Sf =. 3, gr = 8 — 2i, n* ahflwa in Fij. 32^ 

By Greco'a fermuJa the int^gml i» 

jy- 2 - 3 )ixdy=^ 5 £^=^m. 

9^. Qreeti** Fomuid icAeA = P^. If and the deriva- 

tives are contiDUouB 'fp^Pefe + §(i^) = 0, suppose that Ft^. y) ia aay 
coQtinuDUS fiiDtitiDa for which r„ = Q(sF. y). Then Pg = V^g so that 
P must bo of the form +/{»)- Take thorefon} If' = F +JC whets 
X ia any intcj^al of f{x) with cespect to x. Thea P = If Q sa W'^j 
ie. given P, Q and P, = we cum alwaya find a function W for 
which P = 9 = Wg. 

By Green's foraiula c( Wg.dx + fF^dy), i.e. = 0. This shows 

that fF is A eingle valued funotltin of i, y for the region /?, since its dna| 
VAtne is the same se its initial value. 
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Now Iftt ARJi^ AR^ 33) he aay two el^moataty onrraa joLHUig 
A, B and auppou th&t in the area between them thoro is do diBoontiniutj^ 

Then f dW + { dW ^0 

J AR^U ] XR^A 

he. f dff = ffj - f dW 

BO that if Wj^ is the initial ™Iqe pf W at its valne at J3 is inde- 



pendent of the path joining Ay B, if the one path c*n be defotmed into 
the other without encoiutteiing n discontinuity. 

Kmrnpiti. 

(J) f {Six + y)e“ + + (-Sf fiis ^ | 3 f* _ 5 p)bI* + ^ lle'i JA. 

Ja,p 

Thfl ml^pudfl and tlftdlT dDliratJvtia w cJaDtiniuiiia fw all Xw R- A]«a 

Qjf = 3a** =■ Tha ta^uo* of ihs- int^girai ii ibsnFfore todirtisicidflnt qf thfi 

path from (0, 0) to (r* y). 

InU^tn from ( 0 , to 0 } aiang y » Op LIkiq 


-j: 


(S»e“ + ?**• + IJtle = nae*. + 3 **. + « — 3 . 


LnliigT>t« along x ^ ooualuit bam y = 0 to y, than 

fl “ { 3 {x “ yy + *•* + Hi** = (c - y)i(T + 4t*t + y 4 l» „ * _ 4 . 

•Hjiii / = J, + /, « (a .f. y 3 )et. + (jj _ j, ^ 4 j 4 ., _ 

(il) Knd + Ckeiy + y* - ^)dlx + { 2 as» - *iy* - 4 - 3 ^)^^ whm 0 h 

iho olnslfl giTisi by (ar 2 )* -f- (y -- J)* ^ 4 , 

/ = ;/,jf3 - ty ~ ly'VL Ag • ;j( ^ 21 ™ SOr ^ 4¥*)dX dT oro- X' + y* - 
Bot /fy*dXrfy-ijf(X'+y'>ixjr-ij;r*drd 0 o™r r = 2 
0 tuB pcifit cq-tndtEiatia in tiliB X — Y tilaiui. 

'Hill* jjy»dxdr «4irj bIh i/iix err ^‘N; jjydXdF = o. 

The Tuiae of tiie inleigtihl !■ tbprofora — lUCsii 

(iif) The Area A daftfinkiGd bja doaod curve bgundod bjr C k 4 ^ ^ % 

whvipe A iM Uo nneqiwl ocnatuita, for by GremV fanqnln, Lhk LategnJ it jf indy. 

If ^ - Ov ^ ^ if if Jl=.-1^> = J, 

A — rfjf - y dK) ” dO ie polir HHwdinate*. 

Thiif A = dr = dy ^ y de) - dff. 
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(it) Lei 4! “ F = — Tp aEui let the P(Wwi 4 (^erivatl™ nf V bo i>oQlSfictcrii#. 
Then dx dif =• - l^'p dx). 

Now V X rfr >» (df^ ” f^Jkp whens r = zJ -|- J La tbo tunuil notAlLcH] 
for Tfiotcra. 

Thun F K Jr = iU^^^Vdx JlL 

I>etiot« ibe ukicA c£ chnujje of F nloog ibo ou.t'niu^^JiiWn ocrrnul bheI ib'C lAnizi^ot 


to V 


FiSF 


ar 




(•f ii!i£C«uiLfig Ln Ihjc dLr^tlon of tb« tan^ont taken;. 


Tbeni V F 


^ T -|- L “ ds-T mid theroforo 

7 K « Jr = ^<i-{N X TJ ™ 


Thui Jr }k - (^p|i d*)k = F X dr. 

(v) Xf Xt ^ ebmiged Lato orthofpmil ccK-opdin^tei w> for n-McJi 

J#" - + 

fiEiil the Value of V^F in terniEi of V| 


1 3F IaF 

+ dr-+ 

where Ip i an the unit veotore at (ui^ v) along fbe ^(Urm u Es eanitiLiit, H = goDitaiLC. 

Thflrefofc = Jp7 F x dr - 

U. JJp V * = JJ„ JliQj >'-) + * 


Thii reMdl » tnie when i?j in iJiB mtoriof cf n oijflJe of oentn {<4 rls howsTor arnaJl 
tbia oarclfr uuiy be tikken. 'Hw intngriuijdA mto tbenfrure (b^ an obTiiTtM use 

of tbo moML-vdue theomm for double iiit4^|niJ*) 


Le. 


7’F 


} 

hjig 






For sxafDplu, io pnlaf CtMjmiLlUbtia, 


I a / ^'i I 
r drVBr^ ■•■ r* «»■ 


9.34. MtiUiply-con^ttctM 



mu* M 


Areas. Coiiialdtir tfic litoa shown in 
Fiff. 34^ which haa im nntor bgimdiuT 
C CiLn eleninntaini' closeii ciirve)i aiid 
a number {%) of iniw^r botmdiirioj 
O,. {f ~ 1 to h) (elementary i^Iosed 
curves). By joining a pf.>mt of Cp. t<o 
a point of 0 by nicaiia of m ebinen-titTy 
cun'O the region bocomcR ojjc with 
a flingle hoiindary coruuLfting of C, Cf^ 
(the ktf, being ilessoriberl once in 
each direction}. It ia [tsaunicd that 
□o emrvea y,, interaect. Applying 
Green's fonnuk to the new reipou, 
we note that the integrolH along 
cancel each other (jP, Q being ningle- 
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no. SS 


valued) and that the direction in whicli b described b oppoaitc to 
that, in which C ib dcficrihed, 

i e. + Qdi/) - (Pd^ + Qdt/) = - PJtfcrd^. 

An area Q eb said to be dMpty-t^mrr^^ if a line within It joimng 
nny two pojiitfi of lie boundary dividea D into tw^o regions that cfinDot 
h^. coimacted without crDsaing the line (called a o^.). Otherwise £2 
b said to be If by means of m cuts (the Kiges of 

the ciita, m they are being mode, hecoming extensions of the bonndaryh 
S) becomca simply -connected^ the 
uriginBl fegion is said to i)e (tn -p l)-p!]r 
<xinnectod. Thus the rfigion fihown in 
Si is (n -| l)-ply contiected. 

w /Ac Catie 

ip/uin Qj. = When discotiiinititiea 

Q or their derivatives oeem- in fl, 
th^ case of greatnat inter^t is that for 
which = P^. 

Let there be n iBscontinnitjes at 
points Gj, in i? [r ^ 1 to m)* 

Draw elementary closetl curves i'r 
siirroimding ilnm reBpcetjvdy but 
not intersecting cac.li other. {Fi^, SSr] 

Apply fireen's forniub iu the multiply ^nnected TCgion Iretween 
C and Cf ; then since wc have 

(Pd^ + Q <r/) = f <4 (Pdj + Q dyl 
C i T r. 

The value of the integral is inikpcndent of the choice of CV provided it 
b of retpiisitc type and docs not uctuedly pass thToiigU D^. 

In p[l^t.iuulil^^ take to lie a circle centre cloJ Bintfcll radina p. 

Then + Q %) “ pj^ [9 eoa fl - P sin OJiM 

where a? = h p w5S V = K + P sin Q and is the point (a^, bj. 
*\ltbough Q cos fJ — P sin may not esist when p Is acemi, the integral 

p r (Q coa 0 — fiin may tend to a dcfiiiitci limit when p ^ 0. 

Js ^ 

Thus if all the integralH ^ l™d to litnitB m,, we have 

(jPf/x I ^ dijr) ^ 
a 1 

^ C U « ol,- 

Jo T J 

me'nt4ry tiiirvc tntlifting C. 

%* - JT**-Aw:y 
* ^ (*■ + 

fHKB9, » 




4. 


Here 


Tuldnff * 
2D 


and 41 ia ft point of dbridoflthiaity. 
ji lin % we Imd thjit the integml k- ‘C-" = ijiip 


*^*Jr 
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Manf/ Fafurf iTd^gmia. Ltt /^(^p jr) ^ f {P die + Q dtf)i 

where Qj. = and let fclie pa^th of integration be a psiticulaT qarve 
ALB joimng A (afnT tf*) to B (r, g) not passing through a diBmn- 
tinaity of P* Q or their dofivativeft. {Fi^. 36.} Let ATJB be any other 
path joining ^45 not passing through a disoontinuity, the region between 
the two curvea contaiaing within it a niimbti of discontiniiitied At Dj, 
Dt. Tlien 

f (Pite+©dj/)=r [Pd^ + Qdtj) + £^ {P(k + Qd^) 

J ,4-^'a J AlfH ^ <r Oi^ 

” y) + ^*v 

t 

if these ILmitfl ojp. exUt. 



B ifl not specified has many valiaa; and ila general Talue (for a simple 

path) k of the form f(scp yj + rj^co^p where ^ i& 1, — 1, or 0 according 

as the dosed path AL*BL4 aneirtl«« i)|, coimter'clodtwi^j encLrcles 
clockwise or does not tncLrde (if the dtretition from OX to OY he 
regarded m countcr-dockwisej. 

More gcncrallyp If wc allow the path AL^B to cioas itsdfp it may he 
deformed into by taking cLrcaita being poBitive, negative 
or ZBio} round 

fi)p » _ 

Thus 1 (P tfe + 0 (fy) = F(Xj y) + where is an IntegeTp 

. ^ J 4 ^ 1 

poflitivei negative or mm. 3?*) 

Triple and Multiple Intei^als. Tho defmition of the double 
iotcgnil and ite method of evaluation miggests the correaponding defini¬ 
tions and tncthods for integrals involving three or more variables. 

Thus, if/{afp y, z} k a given function^ bounded in a region V endntjed 
by ao dmentaiy dosed surface 5, we can form, os ia the ease of double 
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jnicgral?, t.he where Vi, ^ are Pub-tegio£ii into 

which V is divided and are the upper and lower txsuiidj^ ofy, t) 

in I?, for ita boundary), flTieij these eunis tend to a fonunen limit as 
t.he eircum^wribing cubes of thfl siub-regions all tflod to rero^ this eooimon 
limit is called the triple integral of/( op, y, s) through T Biid i& written 

/(ff, y, s)cfo dy djs. 


w, 


Tlio iotegnii may be proved to cxiat when /{*, y, j) .a cDntinnouA 
tbrou^hout V and 8 ; it also esiafa wLen f{x, y, a) ia continuoua except 
over a finite njiiitjer of aorfiicea, if /(*. t/, t) ia hounded there and the 
eurfaces cover sero volume. 

When the triple integral enats. its value is the limit of the sum 
^A^r, Vf, ^w)Vr where (t*. y^, ut uny point of or its boundary. 

Again it/V >J|J/(sf, y, z}dxf{y^>mV where Jf, ni are the 
upper and lower bonods of/{®, ff, a) throughout V (and auil 




which lies between M and m b called the Mi^n Tfir-fue of/{x, tj, s) thr&tlgh- 
out F* 


The inethorl used to evEiluate 


9JL Emluiiiion 0 / a Tripk luiegraL 
directly a double miegral may bt ex¬ 
tended to thf^ c*J!^ of a triple integral. 

Lei the boiindaiy N bo rpindratic. 

Then a lirie paniUel to Oif thTtiugh 
(i, yj tllitt erEfci‘$es the Iniitifcjdtiry tlms 
BO in two points (jc, y, Zilx, y)J, 

(x, y, y),j^[zj > 2 ^) whore * 1 , s, _ 
are eontinnoiiB functions of (x, y]. 

Let the upper and lower bounds on S 
( 1 ) of (all y, a} be A, a, {U) of y 
(all sr) be fij Of (iii) of z {all y) be 
Ct c respectively. Thr* set of iK>int5 
y) for which % exist belong to 
an area Jjl in x^y plane whose 
boundary (an dementary quaElratic curve) is determined by the rebtioa 



FID, 


{Fig. 38.) 

T)..» III/(», 


t^p z)dxd}fdz is equal 


rroi/'*’ ’• 




fix, y, Zjrf^ididy. 

-Ua _ _ J 

where Q b the projection of the volume on ^ = 0- Similarlyp we may 
obtain formuba by integrating fimt with reapect, tu ^ or af_ 

If & line parallel to OF in a U mecta the Imtiudary of D in {Xt ]yi(x) }i 
{Xf J, (ji > yi), we may write the triple integral as 


A 
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A oonvenieDt natation for th» is j" (tr rfy f /(t, 

JI Jfif J 

InparticiiJAr, if FifiaTccCangulac panillEJopipedgivenliya <;A, 
fr <y <S, c <» <C, th« m^ajpal may tw written 

r y, :)d^difdz. 

J 

EvftluAlc dxdtftk thmaghDut Lho UjtnJiodriid boiiotlcd hjr 

x = % ^ a. IntcgnliotL with tci|}«!ls to » glw 

I ^ whfiia D ie the tfjujijpiW iir™ dotormuldd by^ x «■ 0, ^ m a, 

y = X 



z 



Tbo M oquLvdiMit r«pf4t«d in^grnU coiT»po£idit^ to iho fliic iPftya of i^iHtEng 
Ibe nco in ihlM ^xmnipk 

f ^ rf S fuJ 1 f ^ f (iiii|i f % f d!? f 

Jx Jo Jc JoJf 

(tr) djfJ *¥*(&;! (») j^daj etr| <kj )i»*dif. 


9.42. Midti^c IntegraU. A inkyral dcnqted hy 

jj . , . ^ 3r^)daii, tfe, , , , dar^ 

and jfifeiB to b doaed findiimimoo^ r^gbiL The do^nition u analogDiia 
to thftt of the taple iDtogial, alttoiigli there ia not a oorrespandi^ljr 
flimpto way of iUuetmtlBg it geometrically. When the region of vana' 
tion b. of a BiuBieiently simple ehanicter, the method of evaluation by 
repeated integration wiU not present any diffieulty. 

Example. Evaluate JJJJe*+%+*^+=t" ala cii* otw all poeitive apd mcto 

ralii« oi 3!, y, u fe whhih (1 < x + y -f £ + a < fl. 

^ it fotr 0< * -jh y + I < o; 

* W far 0 < X -h y < fl 
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I 


(Isi,- 9 t _ Jfld-k + 


™ ^ + i<s- - ie* + 


It 




iL43, Chajuft qf Variable in a Mukipie Intf^r^L The fofjniiia far 
irlmnge of variiiblo in a multiple intisgrAl 

II-L 

= [[’■' f f/] ?"— ■ '-'--^du.du, . . , 

JJ J kk 111 ,, . II J 

where x,. = Uj, . _ t4,„) (r = 1 to n) imd k the regioii in the 

u^-i!pae« c'orri’^ponding to in the ^pr-spicjCj may be proved by induction. 

Wc ahall aHsmnc that there in a 1 —^ 1 corr'eapondonce between 
with it4 boundary and 0^ with its bouudBJT, and that tho Jacobian 

J — ifl continuoiu and never v^okhes in the reiEjon. 

d(u^ ttip . . .p uj 

The Fcgian A„ can: he divided up Lata a hnite nniiibcr of Ejub-regions 
within each of which one at Imst of the derivntivea jg never aero. 

**r 

Otherwise by the proneaa of Bubdivision ami selection it would be po^taible 

ri MM 3 liC 

to find a point in -4^ near which aU the doiivntive^ ^ (atisumed con- 

tinuDUB) vanished. Thbi would miike J zofOp thus oonifadictiiig the 
hypotlieaifl. 

Without lofls of Rcno-nlity therefore wo caui ansume that ^0. 

3uj 

If we assome that the boundary is an alenientafy (n — IJniimensional 
region (defined in ati obvienm way)^ we may integnito fint with reapeet 

to the vftriablaH a^, sc^p * * * ^ nnd obtain ^ “ J where 

jP — J| ... I JdiTtdxt . . . ifl the set of points of Af^ 

for which Xj has & &ited value between dti (tha lowor and upper hgiindfi 
of Xi in d„p all Zi., . . . 


From the relation r, 




: 0 we can at 


least, in the neighbourhood of a partieukr set of values, dctermiru& 
uniquely as a function of By substituting this value of 

Ui in the functions Xi, . . wa obtain a transformation from 

^ . ,p to Xu fit .trauBforming to ^4^; and the tmnsforina- 

tioa must be 1 — X sijioe the jitwn transformation ia 3 — 1 , 

Now J’ ifl an uitegfal of m^tjplioH-y ti» — 1) and Xi ifl fijced during 
the integration. If we ictssur/ie that the fotmuln for change of variable 
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» tnia fat (» — 1] wmbloe^ we have 


when 


“ JJ • * * JJ'dvtdut . . . 


But / = u.. ^ j. i, 

«*. * . ** ti„) 9(U|, W(, , , ,, 

- fdXr 

aero (or infinite) and ha^ the value / /-_—. 

/ 

r-|;‘Q ■ ■ ■ J,. ,(/-'/^)*'> • • • '^.]*. 

“ JJ ' * * J^, 

Let tifl a^ume, for siropticity, that the lidB for whuih a,, Wj, * * . 
arc all nonatant meete the boundary in t^o pointa at most, these pointn 
being given by 

{^(** 1 ' ■ ^ ■ ^^l)* ^ ^ Wpfc }j {^l(Usi * » n li|+ ^ ■ If ) 

(JTi > 

Then / = li-L, G[m^ a a ^ where 

Now uhange the variables ffom f,, • • < Uh ^ «t. . . . m» by 

fcakiiig u^}, the traoefoiiuatioo beio^ 1. I as 

before. Smee u,, ^ u, are fixed in (7, the Utter beeomea 

fPi' 

/./.rftt, 

JPi 

where U‘„ Ui are the values of u, that carrespaad to X, of x,. 

Thus ~ J| * ‘ ' i {I /'>^ *^**ij^w* * • • 


fJ/Jf (jB -t- y + a + tte cU <Ju. cvw ittl Emo posiliTB 

v&Lucs <Kr dtp y, x, t» fdi^ wb^ (>< a: -h rf s -H u < I (n boiiig a poaitiFfl Integer 

0£ C£i1CO). 

Takjo Z»af-hjr-f* 4 -m XY =■ ^ -I- 3 + «! XYZ = s + w* XYZU =■ il 
If wn lieuQLf^ X^ XT^ XYZ^ KYZU by f, v rapestlvelyt have 

g[^ y> 3p uj 3ff, C, ui atf. ti, t. It) 

Bix, ^j:, r, m ■ 5(kp y, 


x*r*z. 
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The tmiiifwtiicd nffion h d«t*nmn«l by ib!be twaiuiBriEB u • XVZU — 0, 
* - XTZ {1 - IT} - 0 , ^ XTil - iS) = 0 , * = Z {1 “ r) =« 0 , ritwi 

« + + ?-h w — I = X - 1 <= 0 

cciiuifitlt of tbo olill * cub«" 0 < X < U P T < I, 0 < ^ < If 0 tl ^ 1 . 

Tli 0 JAwbiftTi TaTibbofi ifi-kmi y « 0 btil not otberwise, Th^ giTcn int^gml 
obvicmity Mi4t4 wvi ifi therofoiB tbo- litolt wbcu t -i- <1 oii’er tbs r^gtoc, obtained, by 
omitting ft! I v*ln™i Tor vhieli 0 c y < c, 'rbi* In oquiv^Timt to tbs intBgrnJ otot 
tbti trtHUifoiTmiyl region froni which the {loitite by P < X < k n-te nniittBEL 

Thu roetrioted ^^^ 5 k^T^ obrionfily timdi unihitmly to the linit ^oubo^ when f—vO, 
The iTAnifonned integral oYta' Lho unit ' irdbe * git“ca ibc nitiwired valuiL 

ThuA 

f- £jr.+7 AX - r)rfrji - zyz£ 


9^5. Surfsice lategral^. An of tbp form j j if, ?JefS 

over n polrtlua S uf thfi anrfawn giv^ll hy x = x{n, c), y ~ if(u, ; = z{Uj y) 
\a called a Surface fni^jrat. Here dS ia writt^^a for ^ F*)duilv 

and the integral h evaltuited over tlin regiPii in the u — u ptane that 

(iQirespand^ to S. 

The di^tne^if ia dS N where N b ntiit nonual in h jirr- 

^icribed flirection^ 

!.e. tiS N = fEiS]l + (jfiAS)j + (rt£tS)k 

where K n are the dirfiction poainee of the preacrihed noraia]. 

The iroin[>uneiits IdS, mdS, nAH may be positive or negative, and their 
absolute valiiea are the areaa of the proje^tioiie of the ffurface cIPTonnt 
on the eo’Qidinntc plitne?i. If the etement fh dt/ that oeenra in a daiiblc 
integral ever a legion in the ® ^ plane is Tegarded as poaitive, ndS 

may be replace*! hy if n > 0 *tid may be replaeoil by — <ic if 

» < 0, 


M # 


.rwrj 


However, the integral || 9^ iJdExrf^ is aometimjeA UBCrl 

r/aoe integral nnd must be taken to mean JJ F(r:, jf, bo that 

when dr dij oocurs in a surface integral it must be regarded as having 
Rign as wed os margnitude. 

We eihall fchejefore define JJ (Pd^ife + di dot + ffda^ to be 




itP + mQ 


i nRytS and for definiteness we shall choose the dirQctiou 


of the normal in such a way that N, a, b form a positiva system (i.e. 
[Nab] = + 1), where a, b arc unit vectors along the tangents to the 
emres p = coit^tantp fi = conataot in the directions in which theso 
variahlea increasep Also in the u — V plane, an a™i will be regarded 
aa poaitivt' if it h deacrihe<i in the aame sense os the chan^ in diction 
from the u-axm to the v-aiis- 


Let S be an elementary closed anrfece of quadratic type, bd that 




r 
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its piTQjectioD on e = 0 id a qiuuiiiitic 
onrve y enoloaing nn arcft Q. (Fig, 4&.} 
Let tho line thsough (x, g, 0} of £3 meet 3 
m (». *i)» <*, **). (ai > 2*)- The points 
for which s > {on the lino) B,re wt^tde 
the surface ami therefote the Domm] that 

makcsa an a^ngle with OZ at y, sj 

h fch* oiifimrei nornioj. Bimilailf the 
normal that makee siii o&Ctifio an^e with 

wiQ. 40 OZ at ia also the outward tiormal. 

Thtia 

{f{x, y. —/(*, y, 

where (daedy) in the last integral is positive. 

Similar rceulte may be obt^ed for 

^(x, y, rldyd* and |J[ W^- J/> 

More gencially, if a lino thiongh (r, y, 0) in«ct4 an cleitmntacy saifoce 
(not necessarily closed) in pomta (x, y, (r =:: 1 to m) wheie 




>%>»! .*.>*» 

as 


IJ /(*t % may be cnpresscd 

JJo ~ JJ + 


+ (- /(»i S'! 


if the normal at ( 2 , sj malcea an acute un^l^ with OZ^ wher^ £1^ h) the 
region for which ojdsta. 

9jS 1. Green^M Formtda in Three Diaimziotis, If an olementfUCj Hlilface 
S a volume then 


+ /Zi)dx dfj ffc ” II {IP -f ini^J + nR)dS 

where 1, n are the diroction coainea uf the Dutward-dmWD narmoJ and 
Pj S are eontinuo-ufl fuEctions of x-, j. t pumensing contiuiioiia deriva^ 
tivea. f 

Let the i^urfoce be quadratic, (Fiy. 40.) 

Then 

y, ?i) — y, xt)^dij =r J|^ A!wiS(§9.5). 

i I 
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SimilaTl^ 

j j dxdifds^^^ QntdS j PJi I PUS. 

Thwt III (p. + e, + IJ ap + '«e+«fi)rfs* 

The theonm may be immediately extended to any otemcntiLry dosed 
BurfAce by dividing the rc^on endwwd into a finite niimher of aub- 
redone baunded by quadratic BurfaenB, 

Corollary, (i) Lf P, Q, R ore the compioaeate of a vector function F, 
then F»N «= iP + + nR ami the theoram takes the form 

m '^.Fdxdyds = jj F.dS (where dS = NdS). 

(it) Let F = VE. then 

aB 




9,53, ffrtfwionw? FuaetMtuA. A thfeeniimo^DBAl Adrmwic Jumii&n 
E{j:^ y, t] may defiiiEd fti one iLat is finite »nd TOntinnoiia and pDaae6ae6 
first imd aeecfnd rlerivstivcFi in a given donaaiii and satifiSea Laphce'^ 

cq^^tion V’Jf(= 3^ + 0 + ^ 

r= ((* — a)-> + iy — + (a — <?)* }* 

1 ftt iumuonic except at (o, h, c). 

SxcEmpU. liBfc S bfl tkoxiiiDiue in Dor. (ti)* iBMIt wliew it w jiriwed tlmt 


E 




Ip* 


Theo 


^£i±r»Oifi^ iit barmnni^ ttutiughcint S its int^cxf. 

For HuunplOp = U where r = {(jr “ o>" -f ttf “ &)’ 4 (* — c)* J 

thThd (n, b, e) ii oiitflJdti H* 

9.53. Dixoniinuiti^. Let there be m points (f = 1 to m) within 
V Brt whi^h there are difi4K>ntiiiiaitaGs. By snitoiiiiding eiieh of these 
points vrith btuilII closed Burfaces we cerij by the nfKitbo^l nsed in the 
case of Qreen^fl fomiijlu far iwu dimeBBicins. deduce that 

V.F drdyds 

when V' is the voiunvii between the outer boundary S and the inner 
boundanea 

In particular if V-F = 0, we Imve JJ F,dS = 2^|J F.dS. Chooa- 





$ 
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ing dSf to be a small sphere of radius p and sentre D^. d^Iuss^ that 

ejadst. 


Let E wfaoro r > 
(Mf ti) h9 wltHn 3m 


n FndS s±£ liiu f f FpdS if thm& limits ejadi 
s t 

{{x - fl)> + ^ nwl JbI 

"“jL wb^re ia Lh.{' upbivai 

■nd mdl m 

IL^o 


oentre 


(a, c) iLcid mdlm p. 
Thu6 


4sfi lT (a, c-) is trithin E [its vmlna b«lng fieia if 




(a, flj h QUtsidfl 3^ m Bcnintiroeii Ciallwl f^iti4t> IrUtgr^, 

(Sm a£» J^axMWJtitei /X i^Op 13^ ) 

S.5t#. CrfWtt^# TAeor^ntif. Let f = G^E wltera Q are iovanants, 
Tbftn jj (G,^*E + Vfi.V^}d^dffds (i9^1). 

aimibrly |£ jf7ff. ^ V'^ff + V£. V<7>fc dy dt 

when there are ^^3 disooiitimutio^ in V or on S. 

Therefors jj [ffyS - SvG) ■ ^ = JJJ (C. V*E ^ A'. V •ff)«£r dy ds. 
But if there are m discontinuitios within J*" at we have 

Jj 

= 2;JJ (PyB - BVG) .d^H- JJJ (fA V*E - A. dy dz 

(ill the Datation of § 

The above teaidt may he called Gmn*^ {Gm^nd). 

(I) tf £, & ILK liiLnaDiilc thmugheat t' ^ wi^ havu 

Jj^ffiViJ - « 0, JJ 


d8 




(H) Let f? •=* - tthestts r : 


{{* ^ a— ft)* + (e — ej* }i mid E anp tUTurlMt 


functioa (pofiseesiiig bounded vMind dnrlTiUivBft tbrouifhout V and an 
Thm 


Jl, m - ‘&o]« =-^(1)1-- jij^ 

V takb tbn 
uiikeD of t 


Hid we mijr takb tbn limit of the right-haod aide, if it whnu p 

is tbe fliudkoD of the fpherv r ^ p^ 


^ % whin? 


'll 


" pjjlar 

O 


< * wiwf M is imur ^ an 
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'nwnnifbiro j| (J-0 wbw 

{E[fl+ e) whm X ii bcKimdtd oa 


IS, 

Tberefort 




o 

\d3- 


, I 4 

whdTfr Jf| a* mB.lL V*iff tn 7 — P* 

I ^ 


— 4.irA'{a» a} when ^ ’ 

llijKvfaTV JJ"J dxtl^ds —► JJJ dxdif di {vrlmh o^nri^s^geni) 

|f.y S ^ '*=■ 

Thii nmj bo cuiIIhI Otc^'j^ Thfmtm. 

(Lii) In i^Mjnpla (H) lei B be barmroni^ in V mad un, ihfEtt 

tbiu 6£pft£aLQ^ ft harmowe fwvTtioii E tk^ a itcdiiL lAdi^ S in iww of tl» Tftliija of 

AS 

ff, g^.O 3. 

Udi be mMod Gm^*M Thxnrtm (for ^grmflnic /wnatioiif), 

^ijlt l^{Uj t, c) ia oaiEdjde^i || {f ^ r")}^ “ 

(Iv) Let G »j — t/, whens U ia barmomo mid lot E be Imrnionio. 

'')*T- *{A(r" *)}]<* - »• '*”"<* •‘■u 

or 4;i£{dg £, * if (a, b, 6) is iniMo B. 

If ft ± 1 } 0 Ym Uiiit. G w 0 on St wo hftve 


inS[a, 6, tj = - 


Tbiu if E{7!, s) V 4 noloitinn of = <114(11 giv^n valuer E on (he bcKandacy, 
b knuwlt^ge of G [wbiidi lUpenda on S and (o^ oj but wi on tlio pviAn values of B} 
Dtimbtoft UA to find the Tidue of E at mj point {«+ Tbo fucotian G Uu been 

called GfwCt Fnnsti^ fenr the mirfboo St but the («mi la new tu^d for a olais of 
fiUHiiiciOi of wMch iko alKive ii a partLotilar oak. Jfor txAmple, If it £i f^van that 
30 


*V 


fl> 0 on inroad of G ^ Op then 


47[B{a, 




M 

BE 


dS 


thus giviDg <^(41 ht c) if) temu nf the imliieii oF an 
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9.SS, Slohss’s ThBorem. Let <7 be 4m elementaiy dtnaed eurve (la 
three dimenaioas) and S an demontarjr smliioa bounded by C. (Fig. 

Lot the eqiiatJOTifl of the Burfaco be 

a; = 3c(u. v), y = y{u* a), z ^ z{u, v). 

Let Q be the area in the ti — V plane oorreftponding to S and y (the 

boundary of Q) tho ceutto coire^fpondiug to C. 
Let a, b be imit veDtora alan^ tho tangiantH 
to n = coiidtant^ u = constant in the directions 
^ in which these varmblea increase; and lot y 

be doBcrikied in the tlirectioEi of a x b. At 
any point («, f) of S cliooae the imit-nocmal 
N which is such that [Nab] = + 1. 

Stotjes'g Theorem Btate4} if R are 

functiorui of x* s poai^eariiig oontinuoud de.- 
rivativcB on 0 arid m then 

iPd£+Qdy+Sds) 



JL 


{IIR^ - Q,) + - flj + niQ^ P,)}dS 


where I, n luie the dhiTctioo eosmes of N, the direction of description 
of £7 having been niiide dehnite by the specided deMription of y^ 

J {Pdx + flify + Bife) 

= f + Qjfu + ttzjdu + (Bjt^ + Qs, i- ItsM^ 

= f f (^w*r - + ©uSi- ^ Qri/^ + ftiiS, ” R^Jidu (#0 


by Grefso's foncola in two dimcnaioiiji. 

But P„ = P, ^ P^„ + with 

euuikr expreaeiom for R^, 

Thfirefnw 

H” "^iPjt r iQiHir ” Q^v) — ~~ •^iQm 'i" 
and J = — J,H^ + 

i.e. f (P (£r + Q % + B (tf) 

Jo 

- f f {/,£B, - Q,) + J.(P, - BJ + J,iQ, - P„) ld« dt. 


But dlS N = + yJ + /ik)(iu dv = (iaSi + mdSj + iwiSt) 

Le. J^dudv, J^dtidv, Jfdudp lauy liti coplaiied f^pectivdiy bj IdS, 
mdS, ndS, 


at 


[ £P(fai + £Jdy + Bife} 

Jo 

-!L 


m, - 9,) + «(P. - Rx) + - n) 
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If F — Qt S) aod r = y, s), we may write this ic^ult: 
j F.dr - II (V X F),dS = Jj(N,cui] F)rf5. 

[ 1 } GjwriV fannnla in ilifitFinriririK Ia a pftrUeilLir O 1 IS 6 Ctf 

(u) Wit djtxfqcci if the narmiil ffizrEada inLogfaJ of E ever meb a ^urfacfl S in 
cqtiiJ to tfra line intogral if F mu»d ei»CF|^ cimro 6 p tihcm E ™ Ofltl F, 

9.6. The Simpler Applications of Inte^ration. An account of 
the cnnimoiior npplkatioika of integration will mtomlly involve some 
recApitnlation of work: that baa aln^y been done. For nimplirtty in 
ptatemont we aball a^ntne that doaed doniaiiu nit! bounded by ckmcn- 
iary qmidratic dainnins, and tlint the conditions for the ejdstence of the 
integrals montioned arc satiiiScd. A line specified by the variation of x 
(the other variables ijeing Sbcal} will meet the boundary of a domain in 
two pointis wluda will be denoted by aij* > z-)* 

(KGffL Thu Art:, (i) If the curve ie given by ap — x{i), y — 

2 = i(ri(. the arc t irtca^uied from t — tt^ to the Tarinble point t is given by 

# ^ I* (i* + y* + i*}* dt 
m that = z* -F + s* 

{ii) If the curve is given by y —/(^b ^ud y k single-valued in the 
interval between and x, the am s botween z, and x is given by 


^ = J {l-HTOJM'd®. 

(i) ho dJjraejitdiiiicua iUj 11 fijiitc niunbcr of pdidtA if it IsbOoludefL 

[ii) In the d-nt^miniitiuii nf the nhiioluto inB^rutudt of an. jun?, molt bs 
eltolM^iiicd m tsamU wbcirQ maiffhoe at a point of t^be corriL 

Exam^BM^ (i) Find tint wlnoJo of ilii! ciuttd ^iiroQ hjxssa cots* I, 

» a Min* iQ< i< ^)^ 

IT* -|- tf* = wi* i fiin* f juvd i = ^ Doaimni when 0 < t < n/2 and 
n < I < n?i/S 5 but J ^ qqs I wu I in thfi pbmwI oud faurtb quadimni:!. 

(I 

By aymjueUy, Lowovw, ^ = i I 3^ eoa / ida I =» 

Jq 


( 11 ) Bbow Lkat tfae Icoglb uf tbo iatai« 0 Ctiad eF the pofaboljdijd x* — y* as 
with tho cylliidecr x* -|- y* =3 ^ perimctiir of plJjpde x^ -|- ■= 

Take x ** q boa fp = n aiu u coi 2i for Uw iuteriwctionK Th™ 

ri^nr rLVt 

4 « (1 ^ 4 aie* di rrr ^^5 {1 ^ ^ toti* l)t dS. 

Je Jo 

For tha ellipse, tako r ^ cos v, y » a sin v and find Its perimeier 

ran 

s' •= (i — i fin" M-jl 

9.602. Litie Elements, (i} For the ctinje ^ven by x = i(l)i y = yjl), 
2 = 2{l) 


dit‘ = {*' + 
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(ii) For the sittfaw givsn bv » s= asftt, ti), y = y(w, »), s = a<«, fl), 
di^ = K du* + iGdv rfif ^ F wliere ^ Zx*. G = 
and thi) arc of tlic cim'e it = u(i!}, o =3 (.<{(:] on the Riirfa^ is given by 


f. 


(£i* + aiSttiJ + Fi")* sft. 


If the co-ordinates are orthogODal, G 0. 

(iii) For the change of variables given by B = *(«, t), iff), y = y{a, o, w), 
f ~£(U, W)f 

•is* “ Jii fiw* + yii dv* + dw* + 2yrt di< du> + %jn dw du + dv dv 

where yn = raf„», Jji 

yti = Bod die co-ordinates ore orthogonal if ^ = y^, — 0. 

E^mpU^ Fimt tlifi to4Al IffiigLli of Uifi plKiii;!> m^rire by f ^ 4(1 -f' erwiB} 

in p^JaLT uo-Drdjnatm 

^ ^ # = 5 1 3n «m = M. 


9.603. Pia?i« Afw, (i) The area D iirjucLiiEKl by u emrv^ = /(jt) 
(sngb-valued, > 0)^ the x-exib p = 0^ nod the ortliuniei^ x = x = fr 
ifl gipEo by 

=j /{»y (* > *»)- 

(ii) The ar-en Q bounded by a uloaeil curve in the ^ ^ S plcine m 

when the variables arc changed by tneans of the oquations x = b(w, v), 
y — y(u, v); and I?, is the area in the u — v plane t^t corresponds to £i. 
If the curves u = constimt, e =« constant are unliogonal, the line 


element da is given hy dr* = A* rfu* + ^|dp* and 
In particular, i? = JJ r dr dd in polar ecK>rdinateB. 


dv. 


(iii) For a oloaod carve the area X? may also be eapressed as a line 
integral in various ways; 

£? = 4 a;dy = - 4 yir = 4» I«dy+qy dx , 

T e J c J e P — 1 


ip^y} 


} ^ (* dij — yds?) == I r*d8. 


{iv) For & curve in widch y may be given a& a funetiqn of 

or X a fuBction of y, or r a fuwtion of 0. 

= J (jfi " yttfiJ- ^ (i]i gnadratic in dii^doD OF.) 

(h}j qiLadra^ in dtreotioii QZ.) 
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^ — i f ~ {Fig. 4S fnV). qqadntic for a ^ ven 9, 0 outBid«.} 

J m 

rSit 

I3 = iJ^ r*dQ, {Fig, 42 ffoJi quadratic fejr a given 0^ 0 iiwlde.) 

Examples. (]) Find f-ll^ t^rni of ths tlirH> porta into wbiCiJl LIid ciiitla 
j» -f »= iff dirldprl hy t.b?t ponbolm y* ^ iax. 

In the fij»t quodrjvnU tbti rnrv-ta oacct at (4a, 4^} and tlkt of each 


of the eqauJ pArt^li 


n*.- 


j i> 


jCjJfify whcirD = 4 a — iv^flfta* A&d jr, ^ 


Tbti ta «iuii]y sh^'n u> bb 4 jTa^ — Tint ibiitl |i&rt If aim* + ya^ 




UV\ 


FIQ. 42 


(ii) Fitid the area of # loop of r* = a* i?ofl ^ 

Horn chic origin la oA the ciuTP (ind 4 loDp ia dpt^miiiiH by the jaton^ol 
— < # < i.T. 

Tbui the mrat = J a" «m 2^ = Ja*, 

&.W4, ^rea^ 0 / Cun^ri 5wT/afi&f. ( 1 ) FoJ: the aorfhee gi’ven hy 

or = x{u, tf)p y =3 r = t{u, v) where 

dit* = /? dii^ + !if dff dn ^ G 

the area det«rrjiin<iil by a region fi in tlie u — plane h giiren by 

s ^ j j V(Jff - jF‘)d« du. 

Ilert £ = F = a = Ex\, EG-F* = E {|^}* 

For orlhogeuMi 'CO-OTdiaatee F = 0, ds^ is of the ferta A^du* -f- A| rfo* 
and 8 JJ AiAt du di''. 

(ii) For the Eturface given bjf , = i(». j), the area S determidEd by 
a region Q in the a: — y plane ie gtv«ii by 


5 = J| (I+yi* + y*)*(fcEdy 


where P = Sj, ? = ^. end , ia fungle-valued. 

(Ui) For a branch of the eurfivce given by F{x, y, e) = 0 


<7 


ff (F* + fi^+n)* 


A. ' 
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(iv) For the surface obtained by iDtatin^ an arc PQ of the curve 
y ^ /{x} about OX, N = /(x)iis; and for the surface obtained 

^ ro 

by rotation about N — 2Snj zdit where ds may be teplaoed by 

Examplt^^ {i) Thfl ate* obtiuikDd by mlaLiiVj; about OF the uro of tha oalasuijy 
if = a coah — from [0+ e) to ia 

2jtl i flidih — — 

Jo Jo ^ ' c 

XA — C^J, 

(li) Find tbo portioii of IIh ntrfaog 0^ ^ LotoroepteJ by thn 

** + 

Km ctp M of M J^p ~ JJ ^(a* + X* + ttt over tbo araa of fcliiB 

fiiiob a:* + |p^ « 6*. €tLflJi^ii 45 to iwlar oo^ordiiiAics, m = r jf ^ t iia fl, wo 

liod ^ ^ ffvfa* + «'*>' A- dm - ^ f(a* + i*)! - a'J. 

■O' 2™ 

9.G0S. VdumM. (i) The volume V cut horn the cylinder of croas- 
^ction Q(x^ if) whom geiiemtor^ am parallel to OZ between ^ = 0 aud 
z =/fe yj {gjnglc-vain^, > 0) ifl given by 

V = 

(ii) The volume F detennined by u ckxHid &iiTf^ is pven by 

'■■ “ lllr*'** “ 

when the variables are cbnni^ed by tneuim of the e<iyntionF # = v), 

y — y(^, iJ"* w), ® = £(«p Vp «i), £ind ifl the volonjo in the u, le apac* 
that eorreapojidis to V to the jp e apoee. 

When the u, tip w eo-ordiniites ufe orthogODal, the value of ds* Ih of 

the form Af fZu" + rfir^ -|- AjifiuJ^ muJ ^ In 

particularj far xphsrical polar cro-ordinates F ” j'j'j' 

and for ctflindriail TO-ordiiintea ^ pdpd^dz. 

(iii) Let i? be an area in the x, ^ plane for whidi > Ot uid let thia 
area be rotated about. OX through an angle 2n forming a volume of 
mvolntionH 

The element of length is given by d#* = ctr' + rf^* + #* where 

4> m&aftuma the angle of rotation- 

Therefore Fif the volume of revolution is 


JjJy Jjsdydi^ = 2j|jj ydzdy. 
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Thu nmy be expnuased w any of th<« lln<r intcgnk 
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(P 5^3?) 


Pj = — dx = 

^ r“ flin 6 ^ffl. ((? beiuj^ thq boufidv^^j 

Siniiliitty if a > 0 in tlie vuluiiie T*\ obtaini^ by * re^liiticm romKl 
or is given by 

I*", = j" ^ ^ 1/ '=' ^— jjcy ifa: 

^ T C 3 T a 

fiv) From (jii) we dodooe when th^ boundary m quadiatic m the 
appropriate diction that 

Fi = a| — yi)i(fx — 3^1^ t*j — djf = Iraj (fJ - r|) aii 0 

r, = Ji|^ («f - = afrj^ ,(y, - dx = |;tj (rif - r|) cos 0 


dS 


in the notation of Figr 4Z (i), {ii}, (lYfh 

In particulaTp take the fuc of the Gttrve y =I{^) (for wMch a; > 0^ 
If > i)) fcom P tQ Q, and suppose for mmplioitj that /'(s) is of eonatant 
aigo from P to Q. The volume tr4iL'^ oat when this arc makes one 

revidution 


(a) about OX is jeJ^ {/(si)}* dir 
(ft) alK>ut 0¥ is [/'(a(:)|elir 


^whate xq > Xp 


and if the arc^ Is given in paler co-oidbiatea by the equation f — f{B} 
(singb-valued and >0), the valuer of these volamea are respectively 

(«) {/?e)}“Bm9<i9, f^) fJi£ 

(v) If the Ijoundaiy of the eloaed surface is quaihratfc Id the diiectioD 
OZ and D lb the projection of the volume on r = iK y ^ 

in the usual notatioap and the boundary of ia the curve £| — i, = 0. 

(vi) If the urea fornie>rl by the ficctian of a volitme for which, z is 
tiled ill the volume Y in given by 


= I 


where Cp (7 are the lower add upper hoiieds of $ in V. 

21 
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Examjdej. (ij Find the volume dcli&riiilaQj by 0 < j ^ — fl log [a"/a" 4* 

wbiire 0 > O i. 

Thia <irooa<«!ction for ^ givwi t li an csUipic tif ik%m »«-■/»„ 

Thfr Toluinc u t.h.'on.'fofD I di = l-'mfen 

Jo 

(ii) FiivJ tbi} obLninMi by n iirvolodun of tbr- -irnrvi! r ^ a -\- b 

(a > about; OXr 

V = yJ 4- fr opa flin -h &■). 

[tiJ) A hole ^ bored lbroQ|];h iho liolid =• fix (o 0)’* aud iho *31089- 

Motfciil cjf the Bolid ii bounded b^ z => x* = a~ PM* a (^i b > i>). Find tlio 
vuluiue mnuvod. Tlip pioj^ioo on z = d of iho ^oiuitiQ rtiiiKivpd 1# bounded 
by al — ^ Qoa^ and pert of tho aSzeJa as" + ^ ah (^ =« «, 0 « ?i — a 

Djid Uai ^ een = ji + ij!J = Slt — (t (r* 0 Wing poldj: oo-ordinalita of the ^ y jiktic-J. 


Thii^ 


wbf^r^ s. 


(i - dsf + 4|| (li - dy 


1 X* 

-{** + y*}, 2. ^ ^ j 

I j /- -z aoM**' 


r ■ i/aK fl « lu :™/2 ; -4, is tba boipnd^l Iw X 

y - 0. 


.4| IE the tLxcE dP'tt^riTLiiiod by r — {i to 

\f‘fth !3 r ]^ = if T4141 H, 


Oil enJuatlon V wilt be fdond to ho 


G- 


^ + Ejn B 0Dfl «] 


(iv) Detertrtakir the Toluino in th^ laielAnti (^ + * y -|-» 3 -h) Isoondod by =* c** 
j*y ■ ia|5, »= iy" = 6j=» xy* = wbore > O,^ 6i > 6^ 

Take u ™ “ i’y/f I Iff = then 

_L * A it _ S- 

uw 3(i, y, *' ' d(it^ v) ~ 5np’ 

Tbe rcquitid vdtumjd ij» ^ j" da j* ^ j" ~ =* Je* log Iqg jj^)* 

9.61. Liuei Surface and Votunie Integrnlat if apoijata 

fl 

fuc given and a fiinction s) we cati catU tfn ^r) 

i 

/undfon of ^ for tliese n pDintHn 7k^r mcjui Vfilun nf ^ for t int points 

1' 

rf wc Bopposs that m, [Kriuta ooiiiuidfl at s,} the lune- 

**1 

apoudiug sucn-functioD is Sj,) wlien* the nittubcr of {jdinta n 

j 

• . ^ * 
is and the menu vnliie h {£m^x^, A real exteaeion 

% 1 ^ 
may then be mafie of the mEaning of tlie miiii-fiinriion bj supponag that 
the numbers ni&y be uny real numbers positiFo or negative^ The 
number miy then be appropriately called the wsight nssockt&il with 
thn point (x^, s^)* A further extension may now be made to can- 

tinuoua di^il>utiDns of points by ii^g the propertLea of Lntcgmls. For 
example, bt a volume Y be divided tip into a number of smaller regions 
of volumcB and let the circnmflcribipg cube of be denoted by 
If we make the natural asmuiiptmu thut the moan value of ^ for the set 
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uf pobta % is ij\, I'J wliene (a*, i') is samf paint uf X^, thon 

tlis snni-Aiactia'ii for V is aioce tbia «mu tcods 

to the limit ^^x, y, (wlieu this axiatE) ^lifn the edge of 

every teodB tu xerit mid when {f', ly', r'} is anij pakit of Xj,, the tiiplo 
integral ptovidee a tistural ilefiMtiou of the snm-functiuD lor a wn/inumia 
dutrihgtioh K. The tnenn value of 4‘ throughout V in then 

^(^1 i/. n^dxdads. 

t^iniilArty the HUin-fimcitiioii far u surf act Libtributiati of arda S ia giv^n 
by J| tf, 2)rfA' and ita mitan vahie m tho rjuntiigiii of tlibi iiit^^gral 
by ; finflilly^ Bum-fimctinn for a linear di^t-ribul^iiou nf laiigth j ia 
given jp E^cirl it& mean value ia tko cjuotiefjt of the* inki'grftl 

by 

SMi* Mtm atd IhnsilT^, For n inasB M occupying u volnitie V, the 
tnean demnty h dblined to be M/V^ If n small cube of aide c luid centre 
P(j(r, j^p 5) is toJecTip the mean density of the maas m occoj^ing tlii& cube 
is m/c^p and if this tends to a Emit y, 5) wh™ c tends to Rfero, , i) 
is tallf^rl the at P. We deduce therefore that if c) ie the 

density at F of a given mass occuj>ving a voltmiB F, then 

•-E p(r, y, zylxdydz. 


Essiniplt. The deJuity al, a pomt af A PcJid PphjCTt of fiwliu* a and dVntr^ Op 
it g^on tc bo 

pa (t -h « cw + ii:*i[3 ClOfl* 0 — 1)) 

whm $ !■ aj^ op nmkjzn wftU ». isH fwiiUA 06 ^ utui i Uv cObBUnta. Find 

tho mwi 4aii4ty+ 

Um aphoriod poIat cg-oidinAt.«* n 

Thcti t43Ul mjym — f -h &»*— LJ bIb. e drdB d^ 

= “ {cca If -It -j- 

— 

ll^bfiEeforL-' Iff, Is the mean deniity^ 

S. 63 x The ytth Pomrs of Di^lan>Ge&. A problem of freqoent osocurreiice 
is the determinatiotL of the suin of the nth powete of the diataiiDes of a 
set of iK>ints fmni (!) a given jmini, (ii) a given (iii) a given 
For these three caaea^ the relateil functions ^ arc respectively 

[i) + [ff — + (s — T^'here (a, y) is the given 

point. 

(iij rfM(s^ r)^Niy fi]v+ -^-14^^ y)}* 

if the given Un€ has direction coidnefi i, xlJ, N and pa^s thm »gli {a, y), 

1.0, when the line has the equation (as — -x)/Zi = (y — ^)/M = {t 

[I* + ilf* + *V' - J). 
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(iii) (Lx + Mff + +Vi — i*) w if the Donnal to the given jita'm tiaa 
direction posines Lf My N mid the ijerpendiciilar from tlio to the 

plune ifl of nbeolut# magnitycb P ( > 0). Wh(m n La odd, t he uxiireeaion 
opponte on oppoaite eidea of the: plnri^. The pmUm iid@ of 
the plane ifl the one that containa {Lr^ Mr, Nr) where t ia large and 
p<.«5it.ive. 

(J) Find tha fourth po-vvors of the diatoikods of the Isolate of a 
aolid iphoffr {fi3Mlit3fl a J- froni a point P diatoiit o frcni tiKi oeotro af tht Aploim. 

Talte th» equBlion of the aphafioaJ iurfaM w jr* + + =■ = a* aud P to tw 

llw polut (f, 0, OJ. 

Thfin the Mum of the foLirtb poww ff / = JJJ [(a* — a)" -I- y' + dx rfg ds. 
By tymm/cirvy the i^trifaution of odd Uinm h Hsro* (md tbnrefons 

J - f/f r {f=^“ + + ^ + + s^* + 

AIm ^ 4- + j'jckdyi'h, by 

Chat^dug to RplLi:?fiChbJ polar 0 O'OT\U£Utt<w, we hxvil 

/ = + iHjr'dTkOdriifl = i?iaV + ’h 

The foiiclb power ta thdsrpfiTFs 

(ii) Fiud llio metin aquiin^J iliatATioH af the potnia ckT Lho wholn amhura at a ishiAiMf 
oyliiMlDr (height A, radjua a) from the eenlre of oqq of ita rmla E, 

r 

Fkkr tbit imd tho jiuiu ia \ Errr^dr ^ Jjio*. Ifur the otbi’f «'4 kIi. the iiim k 

Jii 

J 2jir(r* -f- A*JoIf « For the aurved iudAeoi. tins mujil ia 

??tflj" {x*- -\- = S™A(a* -1- iA*J. 

The total jiurfiieo ia 2.Tia(a + A) And therefoM the mwi nquared diataano ia 

+ WVffl + h). 

9.631, Mtian LtHtan^ffom n Plane. Mean Csn&^jr. Ttiir^ n points 
At [s — 1 to n)y with weights The mmn dist-aiane q{ these 

poiats from the pUae + My + = P is 

- Hi 


where M — i.e* ia i ti* tiiatonce of the point x, y, i from tile plune. 


where 



£m.t. 


The iXM)£diaateB of lliie point G are independent uf L, M, N, P ^^ud. 
therefore Q depends only on the relative po^tionx of (x^ z,) and not 

on the fmniework of tefemnco. The point ff ia cttllml the mean centre 
(or wnircil). 

For A continnons distrihiitioti V in three dimensions 
Pi? = III ^ dia: dx, = III y ffo dy dtj Fs =i ||| x dzdy tfc 
and there ate Abnihir foTinuliid for areal and distcihutions. 
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Smnpltjt. (i) Find thi? mvMi CCTifrc of tho rtrfifr the ejr^kHd * <?(fl — *in OVh 

« «- ooft 9), rtwomed tw the mt^rral 0 < W < 3W. For tbc dji^aloid 

d* = Sa flin ^ d&t 


Th(«loraf!|^ ^aini«jfS*j il( I - Cta OjSa ain t20. 




H.' 


■r 


^ 44^ = lea^l tin»^d** = #?}; '^r ^ 




Jlj symmolTy £ * 

{ii) Find tbe moiin. eeiitre of th© ATOa boiittdiiMl hy it loop of thu cntve 
Jf* + (* > 0)- 

Tnke V = x^/4ay^ P uj Thm thn lu^ A| in the -h-^ pLan-B £■ tlte 

limit of tkvut dEtermiW by i) < e, < «. i> < t* < v, u A-v < h when ii. ^ | —> ^ 1 . 
Tiiui if A ctenoijea tbo ig^veo i43m [whfn f|. fj fl) wr> hftTo 


AjB ** 3:rird^ = fldnd!f> = 

= IJ^ Udxdy^ j 


fftt rit 


r* np) n«3 

In A7/, it- fe siKiwn lluitl ii^"l(l - > dit ■» y,— - i^ > (+3^ 

wtlfirtf« /'(ri ja tbo liUTtEilK FuoC!tLOai, md by wln^ tfui prapertiBe nf Tbfi ^Jiwnmn 

jt 2 

Futurtirm* w awly fitiEl thmt Aj^ 




A 

HnySa 

~W 


jicril J = a. 




2 


jf 

(kil> ’J.’tie ptirt erf the omtPEiBTy ^ = e ocmh - between ju = t> ajid x = 0) k 

nd 4 tUiil 4 ibcitat oy tbrtpii^h 2 rigtit ahi^Im. Find tbu jdebu iwntrw of llae 

geiifTAtiKi 

Rw nfjr - otiih *d!jf; y 1 Sftjf -SIff I i(* i £ ^ ii i oil oVblURtHJll, it wHI 

<= Jrt Jq 

twH ioima timi, — ry^ -f- e»)^ = ^ iwf p where ^ii = e ainh y/c, 

(iv) A bAUX tvAlf-ring k furntoil by rot*(iiig thn^ugh HW' li oircla of miiida a 
iLbodt ii line in Vti piano dklaiit c trtim lih& (« > ft). Find tlic dJktJinEn v( 

Itfi tnMn ccutre fmm ibe plime ponin^ thfcugb th*^ (iiroul4r ervda. Toko tbo lin/o 
M OZ Aod the initifti poritinn of tim idtde u |jc — e)* H- j* = tins dinsrUoii cf 
potntion being from OX %/> QY^ lTnjnj| e^^liiajliieAl co-ordinoties^ vs ha™ 

SIJIp djj dt ■= f J/p* sm ^ di 

the iurfftoo bdljip Ip — cs)*^ 4- ^ a*(0< ^ < sc). 

Thu* ^ p - « + Jie«0. * = iJidn 0. -nd 

p < 0 < iT* 0 < ^ < a. Tboii S = - 

9JS32. Pappus'i (or Th&irmyt, These thedfemB deb&nnine 

tbt Tvktioimtip of a plimc aim (ctf Me) Mid itA moan centre with the 
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volimie {of aarface) obtaincKl by mtAting that arm fnr arts) ab&ut n lioe 
in iU plane wliii?b dotia not oofla it. 

Thiia Jet fjj! be the dJatance of a point on a pUnn aro » fruni a line in 
its plane (not croaaing the arc)* The atirikce S abtained by rotatieig the 

nre about the Hne tlufOQgh an nugk 0 h givon by S = J 

where g is the dieteince of the niean centre from the line. 0^ is the paik 
□f the mean (centre, Agftin^ if is the distance of a point of it plane 
area A from a line in its plane (not crossing the ntGa), thi?D Vt the TOlumo 
generated by rotating the area about the line through wn anglD fl bs given 

hy ^ ^ J J ^ ~ 

Thufi: If u piane inert {m), of mcastire A hi rotated through 
in angb 0 about a line Lu its plane not crof^iung the ami (arc), th^ 
V (jS), the volume (surface) gcin^tcd k the product of A ri nd tbp 
length of the path of the moan centre. 

These theorems are aometinies usefnl for caJoululitig (a) tlte petition 
of the mean centre^ (6) eurfftces and volumes of levdlution. 


Examples. (IJ On thji» mAns of ji nrjuntti cf Aiil-n tu cmuJLat,< 2 r*l Inasigtrw nrf 
CDnitruLiU-d. Find the vDlimitt m\d thfr JUirfisCTi whan ilia 1iy:iin!i \ti rotaEad 

abcut tLo fuurtli ftidfl of th& iqu4Wp In ihk cuuni the miMin DKfnt.rw tif ibi^ varEous 
jiftrte of lht 3 nfoa luid porimot^ir sre obvloun. 


Thun 


-2-"'('‘‘I 


+ 2 


aVa™ nVa/ «V3\l , ^ 

— 2 -H - 4 —(" -I- "rt 7/ “ ■' 


Knd .? = 2.2jf|(l” + 0,^ + u(« + = f™'!# + v'aj. 


(li) BCEF is a rw:tiu;|3fl m vhk]i EC — fr, CE == a. CB is pffKlufHyJ ui -4 and 
EC to D, Bit =a CV^ « a, llie points *■!, F bib EonnociE^ by iha rpiiulnwl 

of a drdJe of ctsELire B^. and] tiii? paintfl f>. E by Iho qnRJrimt a (rirBEfi uf t'fmtrw V, 
Flnil tho dlslimw of tha mmn oeutr* of Iho wbolo atoa ABCi^EFA fniTri A 
ttud also ibia mnan cnntTc of the wlido prriJinitci* uf tblfl as^ 

Kotato Lho Gguro about AEO f} thmuj^ In this ebeb^ ibn \'iTl4ui^ lUtill th() 
iiurroiin haVB □hFlouB vs-timi, 

r A,m» +^b = i fiAj; ]?, =. ^ 

S = C-M* + 2nntf - 2ny,(2i« + iJi + jw): = (fl'+'a jir+ay 

!tjS34. Sqmred Dialanct* frotn a- lAm, of iHertia. The 

iFnoment of iMcrfk i of a fiyfltem of lunssi^ {s^ I to ftj sdKJUt a given 

line is defined to be Z^nJJ^ where is the dietance of m,, from the 

We therefore define the moment of inertia of n continuoiia hiel^s A/ 


occupying a volume V by the triple mtegral / =JJJ where 

p is the density of the mass at (s, and D the distance of (*, y, s) 
from the line J and M is given by the integral JJJ p ife tfe. 
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Till' liK’ttn vjiliic of pll' for the diHttibiitwn is l/M and its value 
in raltod the nufiiu! of about tlie line. 

IL OH is often the ease, p is couBtant, then M ^ pY and 

th^dydz 

ito Itat k* ifl iht mciti] yqiictml distance ismm tlie line of the pointa of 

If we take p = 1. then / = ilfi* = Vk* -=• jjj D* dsdy (ii. 

Li't the orij^iu Ihj token ut o ptutit of the hue and let the direction 
CGHines of ^e luie be 1, ni, ti ; Lhuu 1) is the taodiilus of 
+ + =k) X t;i+mj + ^k) 

ill the UKual notation or D* = — toe}* + (ft — ww}* -I- ~ ^3/3** 

i.c, / = Al^ I Bm* + Tw* - iHhi - 2 fj»w - 2&nl. where 

^ = j j j (y* + a*)!f£ dif Jz] ^ - JjJ J dz ; 

C = JJJ + ds; 
P = JJJ ysutedyds; "^JJJ ^dted^dz-, 7/= Jjj sty d* % dj. 

Tfiiia At B^ Q are the maiiientE) of inertia al^out OX., OY, OZ respectively. 
Tlic quantities F, G, 11 an nsUed the 'proAw^ of mertiu about OX., 0i^ 
OZ. 


{}JSM. Ths ThtaretA of ParaUel Axt'.H. Prinripid Atw. The moment 
uf inertia about a line parallel to OZ thrmigh y„ D) is 

Vi = JJJj^ft^ ” ~ dj/ds 

= C — 2j/uJJJ y ilx dy dz — ^ d" 

=“ C + H" iffl) if tlie tirijjdii ift till" in&an centre (r. 

Sinoe any giv&n line may bo aa tin; '-JLxifi, wr dcduco that if 

/ ijn tiio nioiuLiat of ia^ia any tine and Iq is tho tEH^tnont i^f inertia 

about a parallel line through G ^the mmti CiCBtTeJp thftn I == 1q -\- M.k\ 
wJiere A is the perpendicular tlistfinco botwe^jn the lines. This result ie 
called the Tht'^rem vj ParaUd 

Similarlyp if A, B, C, Fm f^. ™ rnomonits and products of mertLa 

for roctaugidiir axes through G, the con^pouding quantities for parallel 
oDfea tlufuigh my point (ir^ 5*) are given by 

A I — id -f- Af(yil + ; /^| ^ B -h M{£f^ - 5 - x ®); + yj); 

F ^ My^^; Gi-G+ itfEijX*; Ii, — N + 

It is anfficieuti tlierefure to find thi? vsIiieH of A, F, (K Af elms 
through the mean coatro, 

A further simpbficatidrL tan be mewle by choqaiag the axes of refer' 
ooeo in Such a way that F — G — H — Q and in Guch a case, the axes 
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ate and A, B, C the priimjkil tiiwmcntu of iJiertLi. 

For a disciiHaion of thh qnef^tion^ referenoe may ho nmde to T/fothn on 
Rigid DynainicB, but it i& wcsrtli wtUo noting that if a, ^ Are two pianos 
of syminctiy at right aoglea intemecting in X the prinoifni axes at any 
point P (Le. siicJi that at P, = O) in i are ! rtnd the two lines 

drawn from P perpendteuiar to I, niie in lavch planr. In thin case t 
obviQnsiy contains G. 


Kxanipi^^ Fincl / ftirr n rcutAnj^iln.j’ imm-llelopipud «f a, b, r about i-hc 
line lliwu^h tbs osntre of a face whtMe ptUpts iinrd, ft and » ntimerof ihe 

Tjkko th^ cGntre of tlitt Ctcp as a™i the AXca OZ, QV\ in tbe 

4p ft, i*Bffpecti?dyr Tht^na aro ob™ufl|y |pHMiipaJ (by iivmfisetrj'jK 'Die 

taIuui ivT a f Bi V for lluiw ufi 9 are 


^ = JJKSf* + **J( 4 r * = >/(— + ^) i M 



The dimoftian. ecoiniK' df ihe ISne hevi ft, 3 c)/v'(“^ + f' 


Tbub 


d*ft* + 4 a*fi * 4 4 ft M 
" + ft* + if") ^ 


J/cMMPn/tf tif ItuTiinfitra If tlu- mrlid iit » jiljinn 

lamisB, of arpn A, Bniall thickTi<>«a fi hfld dcnfjty /i. I.|ii' [mrblcrii otMptfr- 
miniug momenta of mertift teilua?^ to tliut lif liTtiJing flm flum nf Hit. 
Eqnon^j of the distancea of the points of an ami! diatribulion A. of uniform 
mr/ane density a = pit. If i» is talten to Iw* unity, tlie mnsH untJ the 
atea ate raptEfiente^i t^y the wwue munW A. 

Take O in the plane of A and the x-asU [H^rpeinlinutur tn A. Then 
/, the mgin«nt of inertia uhont nTi (ucis thiougli O with threirtloTk eotilnes 
(I* m, m), ia given hy 


when; 


* sJ* -f- yn* — 2 k 1 m 


« = ^y. ifa rfy, y ^ i = jj rif rfx dy. 

If the nscs OX, OY ore cliouen od that it := <J, they Jiro pfim^ifial ajue^ji, 

For example if OX or OY la a iitic of 
syminetij, ^ is obviously aetirj nnil the axes 
are prineipal. In such a case 
7 = hI* 4.^m»+ 

Aivimjileifi. lijf mi iaciBc^yii 

In whicli AB - AC snrl Bfj 2a. FiTMi 
Ln ttirtnB of a Jtnd h fllic?i dtitude) 

(E) tJiB wnm^nt# of Inmia nUmt EC mid 
tlM2i blAGclfir of Mpie A ; 

[li) the pfin^jidl tki it {Fiif, 4J.) 
fi) Tbe nscJincfll tpf iqorliA itbcmt BO is 
etjiial lo 
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Tlii« luome&t of {iiMliii MlnuL AI>, ihc Ijdseutor, m 

(ii) For tho sjcm Uinaqgh /I jiornJNil to 4J^ 

P ^ - iJfrt"! 

altfCP n M- ; BJid 1: = dxdff. 

In the intcj^id fur iL^ jmt ^ ■= j — a. llien 

it - fj(f + - bA,? - Jf 

If fi HiTi 0 ^ p ^ ^ II in n prlucipiil itxki B 

|f(jf fliii 0 1 ^ ctJH C?Ka^ + p sin 0) die rif^ - 0 

i.n, "hi 0 CUB — 4A") = (cai-^0 — sin.'0^-;r tw tan !iKl = =—=——^. 

3 T-S* -- 


(LI I Find the mcimonl of inertiti abcut OZ r>f the Bolid cUipMJld detemdlwd hy 


i.i + 


fc> 




^ - JJJ ■* ill I’ hhi^yih^. di df^ dj wlmFc 4 r = fff, 

p - s = fnT Jmrl }\ H lint H.|»berc by f* + fj" + r* = U Umng srmmptrj, 

Ift# find / = -H A*] J|J[^, f* Hin 0 dr dip where the variablofl ire c-hAil^^ 

to sphEtficfli patftpi from f, ty* v niid i\ w thr iinM- ' “= * I i-*- 


/ - 




IS 


H- h* 


(iii). F^jfii:l in tenuH uf ihc momExittf and piiKlucl* of iFiPrtift for th» inwi nmUe 
fl) tht^ *«m of ihn iH^uiiftri of the distances tit the pomtA qf a Tolqmri T fmra the 
poirit ( 7 a» Sp); [2) I he seuh cf the fluanroft of the of th? point# from the 

p]iwi (ar ^ p(L" + nv" + n* = 1 >. 

(1) Sum = J/l ^ t!fl! — j:#!* + 4- {3 — 3p}" K* djf dfi 

« J(ji + E -f f7Ji 4- Vlx* + -1- ly). sint!e 0 ie th& fni«n oenlm 

(2) Sum = + m}^ ^ tti - p)» dg df rh 

= i(W + € ^ + 1 ( 6 ^ + 4 - B)m^ 4 - i(.^ + # - 

+ 2 Fmn + + 2 mm + 

ifr) Find the tjiomceil of LEwrtm of a miifoni] thin hollxm^ nplifre of ms48 jlf and 
raditu ^ Ahiml a The nbomiint of iiuFtdA 

Aboqt- A dilUEieteJf ifl JJ(±^ H- if we take the 

ef|ii4.tion of like MphL-ro ilb ;e* + i* = By 
nynimttiT this u 

IJffs* + y* = ma\ 

About B tangenit the munienr of Inefliu 1* thereferre 
5Jfl3". 

(v) Find the Toarmenl of inrttiB of b uniform 
!«5lid cirmitar conn nf lw^^rftdiu» U- and hciifht h, 
nbiml B Jine that TTliOOhi the aJLia of ike cone Bt 
dhUiinur fioTik the vert-ex lui'llned to ihc p-tii" at bU 
allele (-Ffp- 44 *) 

Let. OZ be the axin- of ikc ewne and O the 
Jmkst the eq^atifki) of the iLne to he 

j cm & — (= ^ ft] nln B ^ fi. 





nit. 44 


9 
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Tliitti f-J-JJpfxocBfl-(s - Ultra01*+ir')<Einiy45t. 

Nwf j;/i* di jj it =. nr?* 

= f jfK®' + 

in o^^SiDdriool w-ortiiiu&ts. 




Hkie gives -| z^iAtk^%d£, (when ot is the Kmi-wrtleimi-Mgte of qqiijd) 


™ tan* a * 


Uiz^djidi/ 


f.V r£s Jt 




;j[|jK dxd^^^0 = //Jap JJ/= fte rfr/ tlz = .Ifj « }J». 

Thprefcinj yw ^ + 009*=#) A- — Bin* 6 + A* mn* 0 — -^ nin* 

Af sa.^ ^ E 

* /-Jf{“ 0 «*fl + (^+^* + fi* -’^).tn»fl}' 

In p&rtiDulDtr^ thxs moment oflniirtift about 

(i) im axis parpeiuUnuliwr to JiaiB at cane pfwng tUmtiglt t(K< Tcrttir 

(fl -l»’. 4- Dli, J/(^' + ^) 

(U) B diEiiiDUir of fclie baee ($ " 90", A « A} U + jy) 

(Ui) on axis perrpendicuUr to nxii of eone pAea^Tig tiirough the mam acntro 

3 a* 

[ly) the aais of iho coco (5 = 0) ts 

a>{a» + aAi'*V 

(tJ a Bpnwntor {0 = ^ A = OJ ii 

9jS4^ Fluid PrssstiTe. Centre of Prexmre- It is ehowti in the th^jory 
of bydrostgiticd that the normtil l^twt on otm aide of n plane Aten A 
immersed in a flnid ia givnn hj p{ti\ s\ z')^ where p {on invariaEkt) in 
a fundiiqii of 3t, y\ i, and (af^p a^) ia some pomt of A. Wc eioducw 

that the thrust F on one ride of a utiilibee S is given by tJio surfitciB 

integral pdSN where N unit normal drawn to that ride of Su 
The oomponente of the total thrust on S are therefore 

11 pndS, where I, n arc the diroction-DORinea of the narmaL 


Ji. 


A rim pie luiaes when the only external force acting on the Amd 

is gravity# the pre^uie in that case Imng proportional to the distance 
of tha point from the free Burfacei Tliua, if we negteot atmoapheric 
pressntD, the presanre of a liquid at & depth y id where la the weight 
of unit volume of the liquid. 
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m 



ftii * I ft 


The T&t<;U Thrmt a U^iid midisr m a Plane Lamimi^ 

Let A pkne kniiDa be wholly or partly LiniiLGrBed in a given liqtiM. Take 
OJE in the free Bo/faeo End OY in the himltia at right angles to OX 

and downwaTcis. (Fif. 46.) The fcnta! tbrnst = JJ 

where is the area iRime^d and the kmiiLGL m inclined to the vertical 
at an an^lc fl (^ ic* the total tliryst ie 
equal to where h is the depth of the- 

mean gentm of A If 0 = £W)°, the total 
thnifit ifl obvicniBly A where h the depth 
of the lamina (which is horiiontalh In all 
eases, therefore, the total thrust is the pmcluct 
of the area imniormi and the presfinre at the 
mean centre of that area. 

ifM42* Thu Cmire ef Pre-i^mre of o Plarje 
fjamina. The centre of pr&fmre. is the point 
of the lamina through which the resultant 
thrust acts. It is obviously mdependciit of 
the incliiLation of tho lamina to the vertical provided this ts not S0'\ In 
finding centres of preasiice it is suBiejent to asanme that th& laiiuna ia 
vertical, 

(i) A simple case occurs when t here ie a vertical line of symmetry 
since the centre of pnsssnre must obviourfy lie on this line. Also if j/q 
ifl the depth of thf^ centre of presanrej we have 

IIJ = JJ in the notation of last parogrsiphp 

i.e, where fc b mdins of ^Tatjon nf the part of lamina im¬ 

mersed about the line In the aiirface and in the plane of the kniiLui. 

fSxampt^ A «!Tn.i<fr0ulaT Eamlnju radlu* *■!* b complet^ily iniinDnwd in m liqnid. 
w itli I iA Uo^iiwiiTT^ dlftiivtiter LfiriMiUt], upjwrtiKrtl anti at a dtipbii a. Fiini itd utintra 
nf prctmiTP, TJin iwUhb pTpundlciuliir to tins Lxriinlin^ ilLamot-or ia a Uiid nf aym- 
rnfllry. Tim viitue i»f for ihi# diainolor in u"/4 mad tbonifafe for tljo line in 

the surface h pi® - I- cj . TJie doj-ith <if Ll]f> c«?atm of prwure 

in LbE^tvfom- 

Ati* -h 

(ii) More gencrallyi take OXt OY in the 
itnuiersfcl part, of the lamina, {Fig^ 
Then the line in the surfMiOe has an equa¬ 
tion of the form Cos 0 + y Bin 0^ -|- j ti 0, 
(Take ij > 0.) 



Fro. 46 


2'%- = J J fa- cos 0 sin 0 + 5)^ di 
Tl/c = JL (:c coa 0 H" fliii fl + j)y dx dy. 
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whcrr 



C0& 9 + ^ 6in 9 + q)d3‘. dif 


= ^ + if cofl ® X nio y 
and ^q§ ■+■ X COB 0 + fiin 9 

where h b the depth of thft riiftnn centre of dre the radii of gym- 


tioa for Oy, OX refliWctiTely^ and A^X is 
Lnertm for these akih. 


11 




p the product of 


If X — 0^ i.c. if principal uxefl are taken at 0 (for example when OJ 
or Oy hs a line of smmetfy) 


/jjTip = jj -p ^ ® J ~ *i9 + 

It in ailditbii, 0 is the mean centre (at d^jyth t-hen hx^ = A|cos9 
Hnd -= .^in 6. 


Examplr^ A iwtai^aJ Reinl-Lirrular liltlllJA (nwliu* <l) id uJijnersisl c»ampjptfily 
in A liquid wi th rb? upper end of itd botuidiuif diiiiiiHii'.r in tlui huHuhjl Tlda dluABter 

W iaclilKd to th^ nurriicD n.t an an^o !x. OX ilriisirwaida along tho baundloif 

diameter end OY aletpg the Tmlitid pcrTpctaitnlljir In OX* tind t.h« eo-tndmat™ rif 
the omn^Tn of prESHim!. 

Here Jtj = Jt| — awl X = 0 (by nymmotrj^) i A — « ala a + ^om a; 


t-i / 1 \ o» 

^oriBindE; -h ^ -j-BinftJ 


a(i!ii 


mn % + noB-a 




_ 4iik« + — eo* a 

3a 4 


he. 


«birf hin a 


i? 4<2?t liatt + 4 cflfl «y 


<3ff CPU a + la nufl) 

^l! ^9.v ■vJ'n iv _L ^ 


In poriicnlHT i = 0, = 0*. y 


C 


10 * 


■ijiraia* -i- 4 COB a)* 

JT a 4a 
r *e" r ““ ^tT 


ajM? AftraHions, The theoir of pot^nlial and aifrdc- 
/irns prtmdea other illiiEtratiQE^ of the tiise of linc^ atirfitee, and voluaio 
integrals ■ biai whilst some of the problfimj^ pro vide naaful c^xcHaca in 
the direct evaluation of theac integrals, reanlfea may often f>c obtciiDerl 
more minply by the use of general theofeino. 

The attraction between two particles of tnfliwcB mj, niay be mea- 
nnred by mimg/T^ where f is the diatonoc between the maseefl. The 
intensity at a point P dne to a maao at Q, is defined to be the attrac¬ 
tion on unit particle at P of the mass at and ia therefore j^ven 

by — mi/ri in the direction QiP, i.e. the intonsily U given by the vector 
V(n^i/rib The ecakr function mi/ri b called the pc^en^inl at P due to 
the maaB at 

^tdt. It in oa^ly ihewu thnJ^ m^/ri la the work iJe^ue by the attm^tinn cn unit 
particle in bfingiDg Jt bom to miy path llmt doc^ norfi pam through 

For a system of particles at the potential I' — iJ— and cte4Lrly 
the attraction at P i& given by V F. 
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For H contmuouA distiibutiioii for which the deofli^ io given by 
p(J:^ If*, s'), the potential ia iiutuially deiiuihl to ^ 

whcK D ia the domaia for which p exists (p being xaro eiaewheie) and 
r’ -- — *')* 4 - (y —+ (* — z'V }*. 

It is, of course, not immedintdy obvious that this triple ibtogml exiata 
even for a finite doinain (or didribatjon} D, and when p is eqntinnoun 
in D, 

The attmcl iun (if it ia properly defined by andi an integrd) ia given 
by (F,, FJ where F^ ^ J|| K* " ^ Bimilar esprcB- 

aiotw for F^ F,> 

Two CRMS muat be diatinguiahed, (i) when /‘(j;, y, t) dona not belong 
tf> Dt (h) ’^hen P bplongs to A 

(i) If P iM nut u pfiint of A nmy be expanded m nn infinite 
power iicriM in x, tj^ s, luaifortnly t^onvcrgeitt if p ia bounded and D finite ; 
iH* thiit if lit portidukr p is eontinuona ip D, ¥ ia finite and uontmuoue 
and pf^Si^eisefl deri natives gf all order?^; it i& not diflicult to show ftlso 
that JJ3 (ar, v/* benda to mfinitjv V beeoincR infinite bke M/R whefe 
M is the total ihojw of ths diutrihution and R ia the diatanoe of (iC, f, z) 
from the moan point of D. 

= 0, we dfdnee that ^ 0 fnt all points not 


AIbo einoe V*| 




belonging lo W. 

(iij I>it F Ijfilong tdj D Mid Let a amall sphere H of redins c be talcen 
whu^ cfintre is P. The contribiition to due to jS is (in absolute value) 
\a\d^'df/dz^ . , 

where p = mai p m S 

is « 

i,e. this fNDDtrjbutiun tetida to zero ns t —► 0 ; we therefore define V for 

au intenDr point to l>e imi [ f f pdg rfg rfz nince this hmit uiifltH. 
, —*rl j J j il ■ ^ 


E 


Again, cnnftidcr /, 


Here |/|| 


-El 


E 


— j) d£* ik* 




fix* dff* which tenda to Cl witli e. 


Thus the integrd that defines is given by 

p(a;" — x] dx' dt/ d%' 

idlhongh we have Hot pmved that thhs limit ifl AC.iLially the derivative 
of the limit that deHuM F* Aasumpg thia to be true, we aee that not 
only ifl V finite and oontinuouE throtighout l.nit it possesees first 
derivatives that are finite liiid contmuous. Th© Integral that ddine the 
seoond derivatives may also be proved to altbongh the uontribu- 
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tioTi^ due to the email sphere no longer tend to ^lo in geners^, and the 
mtnne of these scoond darivJitiiFfa (so far aa cdutinmty and differGiitLtt- 
bility ate OQUceruod) is directly relateJ, to the nature of the function p, 

{]) Fur A liji'IUckl iliSLUiedi>tkKtl of thoxi ig^ILqi Camera 

///i j f ti/oiX,, trllEjtD it is ithtmiL (Imt in ths interior of D, V imd ita 
firat dortTAtiVtiEl ATO ditfiiMrvlitlilliilfs at qlII jhJmtip and V poi^fiesBOft f^xilinunEK HEKiond 
dcrtTKlivf#. IIld |mx>f thcmD of tbo i^ontiimitj of tbe second dcriTattrBfl 

Utitbin i> OfilLyUFS tllnt ttiE dntiniitjvcs bf p itq bouncletK and inLf^mhiler alitvoogh 
thcaie o^Hvdiliuiu Bl? nrjt nEOBfoaiy, 

(iij T]io proof tkati V and ite tirst dariv^ativos arc continnaiifl appliea atw to- a 
point Dii the boiindiuy of D. Tbo EHsoond diariTatiTiEs arep hownTBr, diEsocqitirmaust 
in gefttiriLl, on iLo IxiundiLry, akico p id, inLjgDDEfrAJp disoonLinuoaii thdre- 


S.firSi. Poi&nati'A Theorem. We have seen that V* F = 0 at an exterior 
jKjint P* PcjiJ!3on*s Theurein gives the value at an interior pointn 

In §§ 9.52, 9Mi wB pm^ivBrl that fi) = 0 If S Ls a dtoaed 

surface, r* ^ — a)* (y — bp + {z — r)*; {x, y, s) point, on S; 

the rate of ehangc abng the (outward) nomud. md (a, b, c] 

exterior to S ; and (ii) JJ = — -tn if (o^ b, c) ia within S. 

Since Y = m/f for a single partdelc, wc infer thnt 

where ilf ie the total nxwi^ within St the nornial surface integESLl q( 
LDtenflity over S is to — 4 je times the total mass coclosed by the 
BurfacoH {Gauss's ffictirm.] 

By Green’s fonniilfl j j urherc v is the vobiine 

enclosed by 

Le. j'j'j' (V*F + 4jrp)do = U. 

If thei^foraV^F *ind p are continuouB witliin we hav^ 

whert i/t'i is wime fj^oint of v, 

Ily taking fj to be a small sphere of centre and radius 

and letting s ^ 0, we deduce thatV^F — ~ djip (at any interior fioiiit). 
This result is known as Foieson^s Theorem and is sometirncs written in 






fiuMjafea^ (i) Let S ha a cuFfoiCrB Dfmtujlmg wilhin^ it or on it no poiAls of Lhf 
dUtfibErtuifi; than V k n^kr na add witbin A 

Taho h' = V^V in FcirmuLi F Ji 9 . 5 /J. 

iiiMj rfs = f;jf 7 Vi*<tv, 





APPLltlATlONS 


$10 


5 

If tbowfore V I? uonatMit on 5, » 0, siiictj « OJ^ = P^ = « 

djf F {a ooiLsUiit iTwnyvIiiiiii in t\m n?givn for •whmh it w rognlar. If iL ii ooiutanl 
tiTor ^ Biirficfi drawn in thmt SiniiUrly P i* ooD^tant in tliu region if iu 

dsrlTmllTo o™ 5 , 

(n) Tha pot«ntiiii oAnnoi Kjivo a in»^imom or iiiiiiiiuLiim At a poinL of frfl4 flpaof, 

Fram I 9,$4 (mj wn h^va -LiF^a, ft* ~ wbtire 

if 41 iurfflOtj dfiiwn tii fros a|Hkfnv (a, £p w point uiikin 8 And r the dlstiwvw nf 

(tfi 6, c) fkuiii a |ioLnt of S, 

ap 

Tjiko S Ut ha Ihfs apboru centro (a, 4p <s) AJid Tndiufl ^; thon sinoB » l> 

aiut jT~ ^ wo obtnEll f'Jfl, oj » i"d^- Thna tbo moan vvlIhb of 

V oTTiir thu iFpiKins in tlw ynJiia ft the tHHilre, Tko fuiidUon P liiimiu-i, tiuiiorofcp 
havo A TiKKomtins or minimum ft (a* &, a}. 

(Ill) Findp by iLiroct mtcgmticnp llio poUniM uid Atttfc-Llon At ■ distiuiL-t! 
frtim the centra of ft uniform willd apbera of unit denMly ftnd lAdioa a ; atviJ “rfirify 
tjie rvaultn |]^v using UmiAa^A tbcnnsm, 

r^ fin f} df HO fM 

f 1) C> i? ; P «* Hi ow a + (tAfciflg BpbcriDiJ ^jlnr oO-OFtUnatctf 

rnforTKi to the centre of tUe iiiihflrfl 4W originp ftnd (Jne point of dldilonetr« 0 £l ^ O), 

£'if'“ iiP 4jm* 

IntcgmUng, wi? find F =— rfv'(r + r)> - - r)’ Jdr = — dr = 

^Jo *Jci ^ = 

4 n: 

(;!) c < o i for 0 r < e — Ti = — e)^ by (I ^ and for t < r < a 


W<l||AV<< f 




Tiimi F| + P| 

4 .TBi* 


+ s^(r-o)i}dr 
+ 2n{4* — t<J 


- af[ 2 

J fi4r 


2rdr«23f*" -frH-Ej"). 


3Li{o'^ — 4^*^) wJmh e —► 0, Im. 

3 P 


P = ='^(c > oK — Ic*) ic<, ITic funcTioitt Vi ire i^tEnotiua at 
3 11 tfr 

— tf, but F*(n ^ U) — >™((i + 01 = — 4 ji. 

OLber^djeo, btiikci 3 to botbn aphcra -oaDtiTc O ud mdiuE e; then an>- constant 

o¥nr this sphere, by flyminciliy. A]iplyleig GauBt^H TheoVDio 

By .1 f , \ ap 4 3»- 

i.e, - 


(1) e > £E; 


ap 4 . SP 4 

c< n; ^ "" ^ n^vina liio Attmotion^ 

tuto^ting with rcflpcci nnd mbi^ the Jiucti thAi (ct) P —► 0 wtum t —^ «« 
(^ 4 ) i" ii c^ouClniioiid it 0 » a» we lEiui tlic Bujnvi vuluiifl <vf P lis Above. 

(iv) The cftna-Bodiutl fjf a ri^l edlid ctrcolaf' c^iinder of onit debiity and of 
hofltbt A it ft vcmi-Dlrelo i>f mdiiia d. Find Lh*.^ itltri^LioEi at the luliil point of Ibu 
tuvUlulin;^ iliftiactor of a eein L-eiiwrilar cikL in the dm^cLiota pcrrpcjidjo'aljLl' tv the 
ruDlftisgolnr fftco uf the eoLid. TIh cylmdrimi cu-ordinatoii, iaiuan^ thu m|UAtioa 
of tbo aytLodricjkl surface to be p and ifiOiiffnring ^ from tho Cectan|:rQX^ bee. 

Thu iolld is given by Q < ^ 0 < = ■< 0 < p < d. The mltCactioii La 

rrflin^dpcfc ^ff p*<^ud= 

JJJ + +*•)«/» 

- 4' J ^ ++ 


A 
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OaAtf ifftAc of fnieffmU. (ij Mcah Viiluf. I'hj^ points 

ju>B i-mkPTi Al tatukhm iMi ^tinight line of length b. Fjjid Ulo tUMti (niim<eraaLh 
ditfUticD erf the intortu^dutr point from tb® mid-panit of Iho lifte. 

Let tho dcgmcuLi mcMimil from i^n4 of the lima be 


i (> P). ^ (> Ub = (> a - JT - ^ PJ 

|o j 

We Lhomfoto ti-^juiru l.hr mv^n vulne i; uf [5 — ' — J^| tetralusdjaii ipvm 


by H <; 3f -f- ^ -I- s < 0 . 

Thn AOl of points tor whiuh z -|- ^ < a/*2 haa tlur aaiiie mLiiUiure aA ihe ttetfor wbieh 
z -f > d./2. Aim ihe meera I'altHi for the occ ivt jh ihc anibo jia thibt for tfab olker. 
Thofl dy 4? = ]f(ln — z — yK® — ^ — If 1^ % for 0 < r + y < 


i.«. 




^ 3a 

04 ■ ' ir 


fii) A BtraJght Einci ia divktDd Into thm parta. Fii»i the olienoe 

Ikat ibew iNWtA form {a) a trLunglop (6) an jicTlLe-uttEktl triengle. 

{a) Let. ^ ho the iHnpthfl of this lhiw> partH wJjyere z* y* » eie three pooitive 
(or stero) naTEibeiii for whinh 0<ir + y< ti, + Tins set of YaJnee 

z, y ii moored by [Jrfr rfy «= Ju* = A- The luveurubki (awen fijo tlms«s for n bieh 
I + ffXi - * — y# » — z > Tp q - Jf > 35 ^^ Le. the uitdrUur of the trmtigle Ai 
delcnuinod by af + y = z = a/S. r = Tlw iiknjioe ii Aj/A “ 1/4- 
(6) For ua Aoale'Wigled trim^D =* < z" + y", *• < p* H- y* < Jt* + z* (sf 
tluaa an gatiFfled the tneogln eratii janto then z + y > i* y + * > Zp s H- s :> yh 
OtjO Act of jUTiita.-F.ftUTabSa o(ie^ ie hounded by llie cUT^cr frf intnTVOeUoil of t\m 
tylknder (z* + y*) ^ (g — z — y)“ with the piojin z -|- y + i » «. Tliw net li 

DiKuunTJ lly ^minDtry, tbim art 

two lather aetn meamiTed hy thaeame uuiuber (thr Linrveft can i Ihi pliuie z -|~ V d~ ^ 
ktLortMK'liog only on the it?(>^ipdiiLato pimtueli. 

3«* 

The fiuimber caf fftYonreble eaaes ib — log 2 — a* aiJid (heri^fiarci the ulimscc of 



m. 47 


■n ftcriit^t-flLnglfld triftnghs k 2 !□« 2—2 (O'O^ 
lipi'arQz;.). 

(ill) Let A^, B be IWft pointe 

flzod on A rod whtrh moa^ea in thn I — y pl&no 
IHJ thill Ar H cfewsrlbo eortaiEi iduflixl ourvnS 
raepcHsUvnly aXmI iwtnm to their tniliiJ putHtiojatr. 

47.) 

J^t the eo^ordiiuitea of j 4, If htt (Z|p y|L 
{Zip yj tMJj&elilfely, naihmd io Uzod elee 
thmuj^h O. 

'rheii rj — x^i + yJ ; fj = + yj 

r, :■. dr, - (Zj rfy, — y, dx^^k and 

r, drj - (z^ 4* ” yj dr,)fc. 

Thus Ti X iJiri 2.4ikp dr, = 2.4jk, 

where All ^ ^ amue eneJnaed by the patbe 
C^iP C-t of the polnte B nsjaoctiveiy. 


Let a be unit Tistnr in the dilution AB and t, = OE whew E ip the midpoiat 
of AB. 

Then = r, — |j:a : r, - r, H- ifa^ where AB = 1. 

Therein r, x dr^ - Tj H dr^ = f(a x dri + x d«(. 

But fl X r, = plc^ whofif p is the perpeodiciiLw from O to AB, i.e- 
B X dr| + da X fj, dp k. 

Al» A X dzi ^ 4 u whcTD du Ji tho ilk|dtuieuib«il of E purpocdiculriir to the 
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nxl; tti3d ib^rarcire dn x =* (dj? — fsftcjk. Thin 

tj X dr, -- r, X dr, i« f ^ dp)k 

gr «4j — i-'lx =B fVp wh^fv a w Iho tgt&l djoplacciaiijent at E of lihd fud pt^rpomliciilaf 
in itn^lfi mfwe the dwriptiim uf thn dljusui cuTl^-bs tbc >iJuia uf jr. 

'Hip Above otillfttliin gj^ns the tbotaiy af iUcdi planu&Etflf Anmlef’’Up wEudk 

nmy be need tu detmnine iJw o-tp^ A, doicrilwd hy B. 

The porptLndiauliir to the rud ia mB^ored at 6 oBm paint C hy a. 

pimAJi wheel wliwHH mh ii rmi- If tldfl dlBplacapumt i* m, then it « iif + ciJ 

where EO ^ C 4IhI ^ Ii the aji^le thrau^h wkiDh 4<^ haa turned irnm ita uiitiiil 
■iiTwtioD. 

Thus d| « d. H- f(w + 

tti Aiuiiler^fl iJiAnimoU?, die prymt A !■ rjcimwoted hj ^ umi to a point 
(wiLKih iiwy bi> Lnbtiia u 0) And tvn raotiom ora pqaaabla. 

|i) Whcia A d^^rib^B ah nrfi nf ji idrulo And rtituma Uv ita ongimd pgolicHi in 
nuk^h A way that tln> rod tUyefi not ti rwolntion* 

Thun - iK dj - U, .4j ^ In', whieh U tnaisfliifeii by Uao iii!itniiii'ecni+ 

(ii) When A dt^Hctlhss a taomplete amJ the nxi malcee Tew^utiQiL 
Thtni d| - nn"p whut^ Od n. P =» 3,Ti And d* — iu^ + + 2k). Tbeimitru 

iijtiut tne&fturMl N', hat t4> Ehi:a nmat bn Abided * a ecmaiAjit of the inatruinent. 

Exnmplea IX 

Find the Length of tbo ale of tbe d.tL'le x* + jpi* Sfey tnten:upt45Ll by t-bn 
cirtsles jz® + = 3u^a:. Lt® + 

2. -SbjfTw that the Jenjtt-h nf the are of itUet%!:UtLl>tl uf the tnirfac^ y 4 y'f ^ JE» 
r = j — incoffiiTCHJ rrum itic larijtLti in r + y = i. 

F^t thfi curTB f^TFen by ;t - ft coih f. y — iinh l pttrt-o tliat 

luf E ^^'{a® 4- fi'i whore J ia JUtytarirDd fimd I — I). 

4^ Show that tbe arc of th^ planE^ purre girim by r » 3a ^ ^ n ain'® 

j/ - fi ooflL^Pi la of l-angth f ooefl if mDoanrsd from (Op a). 

S. ESvaluAtc drriy over the icetonglc 0 < x < llo, & < y < 

it. RFaluale jjain ^ -|- ^ b <■ ^ ^ (I ^ y < 

7, l^hnw tihaL uVrr the twI/UllJllle J::f< la 

H. Eralnato JJsiii (2^ i dy iiv<t the tra|xalJuni whuno uomfifa Al% (0. b], 

0), l^)- 

H. Find JJ(x* H- y®]d^dy over the LlitL4*kir uf the d.l(pdfl x®/a® -p » 1, 
ID. Show Lbnt IfF^^dsdy over bhn trioni^e by 0 < x/rf + < ], u A 

h-til),Ii - F[a, 0]| + ^'(0* ay 

lip Ftiiy* that if(23c^ -j- i- 3j: — % + 4 Hi/ over iJie iiitednr of the 

ST^t 

flIUpiw X® + 4^® — 4- % L I “ 0 ifl ——^ 

I^vaIuaIo the integraJi given in i?jnfimplM i2- f4 av^r the trion^e deteHnined 
by U < I + y < I- 

IJ. 13 , /jflr+vriEdy. 1 +- JJopa ?r(x + y)dx 

15. Evaluftt# J‘Jr*ii£d'_^ oi'-ar thn rniorior of the octn^on whose Fur+.Lcea, in 
jwbr «4-ordiimt«n. ft?0 given a* rn/4)p {r <= 0 U> 7). 

16. Fitwi dr. 4y fur thp interigc of tkm Aqnaie of cornera (0, i a)p j ± 0). 

17. E>^4diti4te ri’l^ T <*Tflr th# aim between tho oiralea 

X* 4- y* 3:* + y* = jft < n] and lind Itji limit when 6 —^ SL 

ri r^-Vi^ 

IS. tJHwmina the-region nvflr whiih tbi^ iniegml I i^dr la to Iw 

J n J vt 

evahiiittHj arvil find ita vaLipa, 

44 
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sia 


j-i rs+(i-irt^ 

IS*. EviJuAte 1 djf I ^ dsi uad tbc m tlia ^ ~ pJiusf io 

Jo J* 4 .| 

wliicH dm iittognl 

30- EvaJunto Jj3f*y* dx djf ovcf Lbc area boqiicW l?y ^ = di SJ-' — ^)i 
^ ± S(j: — 4 ^ 

3L. EnduAto OViir this tireular araa boundui by 

- 3P + ^ 3)* - fl. 

32. -Calc^ttUto thfl v&luo of Jfj;" di dy mrar ibftt ftroa boqumkd by j?* — jr* = U 
X* H- y" = i ivhich coiiLaliia (0, 0). 

23. ProTfi lIikI dm artm of ibfl pamllabi^im elpt^^rmIrwd by 

a^i + ■= *5^ i" ^ iffii Oil! d" = /C| ia I ^ j ^ ^ ~j- 

34* l^vn that for the obEin^ of vaxlublo ^ivati by 
tf*(di - 6*) (a* + vXfl’* -i' It). - (A= + + i*)- (a > 

the uurvEM li = (^{> — ft*) and p i^= (- 61 *-^: p c — ft») eillipa^ awI hypsT' 

bolu tPBpoctivftty^ ffbow aim ttiat li, r im orthaj^nal oo-oircliruitfla imd thfil 
ttS = (if — v)du dv/^\^D ivb«ire U — — (a* u.)(a* -f- i')(ft* 4 - Ei;)(ft> 4 p), 

1 ft. If a = sc" — y*. r P- 2 jpy, BhdW iJuit any stfjijghE \\m in tbo * — y pIftFW 
out piaaing thiou^ 0 tB inusaformixl into a aimpla anrv^ 9 . 

2b. If u = 4 yS r — — y"), tthow tliAt dio stflkiflht Itno 

y = c (^0) in t>nuU0lot^fili»i ItitO a coictd writb ^ ioop, 

27 * If « = ST 4 y, IT ^ - 3 bcy — 4 br 4 by^ thr Ttgtoil foT wMoll / < 0 

and its tranaforai is 1 — Ip but- not Ehc region for wbitili J > U tLiid It* tp&riiiibms. 
Show thAt the re^on on tha loft of xmy tangont tn / = £1 ia 1 ^ | ^itb ita ttimdfooii. 

28. Find tbjc afaa In the Ont qiiodriuit daiflfroiiiioii by y" •• 4,a*', — a^w 

y' = yP - i(a^, n^, fr^. > 0^ (pn — ttp ^ 0), 

29. Find tbr area boiinilDd by tbo ourvo r == a 4 ft OQi 0 < el). 

3u. Kbow iLat tbo am La llm tirat qimdrant dEiieruiiapfl hy xjf* - 1, xy‘ » 4* 
= 4a y* - 9* li i(2+ - 8v'2 4 4v/5i - 8v^61. 

31. Prove ituit tbo ansa of the loop of tbo COirvo fJC* 4 rly)* — ia 

32 . ^how tkat the areiir of om of ibo tttfflicals itcam thn j-iLsiii bogndijd by 
4 y* » c\ x*/d" 4 y*/B" =3 (A < c < a), k 

V un 

33. If i = a"^4(p), y =e pftrVB tbit the am bomidwl by — Oj, it — M|, 


r, ia the numjnritiBJ vaiuo of 


(m 4 «) 


m ^ - 1 * and of (—) if ^ Jii- 

34- iShow that tho area in T-h^ firet- qundmnt dotemilntd by-aiy" = e*» Opy" — 

y* - ft,ar. y* ^ i. > «>)■ 

aft^ Ftoyo tfaal. tbe area bcnindpn by a flimpJe Howii euirvo C ia tba linn mtogmJ 
f y?Tj) 

a 4 = /J 4 ft = 1 + a 

3h* ijlb>w thAi 


f.r.y 

I ftEr-r 9 jf ([5 COS 3 i: 4 2 idll 3 r)[Bm 2 y dix 4 ™" % dy) 

4 PtM- 3x — 3 4m 1 ^X 1 ™ 2y dx — tin 2^ dy)) 
la indepnndent of dm |mth of iulDp^tmtiun and Ond lta value. 

37. Calculate direaL-ly 4 4 (*• 4 ^)dy ainng the boimdary of dm 

[Nintagon wkwo vtrdcre are (Op (L 0 ). { 2 - lii (U 1 ) arwi verify tko mult 

by Green’ft formiiLa. 
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Sbow that 


- y ifa) 
y* 

tht urif^ (0, D) 1a 3£ft^. 


1 = 


for ODy dowd imrref 0 not tiirou^h 

^9. tiuit far a bimiitc rloocd mirvo laoL iMLaidn^ thfoagh (i: 0) lli-^ voluif 


tif liiD mtffigni 

JbA 

’■4 


yi ^ -aa:yi^ 


id 0i |?i or .T. 


{X* + Jf» - 1)* + •!¥* 

SiBQii^ Lbci linD- ^iFen Id ?2xeimj)leA 4G-1, 

— ar *1*1 ., Jif {X* — If’ - Jtyis — tf(!!* - l>tfof 


40 




rJoBod). 

42^ Eviiliuito 


41, <i f?-_ 


[C lieili^ 




f jfi - yi Jafj 


v^htfTk C f* (i) Ihv bcpUQckl^ i^f ibt 


+ If")" 

X -- ‘ 0, — ill! jli) thr dj^k jf> + «■ 

ShuW tluil IliL^ liiiD i£Lt-a{.rni,^ || I'itvj! tihc bcpEtlJcliuy Ap<Mii£cd h^pv = R&^f 
^ EOff jfl'y — jj^iT -- (Jfp M btiiiip cortMtjmta Hlid nil tbti 


wymbcila r«p«»enlliij^ (KMittv&nouiliw) Lfl iiqtuil R\ 


1 


li^'- 


a 


44h If a rod ARC moves m a plaiv and n^tunifl U> iLi IjiitJal p(i«tif?n artcr 
rotAtfd thma^li cfeio eompifite rovfdutiont flJiw ihiit, 

+ ABJ}^ - AtlQ^ « 

Q^n J?s 4 1^1 are ttw arcaa cmslwd by t.b& ourvatt diAiribeil by d+ B, € 

Rapwtiv^lyr 

45^ ^ in & fiKed pdnt on a rfMi dt?idiii!i|i AC iuio twi^ K^auctii« r,. Bmva 
ihbl ir tlw endt A, c Iiiovcr cm ittn FUUtiti Illtiifid i-urvD y mid Hm fijd folurtu to ik 
iulUiii jKwition afi^r d^K^ibiii^ oao ravfjl^imi^ Um area betwocxi y mid iho nu^e 

drAiifibnl by B ifl 

46. A AC|UJiire tide of ikb ^V2 in. u euL HymDiDtrically tLmot^lj a aplwi^ of 

raditi# 2 in. thal tbi> utm ut ihc fmrlojE^ ttimavod ix J£L'i( v'^ ^ i) u|. itu 

47. A eqiure bok of sLda 2^ li eat RymmatidcalJy throDgl] a nyJindi?! of nulioa 
a {> h), the asil cpf tbti bDk bdtig porpe£^E:uiikr oibd two ^ tb^ r^dm af the aBcbinn 
bciti^ pfliallel tD tho rtTsffl of thu dylib^Ef. Yhkd bbe an»a of iha earfacn' nf^moTod, 

48. FukI the iJdrtioti of tbe AoAob uf tlao epbiKna x" -f within tliB 

cylinder + y’ -» ox, 

49. Find Iha afia of the aiirfaeo obtaliiEH] a oompkt® utTplatioii of ono areii 
of a cyddd about the Held foitiing ite DxtTi&in.itte«* 

50. Find thfl mma of tbfr sEErfii^ Soi = uitCFCepted by Offll 

51. The Bmpeo of aira 6 (a > Ji) fornne * ^rfAflie BpliPEOid wbefl it maktM a 

firvolutlon alMHit Ita mujor aajie^ Sbciw ibat the rUjfiMfi of l-hl» ellipBoid 

2;r6* -f- (Ssm^i arti ain ej/a where 6* =* n*fl ^ (=*), 

52. Thu diipHa of jog^csB jn > 6) forme an oWffle HpbtTDid wIilh It mjikea o 
rcmolution aboqt ita mitmr ji^q. 8bow that tbo earfaDCi of tliii dltpfi^iiid i* 

llntt* + L-'^* Ing ((I + <)/(! -- fl) \]/t. 

53+ KTiduftte]ij3^*^Jid|^ li: throtigbtbe iiitcriar of tbe tetriJiGdron bdundod 
by s “ 0, i = Xt y = y = 2x+ 

54. Show lh*i taktai met nU pcHitiro anil icrt» vaiuoa 

of £, E liHiM* II < x/a + y/>^ d- z/o < i (u. e > D) ii 

if uya -^h/ff^ c/y* 

55. Evaluate da ovot? all podtivti and Kttn talsitiA of 

Kp s lliftt 0 < x/fi + yJh -h t/c < I* when y ^ i/t. 

56. Eralui-U + dExdly over idi ptMliitn and mIO Valu-^ of 

X, y, t (-liat saliflfy 0 C xfa + y/b + s/c < 1. 
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EvaJujiIv dc d: ihrat^gb lhf> rolunie of iJw oyliTiief 

*1 ^ y* a*, uit^KTC^ptcd by ihu ^mum s -= 0, s = A* 

58. EvAliiiit« -h eI£ bliro« 4 ;b lbs interjor nf thfr cube 

dotfiruiiJiccl hy 0 C x < a, 0 < y < 0 < ^ < a. 

59, Evdiiiiii? /jjssrfi^djsrf.v il2 ft^r 0< 4t^ ^ 2)* + (|^ - 1 )* -f 

i:ig^ I lyjc d; aotI *t4tte thw risj^ioo to whkh tbu* 

Jo 

tripb reform. 

fi fi 

61. ETiJiuite 1 {i? I I di Amll olittilii tlw cdrivipatullli}^ {[irrmi 

J{i Jp 

tlie five eH^iuiv-AKL^t npcitildd mUf^nJii. 

62. Fulij tiuj votujne of the at* + y* H- a* -= a* interc^iiftfid by tlie 

ijylimlfcf j?* + 1^" - flat, 

63 . FlurJ 1^- volume by ihf Hurriv^u i* 1 -h t wkont r, & ftre 

fkilAT DO-uhiiliittQt and f ii 

64 . Fiint lUn voluiucti boimJnd by (k|i rBLU* C 4 P 0 ^Iei ^ (KW 4 *; 

{li^ [m th-i> rK-iHmL fu£ ^bk-b 4> (ri B, ^ 

btiitk^ j^liLcHr-iJ l^KtliLT UUHJtilituitca). 

65. A ii|uiLru hold tif vide ii dulj iyiiimcizrii^^ally thfoullli n l|JibdJre (if nulitu 
a (■> 6v'-^3' Knd tbn tXjAiuiio nnmtmod. 

66. A dqiuin« hold uf linds 2& Ii out HynirndbriciUy thitjii^h ■ eyluuldt {>1 tiuliiad- 
a (> tf), iwo df tbs- HMjQd of Qua AijiuirB Bdctluo bdiii^ puraHi^.l to thd liElB of Ilio eylitijddr 
ind tho iLTii {kT tbo bulii bciag pi'rjHicMljdiilikr iu iihi! Kkdi tif the eyiimldr. FlikJ (Jiu 

¥oliiiDB rdinaTBcl. 

67p Show tJojit tl^if volunae ubtJtiptii by mV' pftvrfutlnn nf rbn IkKip of ttuc ourro 

-h y* = obaut OX id 

6B* S-boTS' tliit thfl Tnlurnn of tb^ Burfd-titi j:* + y* ~ 4ar t'uT. olF by thi^ iiIojid 
X + yH- S3 =^4a h 

6^.. H^-iw ttm-t iJw vqluEViy ubifl4/n*4 by a ruvuluttoii fsf l.bn idtvUi 

JF* + (f - ^ (e 

About th« id 

7 h, An Anh of i oyploki uiAkcu oiio rovoSution ftijoul ihi* \U\a jaining |ti ii^lroin- 

Itifli. Ppgri'ii timt iIk* voitimfl uv 

71^ Find tbo volitiiie of ibo lAumboby -f y* = ^ai (rut nrff ln-^twi^n tbd 

pUntfi + 2y + i = y, tiar + y -h # -* 5{H. 

72 H Ci1i7tiLlt? the volume tiiMoniiiiittl by 0 < ^/a + Vy/ H- v'k^ I 
73+ CAkruktc ifx dy db dif fur nil ^KMtiivo ittid rukuPH a, u, 

l]]ttt. Mllefy thd iiMiiintity 0 < df -I- ^ s w < 1, 

7+k Evdlmte iSiU^ + ;y -h ; + mJ™ s%* (kify ifs du (m > U} oitir nil 
{tiMitivit 4iMl itro vitum of jf, s, w for vrliieb O^a-hy + s-^ L 

75. Irlinl ibc vaIuc of JJ - - * • - - ■l“»'ii di| df^ * * i m'tf ill 

pOHitivd Jitul swtw Viluffli of tf,p. . jf^ fur wlitL-h 0 C jf| a, -h - - - 4- Jf„ <; 1- 

76. Evnlimic JJJf □«( fa: ,2y -f 4- 4lf)df rfy db diij epVTT nil -[jcHritiVv olid 

wrty TnluE* of X, y, =, w for whifb 0**^ + sr,^. 

77. FeD%‘iii thuifc JJ'|J€^drdy cfe dit mfor nU fKiaitivo [iikrl £i?to rnlaBei 
of 2 , y, ii for 'wfaieb x -\- y -\- x -\- it 1 b 


60. Ftiid the Tftlnp df [ f 
Jo Jo 


(tfiyd ■*■ ^a(«^fE)(« - yK» - 

if aif)i)(a — ^i>[ot — - yK? - ^'I^Y — 7®^ (>■ 

78. VettI^ Groen'e f-onnuLi by cnJcutnting dinsclly (lie BLiriiad mitrgml 
-J- y*)dS DTsi tbc BphEiB x* -(- y* + 

Uae OTidn’d fnrmiilii to pnai'o thAt i^bdo dd* =» di* d^'” 4- ditt^. 
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HO. diroctly [J(a* ds dx dx + s* dx dy) cmer th^ flpbm*^ 

ffiajfrwe -j- -|- s* = a", jttMl verify thi^ raftnlt by nrpen'H fprnjulfl. 

HL If 7 X F = — iS ^ V K Cj = — F, pmvie that, if ^ fa a aimple flurfiwtt 

nmilwTJjj t , fyir « tJJ.dS-+ 

S2. that, in ituf iiAtiiil ii£>iaiddn, if V’t^ — tlnm 

WJrtft + di, * = 


H;J. Piiiii the valoe of -s- ^P)dir-j- /i(z* atotig th» 

skew hnagnn obtuned hy jcrtning the fd]™|ng pciiiifi in ardnr: Q (the oripn), 
d(Ka.il), /i(U1, I), 1* ih i5?(0,0. lyjA Verify tboiWt by Stokw ii 

Tjujofeni bv taking a s^riJl^» ptw ihe thriw facea of tbp unit unba OA i^K^ 

.TM;/, (J^ hdng point I, 0, lb 

84. Shfi>w tkrtt if P, ifr}( andtlis^irikriTftriywaTOponlinycioa^ the foiictkni givc^n 
h * 

by ff^dic + y«^ + dtji^inrJoppQjJtMit.i'jf t.KepathofinbiTio'iitioii tryt 

J J|. K. 




89. Fro VIC tluU. 


p. ip I 

f- 

Jii 


fr* -I- (y* ' -^Kv + (^* ~ IM mdepelidjeiit 


of Ihn |mIJi €if intc^jitkril nlad Glid iU VjJuo. 

8b. The bimndjiiy of ati aroa. in pciliLf ^-didlnaltA givrto by r' /(ff). Nhow 
tiiiKl. r>r thn ies^tor datcifinlQ^i by 0| < 0 ^ r hr'lng iinglr--viiJiiHlp 

f^ f^i r^- 

nAl ’ coi & 4j(0, [lA^ I r* «n rt dfl, whi^re ,4 J | f* liJ. 


87* Find the dintAnjTti iriim thn y-jkxbi of the mefui c’^intn? t^f the area hoiyidcd. 
hy r = nt:i + ^ m ^ 

88. ^ilnjw f.h4tt. the meftn ccmt.it! of LliEr nnift iKJoOdod r* = a* noi ^ ^ fl, if? 

Tbi> 9ri3t qn^yJimnt, w givon hy 8^ ^ 12,^ ity'SIn^jl -j- V3| — S!- 

89* Filhl tbfi ¥"CiO-rirdlllftk' of tlie inri\n E^mlro of the area fM^L'niliElcd by 

Jt t/ u It Wj, n Di, P = Cj iu,t F, > 0, W!rfi3!= rJli 

90. ^ihi>w thli-t the rrtciiti of thr in tiie feral fiiia^Lrant Hel4*^tilined by 

XU •= ^ ft!f ^ ftH = -f* (tv f i > *>) » gPTeil 1^ 

M(.J- .^1 lDF(c,/e*) = 

91* Fnjive tliat the diEftanc^t ftom tho wntre of n cmrlo of i-ho Tnejin csont-ro of 
a qtuuiranUl awrt is 4%/3 *a^^> wherij a ia tht mdiTia of tho cLroln. 

8^. Pri>?e that tbo dietanoe from th& rentTc of a oirdo of radlmia of ibo mefln 

of a iiLiadraiiUd arc u 2 VSii/jt, wbero ft if? the mliuH of the oirclo, 

9 J. ¥tovt^ that tb(i ili«l4ni^ from ibo omtm rd a clrrlB of Tisdiii;fl n of Iho mpan 

oEintre of iSip tjyinplcio iJcriJiijotor of a -tiiiiRlrMit ie ■+ 4). 

94. A r[R.!uliy: miw jLiu^^llL A, mtliLFi- of tNim! n) (a divided into tv^-o hy a piano 
IhrDUfjh t±H3 vcfLfiis P ati^d a dianiLtlJcr cif Lho Find thn distaiiDa Jitjiii V of 

thn mwue cvniro G, of fiiM.'i (if tbo of the rorie and thri angle VG makoa with 

iha juria* 

93. Bhovf ibnt tho diahmoc froni = n fl of the llt&illl centre of tlia vuEnm^i of lho 
apharo + ;^* + *■ = o* intcfcoptvd betirooii lliu planes ; ** 4|, ^ ■= A, (Aj > 
i. i(*, + ^ A“ - ^ - A*), 

85. Doduoe from Ezam^ 9^ thal Llm diaLamie fri^m t-h^ plane of tha Pieon 
i^tro of a aphoHeal Dap of hai^hl b ia IA{4ff — b)7{.^ — ii) whpra ft ia thfi ladiua of 
tlw Bpho!C!. 

97, A flurfii£i& in farmEd icnUitiEig tha arch of a eyoloid through nbcitit 
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the liiua iLfl &xtTt)niitie«. Filial tkie of the mmn fwntrD frnm ihut 

plonn bf itfl bcnititlaiy. 

Fiad the ca-oniuiat^ < 1 ! thn miMui eenitvs iif thf^ hcAldst in Kj^arnpim 

98, Tho tEtmbaljtstt bouadiKl by x, 0* 2;e + 3j^ + f^ HfJ. 

99 , The wodjje ent £h>iu tbo t^iiliditf 4 * — d* by tHe |.llajie# i -* , 4 : * tan a 

(as > d), 

100 , Tbo solid dEtenniood by 0 ^(i/a) + V(S^/^) + ^ ^ 

(a, e > DJ. 

11^1. A pLimo lombiB liEJosLlitB of a rooIsja^Eo A^'Z^in wbicb j4B > H€ '■=■ £!!4« 
on thp- nidea I^A of w1ud!i oquiGsUinil liiniiglfl* BCE^ A DP sfC ixif4fltrtn;tod. 
8hciw that if ib b tho rodJos of ^TatJbn about fin djcu ill Uio plaiL-n of tibf t^minA 
porpcvidicnlar to EF aJL a dlatauoe e Fftim ibB tcioiui ooiitrb of thii lamlnit, tlii?ii 
4i(3o= + &» 4- 3c*J 4 
* ■" fl(St + flv^3) 

tUl. f^bow that the mamRnt df inarti^t of a aiiiltirm solid cylm4flr (moss 
ra^hipi Of bcupilit A} about oil urb that ipoeta 04. th/tf axis df the oylilider, at a dJiltalioe 
c fponi O iLud is idolxnod at on oiif^Lo 6 to Od is 

Jf Hct^l + ooa" + ejA" rA + c») sm® 0 Jh 

Hcnoir flboir that. F forr (1) & dfameter of chm and In + fAV (li) Ita to* is Ja®, 
(liil on axK thnTa^ thd moai\ cmltt? perpondloukr to tha oxU of tbn i* 

la* + ^^A", (It) nti ud* Julninj; the douliHi of one and to n point oc th* pmnunter 

of the other In -h 

ID Ji Prnre that the radium of gyratkm about it* oJiia df nn opdii hdlldW ciivnlar 
c^ona miHie of thin unifonh mal^rLal is nikallored bj eiuiLiii; the ouuro with, a thio LicL 

1D4. A fhlinewDrk of thin unirom] rods consiHl* Cif a squats ABfJD uf foiir rods 
joined hy two ot|u^ aJan^ th* diagofiikla AG, and fay Iwiii otiiarB EF, GII where 
E^ F ATfl the midpoint* of 4 j9. CD acd O, H the midpoliiln of AD, IMJ, Shu# that 
it* for an ruda through tha oantr* of tbo fignro [Kr^wodieuloj' to the frujnuworle i* 
g^ia*(33 — whert-" ta the Iqngth of 4Zi. 

1U5, BliXiW that for n 1111163 ™ nJNptip lamina of semi-RJxrs a, h, the inomEiut of 
inertia alanil an lucia in Uh phn* thmugh Ihe oentn^ of tha flllipae makin^^ an angle 
s with Urn AXbi of bngth U dn*^ -H h® eoa® a.) where Af ii ttu' tuhbh of the 
Inmiuk 

10A. Show that tha monient of inertln of a oniforiri otb|5HOLd (nmsa and 
icmi-axe* flp 6, c) ttbont a tlia^knai of tis* rwtjtitguEar prvmHc^lopiped that Liroum- 
fleribes tbo ellipeolil uid whoeo eisiges m pamlbl to tba prindpof nonia m 

107. Show that the momont of iDOFtia tif tho plans seotor cbtermined by r -^/{O) 
0^< D < fi) ahflut OT^ in i] r* (IJ) about OJf, » 1 j t*ekJQdO, 

J a, J #1 


(lu) about tho poifptmdlduijir to XOY at D, is 



JOS, Find (he rucKi of gyration about 0 = tl sm4 fl = ;t/ 3 for the a™, of a krap 
of tile ourre r* = n* «s 20 . 

109, The rftilii of gynlion of 11 Itody About iwf^ parallel siim distant fi apart 
aie i&i* kn IWffpwtiTtly. if (iw aioun Cdutre of t bo body in in the plane of thMa aie* 
ahow that it* dMancMf from the (test itxtiv b i (A; — itf — 


HO, AD 3.‘f the dlfitMtcr thut bound* a aend-eiFcmlaj- area of rodfua n and O 
la Tiber midpoint of tbe umiHiimukr boundiurv. Ptqto that A* abemt BC for tbn 
3 4\ 
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111. Fmva tiut it* fcrf th? ocrmiik tfat ftliLDfr XOf tkirouj^b 0 «F ibt.^ In 

dm nr8t qaadmnl d«tartiiiciefl by — 1, -« 2, y -< j «■ » B/4 log 2. 

112. Sbov tlul the rvuUi of icynLUou of jt \mp of liiP C'^iirvo r a abmit 

thti ojci^ QT aru mpwtiVDly nV'f]/& 

1)3. Show tliat the mctrionl of i£u3lftiA of n fru/ritum n <]llt:ulu^ conn IR 


3 -^T* a*h -f a"i* H- -|- fr* 
^™ I rtj-i ”• I TT I All 


1 e*ia* + aoft -h «AV"| 


wbnn^ A arr- ibe r?i4ti- 


„i + ,3^ ^ ^ JO (0* + ni + J 

wKbto a, Ip mr* tho nuiii nf th^ cTviiff+ e tbi^ JiiitAncc bc^msDD llitm^. if the moo! i]f tbi^ 
t'rLwtum Eind tho flJcia nf gyratitm ih Lhp dlarFi-nt^Kr of Lhi? imjil uf radiiu; u. 

114 H f^hiTET that ft uniform triiLDgiilAr IrLminii cuf msMa M hts ikt€i unif' radiia] 
iif pi(yrntl-nn tor any lu thmfi massaa |Ji/ a 1 tho midpoinlfi of thfi aided. Dixfnafl 
rhftt tbr> doplb of of prniiMjro of a fimiiglD Lxnnmnmd in n liquid ia 

ft* + ft" + If* + ofr + Ipt + fti , , . . . 

I- - --- wbfitc ft, p, tiiS'i I bp urpiLii of llii’ verUwat 

■ fft -i- ft -h fl) * 

115. ABCl^ tA ft panillelii^Liii witb ihp vnrtos .‘I in l.hn aiirfa-rM^ of a 1ir|UHl, 

V\v' Hi> in borixontid. Hhow ihat. iho cprifTn of pnwurp ia nm AV at a 

+|pptb wkidh h wvTai't.wfj.irtKs that it\' <7. 

1 Ifc. An ivreft ll iKHinderl hy l.wo r’lWflnlrin wvmi'PirrJfla on tho aamf: aido nf a 
tciiumon ^llamcitrai liup, wblth h in ilm aurfaccL if « itqijJd. Punim that i he dopth 

, *•) 

.,{ tkw ccnifc <*r tflJWiifB in+ ^ + 

117., A ai)ihd apb^iv rsB-ta on a hDriiontal plaiiP and \s juat totally immorBcd in 
(liquid. If it ti diiidEd by tno ploni^a tlnjouj^b a vrrticaJ dIrLtnPinr pcrpEcdEealitr 
la fiadll oi b-pr, ahow ttukt th,p four parCa wiH not nopaj'a.t.p if 4rr > p, wbuim p-, ft am the 
dnnaitifw lif rhp iwjM and fluid irapwtiinJy. 

] lit, Tfin biAUndltry of a vawl full of water DOEmiata of x = 0^ y -= I'h s = 0 mod 
t.biit liwrt. nf 1 iiii diipadd 4c"/i;i* -h + **/<’■" = i whkh. x, y > H and i < 

I'rovp Ihftf if 1hii £a venjaatly ujrwarda, Ihc iotii] prasBuro aa the □urrad 

Riirfrmita !■ wbi^P m « tbo wni^bt id uull volume qf 

ibi* liiitjJd. 

I l^H A inrruljiT wrm of ntdiim tt in p^rUy mdiniflc^od in a liquid ao that an am 
K^^Jlt^:tk^il]^r ftis Pirigty Sat nl th? opatj^ ia undar tba eurfiicit. IVotp tbai thft depth 
*jf i bt' <i«illrt uf pTtfwum? from thf wistw id the^ ciTnlt Iji 

ai ‘ 3 ain « ofia a - 2 uqp t! iin* « 

* 3 ain « — niiT*« — S« cw a 

130. ProTfr Lhal ifae potential of iioLruulot dioo of nmm m pcf unit uruft aeid uf 
radiua- ft ftL a point diatAUl h fn>Jii iho uebtra on tbo ti-ocniid to iho disc iJiTOUirh 
I hv ooutto la 

IrnnWia* + AJ* - 

121. Show that for n atwSi id chftwticy ^ hoiind«Hi by two uandntwH-tlng apheres 
(ofu? LUitido f.b& oth^Tji tki- pot^ntinil at a poim P in (a) — *-)i tf P m 

lioth Hplmrea : (ii) — 3A" ■— r^ + ^)i if P iR LnaiilD both aphen^ ^ 

iiii) ~ ^ ^ “ bflwcsen tin* n^hur^, whnrft r^, r, htb tbu- dia- 

loDfM of P fjftinj tii-o ceiitiTS of the ipbera u-hoM radii uma^h ncapodlToly (u > 6). 

132. Show that tho into^ral df tlm djormal coaujAnunt df tba attmotJuu at ^ 
by a portEon of a aFmpIo inirfac« ^ over ltd aroa la equiu to moi, whetu m la ihu mr&ce 
denilty and cn Is ttid tolid oiifitb aublntiddd at O by ^ (1.6. tu is the oJVa intcrenptod 
on n unii aphure, oerntre O, by rayi Joiuitii? O to Ibo periplus^ df Sy 

)3^. Find tko altfudtion at iho vurtox df a aolld rij^fat dmuIaT Cdno nf mam 
bdght h and radilla of banc -it. 

134. A unifurm frjJld Direuliix aylindur of duoJity p ia of buig^bt a and qf radw a. 









r 
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BbcFW tbal at b point ontddp tbe a^iuicrr im jta a^ib at a diatanoB a frnm lha 
flnA tha attfifitlwi ifi (I + 

13^. Mhciw I hat tha attrnetion dii^ ^ n unjfnrm l|dn T^id ^ ^ At nn 



tiulOd P from tho tod and k tiio 1414^0 aubtondcd by tlw rdd at F. 

136* A Bulhl tltlifotlil tillmllaf oyllnJiT Imi a H^veiJa iroliUTin. Sbow that thd atlimc* 


tiOEi at llid emil-lti af OOo of th.u •uinruliir anda ia a iiiik-iinjuni wluin. tho rado of tho 


hcJj^Jii of tJio cylinder lo tbo radiua of ita pitd ia itk — 

137. Tbo acLj^io of n BOlid unifurm curular coop mb ProTfi tl^at tJM'« 

rudo of the abtriKitioli at the cpntCe of the basp to tlial at the vartpj ia approju- 
miiitply 1'2D. 

118* Tw\j tiLimbfm atv choden at raindom botwpcu U jumI 4 i thAl tliB 

chiLaco tkBt tbpir product aball In Itsa than 4 ia J + { log f. 

L39. A poftitiva nuMbar a it divided at nixidorn into tbma pcii|tiv« pArt^r Fiod 
thn cluLiMTO thBt uuxun of the parta ahal] bp greatpr tbai> |a^ (ij) 

1311. Sbin? ibat tba moim diaianco of the pointa of a droiilaT ftrea {rAdiua ft) 
fn>m the end Oif a dieuneteF la ^2a/0m. 

131. A poGitiTo numbor ^ ^ diiruied into three pneitiTe pATta. WIlAt MB 
mean valna of tbs leaat. If 

131. Show that the mwio dafliance of tha pointa of thn aurffri.'w r>f « apkm nf 
radiua fl fium a pq-tni nn c:b«‘ amfxLpt^ k 

J33. I^OTA that thn meAn of ths »th powars of tba diabuqceB of tho polnta cd a 
Bolld aphern [radiua «) from a point djnhmt c from ih^ paritre ia 

, [c 4 - g(w - 5 - ai )f<i — fe - ajn + :>) ){<l + 

(i^(» I-aXrt + a)(» + 4J 

134. Shmr that thp »i«w diitArKici i»r pninta uf a «jrciilar tin^a (ntditiw a) 
friim a pnint at rfirtrui™ c- nffmu; thi" normal to tho aiw through (ho OMitw ia 



135. PtoFP that tbo mean diatanen of liie pointa of a ar^a (aldo > 0 ) fmm 



t36, SIhiw ihab fehr ntnan diAtanco of the iHuLiitEi uf m mdid uphcn^ (rudiEut ni< 
from A [iomi on tin tutiheo ia 60 /&. 

137. Ftovo thati Iho moati aqimmi iliEtjitn43» of the jiuiiitji- uf a AOlkl Aphom 
(nujfiHi a} fititn (i) the Oenlto k (ii) a poijnt- tho tui^umfarpiic& in 

I3S. Show that tlic Ennji diatance botwiam Iwu jKjLnta within a iinlE cirdn k 

apptoxiiinktely 

139. TJlo doEiHity ut F of A iqiiiu^ iamiikm (aidn 4n) ii piopurtiorLaE Ut the 
aqujkrr of tbo diaLanoa -of P from a point tm a diaffonal dlB[aiit av^l fmin 
iMttT*. Fiml tha m nan disliaityH 

14U. Find the Tnoan. daciaitj of h apfaBm ^radiiiiB nj If ita dnnsdty at any point F 
ia I; timaa thn dutanoe df P from h G.ied point dn tliB auHhe-a. 

14-1. Find tb^ niraui valijia ot'ime of o pn&itjTe nnmbera whoso anm > Im 

142* Find the raeAii •t^dm of this prodnet of tiw tJww Jiegrnflnta into vhwh a 
liiM of lon^gth a may be diTidod+ 

143. A hno of unSti length k diiid<4 into foar pfirla. Finel thi* nipan wjmrp of 
E3fnB of the parta. 


SciuiirtnA 


■ 



3. Taka i == /» 5. Efcc-fr" 


a. I 9* + 


b. %ib 


12, A(t ^ im + 1 ) 
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13, ( 14._L li. -1-sV2) Lb. Saoinha 

17. 2)»ia ^\vfi a - i* lQj{ il — i«* + V>') —► a^*{lo8 * - J) 

IB. B«|^cni baandal bj' (j = 0. Jf = *'■ y = <* - Si'S 

19. 347/W>, Area bcratiiJtid by y » 0. y = *i — 1. y »- 1 - (* - IJ* 

30. Tkluf X <■ X + 3, aud noB Bymmfvtir; »nilt 24fi|. 

Vlo ., /'v'a + .VIS 

31. llTBii/dp M'liimotiy. 33. Bftnsaiji—j- + 1 wjf —^^2- J — 3™j- 

33. A jMwabola. 

36. A iimrtiu irilh a diovyo pi>iT»* at p = 0, » - — 4c*. (* — ± *J, 

37. It » 1, p = B. ftjr flSkiniila at batb poioLo (1 ± VS- ^ V^'S): to pnwe 1—1 

cumBpuDdGiivo, uBo thft ihfcreui ^ ^ ~ ^ ^ 

^ {« + "Xp + I 

{A = (» + «){|1 + ff) i?iO) t 


2B. ' 


(*i7 - '^ip) ^ 


- (l» + sJ “ ^ i 


(»+ n) 

39, + |b*) 

31. By tie iniuifctniuitioD w = *, * > 


(ii^l-(i,h)l(«(^) 


P + 7 


, (m -h «) ^ 0- 


i¥ ’> ^ b«ooina» ihe 


droh fc* + ff* = tvp md are* of loop i* “Jfy ^ 

*su-l-a*i am — %) - 1 ^7- 0 M. T*k* * = r coa®, 

40, jBJt T/nhesTQ * id tlio Dumbor Df dlrcuite nmiid 0. 

41, ^(ffl.| ~ ntf) when? m, a» tbe numbitf of dreiQitP irmnd (0, and 
i\t i}) ffespeetivaly- 

42, ii) » + % pt 

44. Sm S 9M (Mil S = A + *= A + {« + fmm 

whirh tliB rHHilt follon* ^ 

45. TJb® Axamplc 44. *7- Ltafc are sin (—} 

48. ail(!» - aji mie uyliniiri™! tio-oniiiwt™, 

49. Vs»* 

eby^if’^* ~ ~ 

__^I+.. - t. 

Sb, ^{.*j 1 -1 + it') - W 5«- 1“' ^T*« 


S&. 


dp E n 0^ 3 

JT" I# 


40. Pfktn bourwlMj bv ■■ 0, ^ 

Jo Jo J*+Jj jO Ji® Jo 

frf^ r pfc r fdi: Tdj 

Jfl Jo Jo J& 


= d — 


u fi r^-' 

^ l flLs ] dj ] Sf^dji'j flb I ds I 

Pft Je J& Jo Jo Js Jd 

t^trohodAio bounded 1^’ r « U jt + |jp = c* ^ ^ Op If ^ 

62. —4)i ws-Eivlinilri(5rvl OD-mdinabM. 03. + «V 

&4. (i) oM44£3i (ii) fta*/a 

bS. 1f6« »M* «" ( V(a* - 6*) ) 


2*dyj 
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6fc. 4i*v'(ii' - fi*) + 4ii%u<>lin(•^} 

67. T*fcB It - S!«/y. V - Sf*/J> 

*9* U» P&pina'i Tliddd^am. 71. JSlObia* 

oaa 

73, # - 8/3 7*. 


73, im 


ClS)t(w + H) 

«• I- ■l"[< -{s - S + • • • +1- •l-’idTir}] 


7&. ^1/lfl THp 

as. -f + ?■) — 455 B 


ao. ^}?m^ 
87. 20a/u 


8 J. - Si 


89. # = 


(ffi H- nX- 


«^+" - iig‘+’’ A #f+* — *j+* / 


■lid . 


(Sm + n)(2» 

if {2 m + ilHSr + i)(M + tl)(T + ») ?£ 0 

«<r + t) If , - „ . 

If it Bill •> 0, uid 

fir+«)(f+4)5^0 


2{2r + .).(»*/* ^ 

/ /s* 

94. ttQ ■^'11/* *" tJw fin/iBa) 

97. t6a/&T, Um cjeloul being giren bf x ^ < 

98. 8b, ia, ’fta 99. 0. 0 

■88, o*ffl/18 - 1,A»), B'(JT/ia + 1/8J 133 


9 — liti 8), y >- 0(1 — do»9]i, 
IGO. ^ 

?if/i * \ 

* a* I* “ */(a* + ft*)/ 


v/(a* + ft*)/ 

139. Tnul numbor of ewtet i* ml^uuI«I bjr j^di dy far 0 < z < 4, 0 < < 4, 

ynmbrr ftif whioh < 4 i* aivcii by jjdf d|y for 8 < x < 4, 0 < jf < 4^^ 

0< xy < 4, ijB, 4 -F' 

139, Taka f la 1 h 9 hhir ^ci«atciHl port, imd vmh «jf tTw otliDm; iJa^? iikM i# 
u _ as — < £. Total noffibcf ii toftoiiiiivd by tJ» i4( 0 f, Biat 0), 

i^|a. |d.}. If e bnl bet-sre^ |a and a, tilie (ine i. — ^ dt^idw iht> ^lud- 
rilatnr^ Into two portA, one for ^ la laiid otw Ibr wbiob ■¥ < & Koflultd 

{i) 2/3. (if) 1/16 

131.^ tho inmi vaiiio of {rt — ^ — y) mm; this 2x^ ^ 

2^ -f n, jf -f H a. 

139. wfcepo it ia tbo oqnH&aiit of pmportloi^tyH 140* Oat/fi 

141 p l/(it -(- 1)^ Uie nunn vaJa&ofXj far tiiorsgkm H < Sj 4- -f . * * + j?„ < I, 

142. aVW> 4 the meaji iMne of — ;e — li;ir0<#4-j^<«tr 

143. 1/tO, the mean vaino o*f for the T-olume 0<4f + if + -^ 










CHAPTER X 


FUNCTIONS OF A COMPLEX VARIABLE. CONTOUR 

INTEGRALS. 

10, latroductlon of Comptex Numbers, Tlie iaculeqiLac^ of the 
rool tlonmin of numbers for nil the purposett of ftoalyfiia tiS nciost sintpty 
shown by coneiderinfi; the general qiiaclmtic eqnatiom ox- + ^3^ + c = 01 
for tbifl equRtion baa no rml aolution when < wc. Jn solving Buch 
ftn, equation OA -|- 4r + 13 — 0, for eiainple. we are led to the fortuii] 
rcEult X 2 = d:: V( ~ 'v^bich La meaningless, if complete numbers 
have not been tieftned. If, however, wp ossume for the moment that 
tlicrt! eriats a number t obeyuig the Ijiwa of algebra and also tbe law of 
multiplication s y t = — 1, we can write the above solution in the form 
X = — 2 ± This suggBsts that the notion of number may be eitended 
in such a way that it will Ik consistent to use for its repteseritafeioi] the 
symbol t + where z, y are real and where i X t nuy he replacni by 

— I. It is easy then to deduce that the numbHsra must obey the fobow- 
ing rules for addition and multipIicatiDD ; 

(jfi + iy,)i + (zt + »yi) = {ei + ®i) + t(yi + yi) 

{!Ei + = (*i*x — SfiVil + 

tOM. Ikjmitkm of Complex Numbert. A complex number is defined 
to be a niimber'poLr (z, y} (where 3f, y arc reaf), obepng the laws of 
algebra and the f^ollowitig lows of mlditiott and midtijdicalwn. T 
Addition : (zt, y.) + (z,. if,) = (zi + z„ + y,). 

(zj, y,> X y.) = ({*!** - yiyn), (z^y* + }■ 

Thus only the notion of real niiraher Is used in' this' definition. 

The number (z, 0) is c^cd a real number and corresponrls to (hut 
is not logically identical with) the real mimher z of the unextended 
domain. No ambiguity arises by using the Bame symbol x for its lepiD- 
aentation. • In particular (from the definition], " 

0) 0} = (z, + 35., 0): (*i, 0) X fz,. 0),= {ziz„ 0) 

anul these equations ore consistent wfth the npezatioDB In the original 
domain of real numbora. Again, k x (z, y) = x (z, y) = (fat, Ay). 
In particular (— I)(z, y) = {— z, — y), and It U coiwiatent to write 

- (i“. y) f™ (- iKi*. y)- 

The idea of tufAractioii may he included in that of addition, by ilefiiung 
(Zi, y.) - (z»t yt) to mean 

(Zn yd + (- {zi. y*)} = ((zi - zq), CSfi - yOb 
Let the number (0, 1) be denoted by t; then yi = f/{0, 1) = (0, y), 
and such a numher is said to be purdy imaginaryt 
Now (x, y) = {X, 0) + (0, y) = z + yi (or z + iy). 
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Agai&p (x, X (af, y] — — y\ 2uEj) auA this ntiitiber may lie 

written (jCp y)*. 

It foUowB thcj^fore tiukt P — {0, 1)* =• (— 1, 0) — — L The aso nf 
the symbol ^ + iy^ where i* = — 1 is therefore justified. 

Notes. (I) If t — s + iyt * ih called the rmt part of ^ and written 
R(z)p whilst jf ii; onlJed the imagimxnf jtarl of z and written {(z). 

(n) If Xj + itjt =37* + fjip then a^p This is Implied m 

the definition end may he veritied by aqnarinp each aide of the nolation 
In puiticular if x -|- = 0, then x — y — 0+ 

(iiij The ninnber £ = a; — is calk^l the of r (— + iy). 

If 2 = 0, then i = 0 {and conTOisely), 

(it) Tlie number {x^ ^ fj,) b defined to be the number 

if it extstSp that satbCea the relation 

(=*^1 -f %()■ 

But if + iy^ ^ Oi then x^ — 9^ 0 and thcrefare 

(% + + ^ = (aJi + — lytJ 


Le. jTi + f^a exists and haa the value 


jgigj + yiSi + 

*?+»/; 


*a + is'i doca not exist if *, + = 0. In this way, divisian by a 

nori'^serQ number in defined. 


Exumiile, 


Expiw 


{2 + t X? ^ 2i) 
ii - IKlli + 3> 


in Ihe fujrm A tB Miiicti] A,^ B Arc real. 


Hie Ahove Dumber Ip 


&- t 

- 14 ^ Si ” 


(8 - *HT - 4>} 
3(7 + 4iH? - 4*} 


-l + iV- 


10.02, Geomeirical RfipresenkUivn of Vimplez JVunt^r. A complex 


number z ^ + i^) obeys 



tbo vector law of addition, when ;e, y are 
regatde<.i a« etmpcmtintit. It nmy therdbra 
be represented by the displacemGnt'Vwtor 

OP where (z, y) are the ca-ordinates of P 
referred to (rec^lanfmlur] «xe« Ibrougb 0. 
{FiS^ L) 

10.0^. Mtidulim and Amjditade. The 
length {absolute} of OP is called the 
modnlm of z and is usuaUy written 
\zl or mod z. ‘Ihus 

1*1 {=^}. 


The angle that OP mnkca with OX ie citUed the (or tirgumetU 

or of s and ib written amp z (or am z or tirg a)* 

If the number (ff -?- iy] k given^ the ampbtude is many vslutMi, but 
that value 6 that satisfies the jncqnahty —^ ^ is often called the 

prindj^i value ' and thereforB amp s is, in generah equul to & -\- 2foi (i 
being integral or aeto). 

The principal value in one of the values of arc tan iy/x) but b pev- 
cisely given by the equations noa fl ^ x/r^ eld fl y/r* (— jt < 0 < n.) 










rOMPLBX NUMBERS 


329 


(i] 1 ifl mhlkxl iho Argffrvt /jtia^rrani. The ftlUfB*? * tho point s ’ 


IS 


uBcd for * thn point F when OF represflntfl s* 

(ii) If ihs point = diiivca in n pnwilwd patii in tte jJailo from ^4 Jind 

imip z 4 * pmsmbed at A ( in^ thff prinoipal T>m]pQ]i thpxi the TnJuo of amp i B if 
obrjouaJy dotmtinatc. ThuJ if P dcsmHffl ft curvo flurKlundin^ O, iU 

annplitwln inprass^ by 2jr*. whiifll if It defKTibo^ ft idinplo onrFD ndl cCTt ftining O 
wHb.in it, ita xunpULnde is undhiUijiad. 

(lii) It i» eomntijii™ mcire tonTenient to tako tbfi principal ’Fmlns 9 to bo tbo 
migift tkftt EULtia^oa tbo LQoqtiaijty U < 0 < 2n^ 

lOM. Additi(f^ and If 

F, lijc fclio points theti Q thp 
fourth v'CTteiC of the jjAfiilklogTani 
determined by OP,, OP, m adjacent 
sidca iii the point f| + 1 *. (F*5. 2.) 

Thus (jQ and P|P| ^ — r* 

8Q that the mm and! difiercDce am 
represented by the diagonals of the 
parallGlogram^ 

From the figure wc obtain respec- 
Livfllv from the ineqnalitica; 

OQ <OPt + P.Q\ 

0^ >OP,-P,0; 

the conTiBpoutiing inequalities: 

\t, + s,t < \zi\ + is. I 

Ifl + *tl > I fsil - |st11; 



P,P, < OPt + OP^ 
P^Pt>OP,r^OP, 


1*1 - < i*jl + l*lt 

I *1 - s.i > I i«ij - Kf I 

(these ot courw bt^lng vomtianfi of the mpk isequalatr 

|at + |^| 

10.05^ MuUi^kation and DivimM, If fi. = fj,{t3Ci@(?,+* ain fll,X 
5] S f |{'™ H' ^ ^ ^l)> 

*1*1 ^ r,ri(i3tB {Oi + fli) -S- * ain (0i + <Si}) 

t.B. Ji,i,| -= r,r, — [*i|‘lii| hnJ aiup{;is,) — 0, H-S. ■‘t-2ht- 
Thufl one of the valties of snip ( 541 .) ia imp r, H- amp »,* 

Again, (2,/*.) = (fli - fl.) + 1 sb (0, — 0*)), as that 

[ft,/t,| •=* |3,|/|^| 

anrl one of the valuea of ainp (sk''®*) is amp *1 — amp**- 
By repeatod applications of these reaults. w^o find that 




ts- 


M‘.N. 

|w,|,iTP, 



ivnd that one of the values of amp {(tfy 


£ amp Hj. — 1‘ amp w,. 

1 I 

JTwnwjjISi FurmulM for + B* + ■ • * + Onhwsstffi + Si + ■ 
tui ^ . 4> 0„} In tirniB uf tbs oiKilar funpcieiip of 0^, 0., ■ 

Iw deduced tbo ab^e niftilt. 


Wj} « 


.. + ej^ 

*p mny 
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For cot (Oj + Oj -f 


n 

^ ^ + 0,) = KiJ {ccw 0^ -K 1 iin 0^1 


Aod 


iid (flj + + K ^ * -t- Op J = I n (CM Bf + fil]L#|.). 


AIao 


tAD { 0 | Hh <^1 + - 


I n{i+ium%) 

. + Bj - —!,- 

R [I *1- % t&n 0^)* 
I 


~ *■ * - ■ 

I ■*“ H|“ 4' » I 


urbctn Mf it tlui mam of prodiaJ^M of Ult 4-im .* iun tAkoEi t ■!. t tinue. 

For DxajEjiEt, 

ccn ^ = R(oa« A + I sin Af = Mft* ^ — 10 «M* ilnM + G ou vl tm* 

tA {A M R 4. ^ ^ ^ ^ — Un 4 ttn Bum V 

^ ^ " 1 — tan IJ Lm — ui C tan j 4 — Un A tun 

J0.06. J>etwoti're!*# jfAeicwTjffii, E^t^neni.) From the provioiie 

pftragrupli we deduce tlmt (cob 0 + t mn 6)" = wj9 +1 ain «fl* wh«i u 
IB u [KKsitive Tkua resiJt m known bb The^irem (for 

a positive integer), 

WTteti n IB not u positive integer^ we interjinflt (coa9 -htrinOj" by 
moans of the Laws of lndjce;B. Thus if n = — w*, where m is a pck^tive 
integeTi 


(cos H -1 sin 6)*^ = 


_ l_ _ 

(cosO + isinOj^* 


i _ 

cos ?;*0 +1 sin ffifl 


= ctM TnO — { mn fuS 
= cos w0 + f sm nB , 

The thoorom is therefore true for u negative intogeri and in ubvionaly 
true for ft = 0. 


12 + i j(3 “ I) 

EiUmpUA. (i) Find the- modulna and ampUiiulti of . , i'wV Modidua u 

l' T *At + *0 

v^svio ifm 

V^l7,Vfi “ V \17/ 

Aiupliluda ifl 2fcr + 4irQ tun (|1 — wo tsn (|) — ire tan [i) — aro tan 3 
• 2i7i — fl®'’ 30' (appnjx-) aft dinpli^ng tha ofiginBl number to (23 — 

we find ilut tbci iimplitude va — wo tap (tj) = 3fcf — e®'" StT {a^TOX.h 
(ii) Provo that 2 am tap (J-) + KPt l4iin (|r= 

Tbn loft-hapd dde \m tbo prijidisid vilye of amp {3 -h ij^7 + ij, j.fi. of amp, 
60 (1 + ^) and IB tterefiuTe 

(iiil irffioa^ -\- i r {ow + In} + t sin E® + Jn) 

ThenrFurB^ muttipliudan of a complei number by i In equiraloiit. ta 

□f ibe vector thrupgh in the eame iliiccitiaa as that from OX to OY. 

(tr) If Si (= Xj + £| {-= + i'lfftS iJ% tbd Oppddito cDfanrri of a aqUam, iud 

tbe «o-ordjTiutH of the oiJwr corners. The coatre of tha squain ia ^±| -h ^ and the 
giTcn diflgoiufcj h Rprf««nt«<l by *Iha o!*hcf otmuit* are thororcirv gl^an 

by i(=i + E,) ± i(5| - 1 ^. 

The other cotnen ue iberefam |fi| + ± i^glh, H ± ^ *f 

/ 2frt 

(v) Show that ooa — ocM na = J7 -ft — cos 

oOl ftfl « REi'CJO G « sLn &)" = C3oa^ 0 — "€7^ cMitf" - * fl ain* 4^ ^ * 
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Thii may bti Ax|initedd jm a imlyttutiilBl hsi noad^ nf dcgttra tfaii- HiuscLEfiDjEHl 
cot^ S bmug 1 + + ^ C\ “h . - . 

u 41(14* ir + (i“‘ in = ^-i. 

But OM ii(? • OM na wh&u 0 ■■ ± a, ± (a + . * * And 

( 2ra\ 
flE + ^ 

io H— L]^ whioli Aft? olL liilfvftNnl (ei«6pt pwaEbly wiiou timt^ ^ ±1}^ 

Thua M " ooi liti « * If |dfla 0 — oot -1- ^)|» 


. -L OL XL . -S , . (* - I)?t 

(vi) Shiyw tnn nn - ain — . * . nn —— = 

M n R 


H 


Emm Ejsamjifc {u) above, wbnjj a—we find 
iij 9 ^ cc« fu reiiiiflA ■"“* 

ainP 

a-1 


life 


h-A 


“ I jjf / irjiV 

BP 1 J7 giiji — gill {iJ -j- J. 

j ft \ 


a -1 /,5i\ 

Let £!— ^t)p tboda it* ^ IT ■ui*[ — fmin wbjeb the mult foUmva ftims ii 

1 ' w 


BIB “ > 0 (r 1 to n — 

(Til) siu*#&De^EF and aIii>^coa"GI aii Jm&at oi^dibifkatiEitifl of tbo aiiiM 

Aud cuuiiiEK of iuulliiiCtA of £!. 

Lot s m eoi B + i iaa &, tboii 2 coa 0 » s -|^ Bin S = z — J/r, Alao 

2 dtM Fifl -J- 4 “ ^ fuid Jiin nJ!? = z* ^ i -*’', 

ThuB (2*i* Bin* flMS* <«»* « (* — ^*(t + ^)' 

- ti'“ + t-'") - 3(5* + *-•)- a(s» + i-*) + S£=* + 1 --') + 3(1* +*-’)- 12 

i.fi, £i 12 din* 0 chm* S « 6 2 ctii ^ coo 40 + B oob HO -|- S em — cqq 

tiiiofiarlyp 16idn*0coa^6 «SHfn0 + BJn30 — sm =00# 


20.061. BeTrtaiure's Theorem. {Italional Exponent.) From the lawg 
of mdiceat tho function 2 *-^" — tp is interpreted aa one that satisfied the 
relfLtiDn i£?^ * (™ la fl poaitivo iBtegOT)B 

Let z = r(eos 0 + t am 0) mid te = pfi^a ^ 4* i ain Then 
p"^(cM »Nf + 4 sin = r{to& 8 + i an 9). 

Since p is real and positive, p ^ j and we have abo = SJbr + 9. 

Thutj oftc v&lne of ^ is 6/m and there are (??i — 1) other valuea that 
lead to dijfferrnt valuea of w , these may be t4ikcn os (0 4 Sfor)/™ 
(Jfc — 1 to fa — I )k One value of ia therefore 

(O/ift) + 1 sin (fl/tn)} 

mid there are {m — 1) other values ubtamed by sil^g midtiplea [infcEger) 
of 23t/m to the amplitude# The function 5 *^^ must therefore be regarded 
aa m-vatued, unleaB its amplitude ie specified#. It ia convenient in prac¬ 
tice, howevefp to regard the symbol (when #■ is real and positive} as 
one-valuc^l and as meaning the miJ ptmtive value. 

More generally, if p, j Bie integciH, primo to each other, and q>0t 
the function is rP^^(ctis pO -]- i dn and therefore one of its ^Tilues 
ia {cos) 4 1 aiu {pO/g )]; it has — 1) other values obtained 
by adding multiples of to the amplitude of the above value. The 
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aymboi h in tMa rase msecl for (iliB ilctErmitiitite aumbfo: {teal aod 
poaitiTOj if jj < 0. 

Taking r L we mn therafqrp s&y that qne tif the valnea of 
fl -}- i Bin 0)** k coh nfl f sio (n- ro/fottoi). 

\^Eii a id itraEiEiiiBii ifccjii & -\- i hju miLj be- duAnt^d bb Lbii liinit, if 

H. qf (QOi $ H- I aic wbuffi ^ m }ULy Bdquunoe <]f number thnl 

tcTwiB 10 tt. ThiJ lua on lofitiiLo aymber of valud g;lvda by 

lim fcos + ^ki) + f ak dJiS -}- 2k^L Ij6. -H 1 ain ^6 H- SJbr) 

MiKifr OQf ^ Hin 4 an coiitiJiiiifHiii fuJUu^iiA ot 4' 

Mclioa iUtih o fnODtidti Wp zklti uhiJiJly o^m^broiKJ Witk tho pat- 

tii^aUr value cot atf -h i Rin iil^« tuati Lb any hmmu, i t la moco approprljitb lo um t.hr 
ExpoTiratiaJ (uJHi-l kig^ititktiiiD) rubetii^u ib iLe 

10.062. The n rUh a/ Unittf. The nxits of ths equation 1 
ace called the a wth roota of unitj^ 11 j the pcevicnia pamgraph. tkey ace 

mB-1- 1 Rin-f (r - tl to n — I) 

n w 




ii 



«a. 3 


iijr 3jt 

Le. a, a\ . . whqne (st = coB— + lain—^ They are given 

ft fi 

hy the voctices of a regular polygon of n aiduB ioBorihod in the cimie 
x* jy* =■ L (Fig. X) It is ii&efnl to note that 
I + 4 4“ st^ -j* * h * + sc™ * = 0^ 

Tliia foUi>w^ from the font that the ooeffieient of In the equation 
21 ^ — 1 = 0 w MiTO (or becauiie (a* — lJ/{« — 1) = 0, « l, or by the 
vector law of addition}. 

The three qnbe rootB of unity lue often denqkMl by L np’ where 


u> 


2-^^ , * * 2?t * 

C09 —+ 1^111 p cti* ^ 


qoa _ ^ I Hin 


2a 

1 


Le. oi, 41* — — 1 ± tv's) I + 

If y w iTEHii yf thq equatkip s™ = ft lli^n thi» talicr J-iJdtH 
2a: 2 ji 

ya^ . ^ ^ where * = 0£» -- + i din —^ 

li it 

EiMinjiia, (i) Ttie tlireq mjtfi of ^ il mtts ~ <£rii. 

(ii) Solve Lbia equAtum JF* + I = Oh 








[ 
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\ ihw tool ii vmn/4 i Im. (I + ^/V^t ^rwi m thn four tdoU w 

\ mirn by ±(1 

L (Lil) Bahn tibo t€|U»t.ion r* ^ I — iV^- 

I 1 — — 2(Ma/3 — I sin «i/3), T\i^ rootn hvf^ mgduliia pj^dj tbair 

1 nmplitudua nmy tif hkJteii w — ."t/IS -;- ra/ 3 i (r = (S la JJJ. Ihwt, thuMi? voota 

( lUBy be- wdtton 

4 ± ji/18 — ■ liji ^/I3K ± — i «w n/0)i ± S^(nn 2 .t.'+ « h» 

I (iv) SaJ-td iha fjqujiiiuu £* + (3 H- i)*" ^ 0. 

1 J 2 I I 

^ («e (ti) fibcre-i&J, 

TIki Tuata am — I ± (* i v^ 2 )i, 

t0.07. «/ Nufnbcr^, If z^, are convergent 

^ijuaneca isf mU itumbcra that teml reapectively to b tJien tbe sequence 
ijf (iociiplex nunibeKi 2 ^ (= "H ^ said to freiKl to the liniit rt q- iL 

Thia ifl conaisteiit with The dufinition of limit for real aoqueiipea, sines 
it mfky «hown that the neoeasmy and sufficient ootiditiotl that 
ahould tend to a limit ia that \z„ — t^\ ahouki he ultdtimtely anmlL The 
cikbditEon La nccesfiary hevaiiae js„ — z^\ < — x^\ + |y^ — y^l 

it is fiufflcipnt luscanse \x„ - ^„| |s^ - a.I wid - Vi.1 < Is* - «bI- 

f Thim if ^ ft, thon^ ^ven £ £>0) we can find such that js* — ftj < r 

I fur uU n > fi* • i,e. fill the jioints JS^ for 71 > arc within the cimle 

I centre x and rsduia e. 

i§.98. Thfr Sefpteiux z^. Tf s = “h 1 (rin 6), 

-- f^£coa Jifl + *’ ain ii3). 

I 'rhnrefort! 1 “ 0 when |=| < I (since |<v3rt rti0h |stiin<?|ftre < 1), if 

m Ja| > 1, oacillefes infiiiitely (except when fl = 0 or when z Is real 
and pwikivc and ^ + do). If [z| ~ h oscilljittea finitely cm the 
unit circle [s| = I (except when !) =0 or Sfor, when 1), 

(i) If [=4i| IS hqund^ and not lend to a liiuil^ l-be 

In tmd to op(s&IIaI« Snitalyh If |i„| is unbounded, tbuti in geoaral, will cwcillnte 
hdinitidy. If, bcwsveri 2^ tnmk to a tluflaiUi valbki a, mv uiay say tltst 
Uin^ls to CD in ihe direction ot* For example If e =i a + ipf,, whtte c, are ft*l and 
I i/^ t«udii to + we limy Fiii.y tbnl Xj, tends iit ec in ihu dErDcUiin of tup y-axls an^i 

write--— 

(U) 11 —► ft, |?+ tliL'n by (xroultf rttmtlii- to tbf«e for 

ws deduce that 2 „\ x„" . .) /ffa, y* ■ - ■) wben? jB 

n tiiiitci nujihbei' of fundiimeAbU iipppatiuRfl on ita ju^^uMcnln nnd wbrtv ibm'i is no 
ilivimoQ by ^-ro. 

10.K Functions of a Complex Variable* When z* y are w>n^ 
tJnuoua real VELriables, w l- nmy regard ^ (= z + iy) as the coniinuoUi^ 
mmple^ mric^Ae since z—*~f%+ ih when x, y lead cotLijiiiiiOitBly to 0 , 6 
rospctit-ively, A funetion ^ of the fottii u{x^ y) H- iv{x, y) la a functSon of a 
(in the general seiL%h HliK^^j when t is given, x ajid y are known and is 
determined. Actiiallyt howisvcr, ds wb Hhall see later, the function that 
ia impoTtant in thia tfieorj- is a partieular type of this gensral class. It 
V should be noted that for the general class, id is a conlinmw fimction of 

2 if H, i& are continuous runctions of x, y (t-ontaniiity being defined in an 
^3 


1 
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obvious way). For if v “*■ *, ^ wtien i —»• a, y —► k, thou 

wboji s —»■ fl. -J- 

Thua (z + iij)\ z - »y, -i- V|3=y| “™ coiitinitons fuiic- 

fions of £ for ^ X, y. 

ALw the fundaiucntal theorcnis on ItfruY^ of fnnctioiLs of a real s'Ariablo 
may be extended to functions of a complex variable. Mora definitely, 
if Wi—*-<r when £—►£*, then (by the method used fof real 

vnriabloft). icj -j- w, —► /> -b it, WtW'i —► po^ iw,/Vi) —*■ (fi/e) (u ^ C), when 

lO. Jh Tfie Folymmiat mid Ratioml FuhcIwu A ftintitioia of the 
form aftZ"+* a . + a^t whem ifl a iKrairive aJi 4 

0*, &i, . . are complex h cmllecl a pGbjnomM of ilegree n in the 
fromplex TOriflble i. It m obviotutJy coittinuoijs for oil s^Atiies of z* 

A function i?(s) of the form wlicre P{z), 0(2) are polynomuilB 

i« chIM a HitHmal of r and m foatinUijHH for ail valties of z 

cxcx&pt thcae that mAke Q(z) rero. 

Kmmple. Thrt jioljmomiia i + jk + - + . . . + ii Ui 

(I _j_ ^tiiA pnxif (by in4us2tUMi+ f«r cdtamplp). being t±ic saLoic as Ctif l\w ttshJ \'aniiM-ci, 


Ifl./?. *Smes of Ctfmpttx NuJjdte/s. If where 

are real, then ( c «ru^ + iZ^V' tberefore c^mvergcfl to 
1 1 1 

fi +4i!, if X4t^ Tvr converge reapectivdy to wp nmy write 

1 I 

m. 

fi = —u + ii\ 

It Jfl nK>EB3aiy anrl sufficient for eoiiveTKennc that, giveii t ('- wo 
can find a suffix «iich that 


HJl + l 


< f! for all m> ?i, mul all positive iutcj^rn p. 


19J3, AhnaljUt OminsTgemse of Complise SenVjt, Siutw 

, ’2^ I "ibp I 

|^ur ,|<^4 

imi-1 tn 4 I 

the convejjneace of implies that of iV,,* In aadi ft caw Xw,. ie 
j 1 • 

UC 

said to be absoliiidy tsonvergent. The raavetuffiuia of | ituplia* 


that of r|u,| and wKetc i6„ = «„ + iw, (jiml convomely); Bud 

thot«fox» the value of .^v., when the aerioa la absolutely eoitvorpent, is 
iudepeudeut of tlio oidet of aummation of the tofinfl. 
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sail 


If 


fizamjJe. J + SeHu}. 


Iliim —M = 
iB>n4 


l-i = 1. 


Q&. 


a.|—r wllidl -j—r I 

' R R 

't1i«re i» nbtf^nit conwgmwe itlien |;| < t Hint (icing b nagulivc luLcgec}, 
|i| > I, Hm ccrifs CAntlLtl bfl mnTOIgant Hioms the nrti term doc* nat tend to Ecin, 

i +y 

- 


| [>.-j-lKit + y ) 

(«+bK«+« 


J H- 


1 





—— ^ litJttnr'ie'J) 


« I + “ + "i"* (wuflUedt 

IrtrtvLTe p — R(1 -Ir — a — 

'Ilir™ Ifl, IhEirpfGiv^ tthiniutfi ecjnTergmnco when |±| •= 1 if Rf-p — tt — z> W 
^hijii Lho-iBcHDi cohik^L athemisQ l» o ttn yiBr ^ enL It nmy be pree?!.^ 

A'/« f lI^G7^ iJiattfaea^iFfiGDnTei^gigH (not a^pihitol^] whiEHiCI > ^ ^ ^ . i 

wiinn r = 1 jukI ihflt tba BRiqflfl dom not rcmvflrge wbeii Rfj^ — ^ < — L 


WJ4* Faufer Series. {CiTrnpl^ ForinHF.) Irft 

l’(2} = (I, -i-ajz ~ a^» + , , , -h rt„2'‘ + . . . 


Sup|>ow that lim — cstetR anci liflfi the value It The wnee is 

nljwTili3itt>|y {•nrivargeMt. If js] < A ujad b j^ot ffonvorgeot wlitsn \z\ > /f. 
I'hiifl F{1) is rlciinprl nt ftU pginta witliia the cmric \z\ = R and poa&bly 
fihp (Kiintji nil t.hiif c'imlo. Tlie circle is CAllerl the Girds of Omvergence 
jijul H thi^ Hudiuji uf CrmvergeiK^i 


'J'hi? Bflriwi mui n^it fonviTge lit sny point of tlw oirde. It miiy 
iili™jluU4y at |hjiiiui of dip t-iielB (i?,g. j and iwiea oaw be nenitruotM 

LlidLt. e'unTPJ^ (imt utwolutotyj nt Jifl pcimts of thu tinhr fj^rinpifieiw+ i\fuih. 

m. 

Jii nmny cosen can Im i^xpressed in form 

(1 -3-/a/« 

[p^/iiikdcpcndGnt nf n ftiirl \p\ fl!), is hounded, from which it 

follows th^t ia of form (1 + n^/n + A^/n^)R where is 

tioundod mid tr ^ R(/i). Tliete tlierefone a]:woliji^ convergence for 
1^1 ^ if when > L 

NoiOE. (ij It may beabowii JJ.JJ?) that tliepa {b {mi 

abanliito) whnn U < < i ^ pj = JZ «:vc€pt vhan 5 = /2 ftTMi that the MW 

ii Quti ipdmvRl^gGtit on, |e[ = i? wboii R(/£) < tl, 

(iij In loaiiy cow % ia TtjaJ P-nd tlw probliioi of oonvM-genn 1* suniiiiilixJ. 
Suppoio for Himpbinty ihat JS = 1 (a cwi to whtoh thp OMr- ii miurttl 

:;c0 frr roj % tbs nlbatitmJoii s = /JCh 
>Vb«i j=| = Jp s = H- 4 antS tE» seriw WiXKin^ 

eoa flf)) + i(JSip nn 

Thia i^^Torgcri wbeq bnth the aenw iilp cw W, lSs„ sin nQ iftsuyta^. Thus 
tlkiire Ifl fibEtdid^ vrlwn in nbwTinfceJy ix^varfitiiut. More g^ttiunilJy* 

Lhoro \b oanra^rBnee [not nei;?w»atM’tly til^Jiitei) vhm Of^ 0 fO ^ U or a multipfo 
of !ti} I if B ana f4iinvei^eii or divcc;gea with whilst 2^^ Ain = e. 

(f»'A4|ift?r X/, I 

Many of the propertlei of ijower seri&s in the rmt variahle can bo 
extended to power series in the compiejt vcfiAblSj appropriate modifica^ 
tiooii being made in th*^ mc^minsrs of tIic lenos employed. The pro- 
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pcrtii!!j^ involving Sn^regfutioii will brt giv-pii Im^r m t\im i'li;ipffr 

Hfoil.), hut in tilt' imeantiine wv n4:jt4* thi> iVslIsiwiiig: i 

■» 

]. w a fuDeliion of z within it<^ roifion of (i(iiiv''iTKetive. 

Jl, {irt.,:**) (Ivjpt") = + if-iK I -r - • ■ f 

n f\ : 

w heu ¥ iH within the rqgion of convergence of both the Jieriea 
* 

111. LdTuXn^s™ — when iht series on the tight cnnvecges 

where |**| =. /; mil c—► tn ii-Iung ii rMilinw (/l&f'fV j 

The properties I, J1 mny be proved hv the Baine methcjil as that iiseii 
for the te4il Vtiliable J and property III in ihb simple fonn is all imnie- 
riiate conaeqiieace of Abers Theorem for the real varialile. 

For let £ = ({wAiXr + I ehn at) where - //(coh i]£ + Min n) ; then 
on the mdiiiB ihitmgh 

wa + i sin U n.ial with U <,t < R). 

Dut it is given that ia^eosna and Rin na are convergent. 
Therefore by AlieTa Tiicorem for the real variably, it Piii!low,s that f 

AVi &* —►- ' 

when f IL 


A'''Crffii.—{!) The resuk ciAV jjax’^vtid true whet* ¥—► s, lj,v liiiy jMitl* in tbr 
dide thiLt Um betwi^a twci chctik iHUHiax thmii^h when the patli cuU the: 

i-LftiJe at nt A ItBiEe angJ?. {Sm Ptmrd, d'AmitfiN^, fl. 7St 

Tkiiorjf cf pHn^mnSf. t. 8 .} 

(il) The ifoavvftm of Atwr# TLtKirt-itt, vCk. tlinl if —y* fw^ > "u 
n ffuitable path (wkem j:!,| - than — 9^* \* tiiii trui- in ; hut thin 

cnnVcrN] is tnieif (i) «„ = 4 j(l/VFj (ran^rjir {U - O (T/a) 

tOJ/'K l}erii>aiiiv^. If lim ^ ^eiists, tlic linit caUed 

fii—os 


thri derivativy of /{z) and i^i written f*lz) or 



TliiiH mu'*^ 


{£ + — 35 “ li¥« - ^ At + 

the de-riv^ativc qf z” in when n ia a pciaitive iiite^yr. 

Soft. We nw iho f^int^>1 0|]i:7t=ji} far ^'(J) when Ijiaind-nl an 

BQiHD tidghbtwuhwidp 

Jfow copHider the contiiitiouo fuuetioli /(i) = -C* + ♦tf*. 

IJ .„. /(s + —f{^} + ^t{ At/ + (At)* + iiAfj)* 

' At At + idi/ 

itrifl tbis iloea not tend to a unique imiit wLeii Asu, A;f t^eind rmlepentiiei'itly 

to Kero. 

Iti particularp if “ h coa otj Ay ^ h bid tbeii 6 z —^ *1 when h cl 
fttfmg a fixed dirBctioti (a. GonBt^nt). The limit k 

lim Of + ^ sin a) -|- 0(S_ 2 (j 5 + t*n ol) 

A(co5 m + 1 flin %) 1 f 1 tan « 

which Llopends on the viilue of otr 












hTScrmm op a i^OMPi.Ex variable m 

III EH thewftjTi? by iLe ilbove that the typft of jfunctbn (.Imt. 

iltSfwrLiUt in tfiia theory b nno th^^t j^tje^etiBes a derivative iodepBcd^inl 
of t.hi^ way ill whieh fe—►O. It ib obvious that Htich a function aa a 
]iolyniiniiai IsaH thia profieily, ijinc4; a polynoniial cutminta of enryain 
«iiap]i]i operatiQlis on the variabla$i x, y when these variabkd ^kout oaJy 
in t ho partiE'ular <xiri]biEi'dtio]i The property itaelf i« 9 , however, 

biclepBudent of tho way in which the fuiiotjon pogseseiiig it ia 
nr ihderrained and pra^ddea a anitahilo definitioD of the cLuaa of flucli 
riinetiooH. 

WJf). Functions. The pmvbtis [vim^^niph 

KiijTfrijpta the rlcfinition riif a damcif functions ansi theac are cuIIblI anuhftii^. 
If ft- n fnnertion of ; anoh that. litnATf, (fc eadata at iv given point whtili 
ti- - ► II m lurv Wrtj\ tlie fiinrtiLin w ia m\i\ lo he at. that point ■ 

and if w Ls jinalytEo lit pvery f.ioijit of a given tinmaiii it i« mv\ to he 
jiFiJiivtic tlironghoiit. D. 

Jjct m am i lei (le tvro poirita of the donuiLFi in w hich /(i) 

IK ik'CiEcd. If «7 k aiittlytic lit to a wtiicb may 

® “ -D 

fw tleinit«J by /'(;„) jw ; —► ; i.e. ^ven e (> 0), wc can fmtl ^ (> 0) 

Hniih that 

M +13 - i- and [K\ < e 

i'r.f i.ll tusintfl j M'jthin the ciirk |r — SjI = 

W.J7, EUtmniaiy Jjuibjlie ftincUmn. Tht nik« fur the dilTurBiitiu. 
lion of Wi -4- rtij. iPiifj, ir^, «?„ ohvinnaly apply to fimtl-WMis ip^ u>, of tfic 
cioDipIcx variable; ami in iiartioidar'tha tkrivtttm oft" is j.raved to 
III. a;’' -1 (flt ]eaiif far i* infe gnilj liy tbe siimrt nietiiud aa that need for 
t!in rral vjumlile. Thus the rationai finmtioti is artalytie exeept for ttjoite 
vaJufla tliiit make a detioriiinut4*r vnnisli; and ita denvativ.; is abtain«j 
by the applicutioD of the above ndea anil by the iiae of tbe derivative 
of Aptn, IV function dc5ned hy a [lowcr seriw is analytic fur the 
interior of itJ) circle of cion verge ncc. ainl its derivative is olitoiucd hy 
diircrcutiatinj; the aeriwi terin-bv-tenik it has been shown in the proof 

for power aeries in the real variubfii that if /'(jiJ then 

n 

i A) - + /ifMa-.! + . , . f r . . . 

rf 

wbi'fi' is the scries cibtaiiH.il by diGeientuitiitg r times tenii- 

hy-tonii with ryaixi-t to if, and where |iftj < — jz|; and tlmt by iiBing 

liu> fiinp]mrty nf ei mtiniiTty', Tile itotiie prijof is applic- 

abli'; III liiv Nt'fieH /■’(j) - m. tlmt not only la fi'is) aiialvrie wittiio 

\i 

ilK ciniJe of i^i)]ivef(feiice fmt it po!3se.Hfi«!i aimlytie. derivatjviK uf nil onjerN 
iinri is I'lipithle of evpanaior in iiTi iiifitiite Taylor wuriew at z . given Ny 

FU) - (: - r.}F(z„) i , , . + . 
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this fifriflA bciuj; ULUiVG^pnt ftt least within the circlp tietnmiijied by 

(* “ tf*! = - N‘ , . . . 

Thus tie mtionaJ fiiiir.^iuu and funrtiQiki given by jiowtT wriea arc 
not finly ATtAlytie within n eerttitii domain ; they panHeae itnidytio dcrivai- 
tivca of [lU oidera within tbut rloinKin. Thui pmiierty is true of all 
Etmilytic futmtiona, hiit to prove it penMully we iniiflt inttiHluie tilt’ nirtion 
of intityrfjiiop. 

10J, Contours. The uitfegml of ft fiunition of ii noiiiplex vstrifiLle 
Tjj Hti intejp^l nJonp; a curve on the x -tj [fhuie, hut wd* shtill deal here 
ntily with simple turviw of nn cleinentiHiy type. 

tt will be (tfwunmil, iJierefore, thut (il when the tiiirve Is j^iveri pnra- 
mctrinilly by the erjujitioiift 4^1 ti ifV) ^ functions 

40> ?/(*) Jin* rontinuoui! ami iinsseas ilerivatnW j^'(0 whioh are coii- 
tiuuonH eX[» 2 |it imaaihly at a finite numlacr of imlntu where the tUseon- 
timiitii?a tiie tinite; (ii) two different Vftlues fif t do not lead to the same 
point (r, y) (iii) the ciiiwe ran divided up into A finite number of 
pftrts in each of wliifll V {or 9;) tan lie expressed as a. eontinuotis function 
;/(x) (nr [ninHosain;; ii derivntivo y'(j:l eontinuons except at a 

finite number of points W’hen the diflwmtinuities am tmite. 

Tf xtf*) =; 47) and = 1/(7), the curve is cfiMwf. tlnui pmviding 
ft single exception to assuniption (ii) tthove. In this theory, it is usual 
to eall a ctosod. simple curve a closed Cowffliir, but this must not he WMi- 
fn.ss4 with the other nut! of the term aa a teiwi carui*. We stuill regard it 
as phnolis that a dosed contour divided the jioints of the ar--^ plane 
into three catciiorlea (i) tJiosc on the curve, (ii) n set forming the Mitm’ar, 
(iii) *1 apt fonntdp tlie exUrior ; und if *a is interior to the curve, the 
change in ftiui> (r £,) when s rtescribea the curve once iu tlie munter 
dockwiflc dirertiou is ir. whilst if Is exterior, the i liungp is zem. 

The curve we ttuisidcr here theroforo tlucs not cniss itfidf, hflS a finite 
length, covets MPo area and enclom's n finite area, ninl may have a finite 
nuuiber of corncis. 

Wn sliall find, however, in subaci/ucnt. applMSitkifis (hut uiily artss of 
circles nr segments of straight iimai are uued to form the contours and 
therefore no difiinulties relating to the general theory of curves need arise, 

W.S1. The Frocess of Dmeeiion for un .Itirti, iiuppone that /(j!, y) 
possCBsea a projiertyin tlio domain caueistitlgcif a caiitoUTPanelitainterior 
,'f. I.ict the doinaiTi lie divided into any two piurton ami mippose that the 
prL>]>crty is of fliich a kind thal it mnst be Satisfieil byy(ij </) fur ftt least 
one of the parte- Then by u ]»rocoHS of subdivisiun iiuulugnus to the 
prooe&i of iiisrctioli for an interviil, it is [Hissible. io find one paint tiftiie 
domain in the neighliourboud al wdiich ff,x~ >/} nitMCwsiifl tlie [iniperty. 

A jieigliboiirhood of an interior [wniit r(;r,, y*) may lift defined as 
tlie doniJiin sfrecifimt by !,x - J'u[ '1. |,i/ ynl ' > tf), and A can 

be taken Bulticicnlly sniall (but imt r,cro) l-i ensure thul. all jsiillte of'thin 
neighboiuiiUiK) hebtig to I ho diniudii. A ueigliljourhouKi of a point 
/’(spj, If,) on the liomidary (J may be ilefiiicil ns (lie damaii! common to 
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tilt given dnm&jn nnd thiit by — nc^l < d, |// — ;^p| < A (^ > 0); 

find (^inct a line parallel to an asie meats (7 in a fiDite numbef of pomtsjj 
d can be taken sufficiantiy small to ensure tJiat this neighlxinrhEwd ia a 
fllnglu urea (Le. is bouiKled by a simple cantour). 

Take a ejqtiare wboee side* are parallel to the luda and ia fliicli that 
0 is interior tn it p tba aides of the square being given by x » On 

-ill — lu -Bir 1 ~ Oi = Bi — 6i — o>0). JIitoIu this square into 
+ quarter squares by the linea 2 t = o, + .4|i = fi| + Theiip c 

having lM»eii chosen suSciently small, the hnes nf aabdiviston divide A 
into a finite number of partflj and /(jp, y) must possess the property in 



one of tliest! aul>-j:!egioiia (inL-luding its boundiiry). Let the quarter 
square in whieh such a aub-regiDn lies be speeihed fay a? = j4j ; y ^ 
fia [At — fli ^ Bg — 6i = e/2)K Divide this quarter stpiaie in 4 qnaf- 
ters and let the prueeaa be continued. ^Vfter (it« 1} steps in this con¬ 
tinued subdivision, we have a square specified by x = X y = 

-= Bn — ™ and this square conteiiia a finite 

number of Hub-regious (belonging to the original domain]^ within one of 
which at least/(a?p y) iKisseesea the ptufjerty. The monotones 
obvioufliy tend te thii mm 2 limit and the monotones b^f to the 
same liinit y*. The point yn) b interior (in the broafl Pfmse) to eveiy 
Belect-CNl quarter-square, [md ultiinately every selecte^l qiaiirter-sHpiare h 
interior to £?, if (®g* y,) h interior to U (sbice a line [parallel to sn aids 
meets C In a finite nuinber of points). Thus, when {xti* ya] ha interior 
to Cj a neigh boiirhuod (complEte) of yj esista in which the pEOtierty 

ia Batisfied. Similarly^ if ^ C, a neighbourhood {jiartijd) if 

l^n. S*) for which the fiuicHnn yiow^swa tha propertj% 
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lOJlS. dnifomt Difcren^fiUty. If a funrtjon/(E) ia aiudytiE? in n 
doiiuun D nod in noy i>oifit of then friven^ (> 0), we can find ^ (> 0) 
fmeh that 

< fin [z - z,! CA. 

X " fi. 

The vnliie uf 6 thfitis suitable at r, will linwiiver. iu^ sMitnljlc*, in ^e^' 
eral. for fiU ijointa of D, We can, Iiowever, show that ti value uf ^ (> 0) 
exist* that La atiitable for M point* at IJ, An unulytic funL^ion is* there¬ 
fore aaid to be untfmmlf/ liiffcrentTable ki Ik Ijei D be divkied into a 
finite tilimber of parts Dj^ . . /I^. U \ i* suitable for nil the pcinta 

of Bj, (r — 1 to rw), then luin is obvionaly miJtalde for all points of 
/>, Buppoee that k rioofl not uixt for D ; l.heii by the pmciesw i»f tlissecv 
tiou, tlieiti existfl a point in ttio RnijihlwUirlfcfM^rt of wliii^h Ji ran not 
In? found. But the rkeighitourliomi of can bo rihoaen jqjificiently eujBll 
to fie ontireJy within any {’ircle J: ^ umi we thns arrivo «t. n 

cootriuliction. 


lOJlS. Fundims, Let =?/(£) bo tvnai^dic nnd kt it* 

derivative be Then h? may l>e esjiftSBt'^^l in the Ainu n -|- iv^ where 

rt. n are functions of if. The riinction* w. f' nm rallwi Ctmjutftiie, Now 
t>w —J*{z] dz -|- >. wherc^ \k\ < in thr tioighlMjurhiwitl of a point 
Let f*(z) ^ U 4- iy where 17, 1' am function* of ;r, tf 

Then ^ = U dx — V dj/ -\- p\ fii' -- V Ar 4 f7 4 

where [p| = < |X| < 

and icr[ ^ |I(X)1 <13^] , 

Thus u, %7 are fltfferentkbk functioim For wludi 
Mj- = fF = luul = — r = — 

Tlie iMjUfttions Uj — fly; calleil tha 

canditiortH. 

Cotiveraely, if v are dlfi'erentiable fimctioii* in a rlomoin eu<sb 

that Uj, - Vp and = — Vj, tlen u + tii (— «.') IS an analytio funcrion 

of £. For •= u^dx + } i dx + 

and therefor* fhi 4 ^ {n^ 4 uvK^ 

i,e. e:Xijit;3 and hue the value 

dz Az—HP ox -h t A/ 

fij 4 ^ Hu^ 4 

It follows from Cauchy's Thecinein (prr»vorl later) that u puaseSB deriva¬ 
tives for all orders; and if we uanuine this result for t he momenL, wo 
find that 


4 «(,ir - - 'W -t- 

Tims «T V D-M aolutioiiM of Laplace’s ect^ntiou '7^r = i) and are therefore 
called Harmonic FunciiotiJf {in twep dinienaionA)K 

If one of the functtciiis is knowui, i h'i+ otitpr may l>e ri eterraiiied (except 
for an Jirbitraiy constuntj i for 


u = 



l>, dff). 
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Fnr ci.'sumpl^’. tie 4!qiiatioli V% = U, am\ th^jefore 

♦ji |(3a!; —■ '2,fjd^) — j;* — + c. 

Tie gradient mi of tho curve y) — conatftnt, at the poicit (a?, 
is given by w»i = — ; ftiiil the gradient, of Tj(ai. j^) = cotmijuitp 

rtt (j:, jr/)p is given by "" ^ 

therefore r.h« curveii »i(Zp i^) = miwfcantp tJ(jp, y) = coiistant, if tlicy inter¬ 
sect in real poLatSp do so nt right aTiglcsi^ 

Conjugate functions are important in applications whero it h required 
to ilptemuiic solutions of Lapluce a equtitioil V*P = 0, satfutTying certain 
bouiidaiy- cnmlitiDtis. For exmiiple, if « in a liannoiiic fimetifin 
V (= u — c) m H aoiiition that vaniaheas on tbe bouoda^' « - r; and 
if f* were ii fumiwn^ n = eoDBrtaiit w*uild rnpirseiit a Uh^ t*/ 

Complex ttile^raitlon, Ijct the equaliDiifl givmg a ?tiiii|ih- 
cun'e of an ekenentary type etuinoi'ting two points B{Z) be 


Sii(itK)S.e that 


are r^toDl.inuous in /, < f <T (exeept 


[icjiwibly at -Ti dnlte number of wmers), where j-* = iff* = 

X = JiT), Y = y{r), ■z^^= 7-, + itft, and Z = S + ii\ ft- mn he 
aiaumeil that the yiamniettr i ia clicjEien fio that T ^ h finite, 



ITfU. & 


ru 

The line integral | (P rfj: + y ^¥) where Q ole cotitiniJollls flinctiom 
of u, if is defined to lie f 11^ ™ oontinuoua 

h, 

pB _ 

fnnctiDlia uf x, the expreaaioii i (P -|- -r ia delineii 

rH ^ 

to be (Pci/-h y -J-i I {Itifx + Sdff) and in cidld a ff.NrjFpfe^ 

rZ 

htkfp'ni. 'file expression hitfinrtr^ iinddined. is defined bi Ihi 
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* f-P r-tf 

J {« + iv)( 4 ££ +1 rfy), Le. J {ti liz — t) -|-1J («{L- 4 ’ i> dy) where 

/(e) ifl DDutinuonB and et^unl to (I + »v. 

To justify ibis notatton, let the interval (tg, Tj be divided into n 
emb-utervala by the valuee <.. t„_j where 

i<T 

and let Pr CDtreepond to the value with P, = A, P„ = B, Lot 
d'^yr* Alfio lot /J. bo any point in tho interval <t 
and = SfJ. + bo tho corroflpoiidiiij? point P^,. 

Suppose, for the tnoment, that ^ arc iTiiitiniionB functions of I in 
t» < f < T. They ar« thefefare uniTornily cnutmuatia, and given 
e, 0),tho mterval (f,,, T) can Iw divided intri n T>siirto at andh that 
in Bvoiy aub-intcrvol 

|i(O-3e(0[<Pi 

where t', ^ are any two vdqea in the sub-interval <f < 4.^1. By 
the mean vnjqo thooEcm. *,,+( — ?r= {!>KO}{4+i —Q where t“ w" 
Bonie vaJne in the interval and tbernfore 

*T+1 “ 

where |h,| < Cj and ia any point of the intervat < t < 4^+1- Simi* 
l“'ly yi-+i — Jfr™ WQ M where <ej (the nnniher 

of sub-intemds being finitely increased, if necowary, to cnauro that 

ts(C) — < *1)- 

*-t 

ConaidfiT the Bum jSb — ^^(sv+i — 

0 

ut M* = and i?; ^ y;) ] %hm 

rt I 

— 3Cp) + i{yp. ^ 1 — K“p + iPp) A’(i + f*it 
iy 

■—1 

where ^p. ^ ^ IK + «rH^ r+j- M 

D 

H - I 

and = ^PV + h"r){**r + ^^<4+1 - 4)* 

If the Dumber of mitvintervals (44.1 — 4 ) tends to infinity in such a 
way that mas {4^.1 — 4J tends to Bcro, then 

f c»i+*»)(■« + 

jf. 
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Also < 2M£i[T “ I,) when M = msJ l/{s)| on tbe cucto. TU 
fEmction /(a) ia eontijiuoaii and thcnufore M is finite and so ^ 0, 


the lifle of tha syuibo] on the rigTit. 


LC. 


thuB itifitifying the me of tha sy uib o] on the rigat. 

^We mfar lUBo that in the coutmiied Bubdimon, nn «s ExmtR 

Buoh that foe A giTOn b {> 0)^ the inequatity 

«i ... I 

If' 

Wtt II 

Liw b<!cn defined in temw id' r)rdiiittry integraltf it foUoww 


curve 


rg. 


/Ca)lfc - ^(SirVI ^ ’r>M) 
rtiiHH' f /(a)d= 

J=t ^ p 

tliat J^/ls)d* j' /{tM- + j ^ ^ ^ 

rB r-i 

AB, and in particular I f{i}dz ~ ~ j 

f 35 ** "7 

jVJso (i) for any curve AB, I — ^) = ^ 

(ii} for any carve AB, 

r sdsi = iim = lim -ri^i 

taking ^ aiicccauivoly at tie ends of tlie interval, 
i.e, f : (fj = § limJits,+i — S|,K*r+i + '^r) = ~ 

{jjij J where G 18 the oiicle le* + y* TuJse * = 7f eus (* 

tf ^ R da I where t vadca from 0 to to; then 

X -I- ij? *= /?(— flin f +1 cos £) = ts 

and tJie integral is f* i = 2jrt. It Is the saws for every cirde whose 

Jo 

rentre in 0^ 

Stun, (if Till*: rwalta on> uioaffoctocl wbna the cum' AB hu a dnite nocuba 
I)J' oanttfii at the points t-V {r = I tn «j. Bine* wo may dalitw 

r" f*^"* "u4r^rvi ^ ^ 

f^tykv^ n-)^+ y\ /fi)*+ 

J A j ^ J ttf ^ 

(il) Whflu Iho curvf? la a piuaed ountfliir tbci vomd thia wiiour ia 

wT^tUiii J^i£)ds. Hiia, howFi’<if. not inHioBito the in whksh th® conUiflr 

ia thAcribedo liut wis jwbuhibh imJeas citberwiaa jJiat the 

dknrtilion ii ooiinlcr-dookwiiw in t.ho aflipio aecuft m thp diPMtioii irpm QX 

IQ Of). WJswiii them u snj JOdslihfiKjd sunblgiiit;^^ wo oui w tho iwrtjotian 
fi'^r rcHjnlftr-pIfvftHiflc flunrfftticm wnd 4A=W= f*^ rlortii iae. 
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Jti.SL An tJpp^r to tha^ Modulus ofn Oompkx /fdegral. TLq 

Icti^h 1 of tile art of the curve AB ha^ been deSutd {Ckup^ IXi m thr 
limit of tho Slim of the lengths of the chords AP^i PjP^, * . Pn-tB 
when te-uds to iuhaitj in auch a wa^y thut every 1 — 4) tends to 
3 !ero : thU timit has shown to be cqiiB] to 


rt-l 


Thus 

II 

! = /• 

Then ij /(ajdri 

a r 

■' ^ 11 



II ^ 1 

< At hiu when^ M is the upiier laiiuii t of 

l/(s)J on .15^. 



i.c. 

r/C;)(fc! < Ml. 

U i 



/OnrSS?, This is the fuJidanii.^rttcit iheurein of the 

fuihject and is iinuidly stated in the following form * 

If/(j) ia iinulytio and one-viduefl inside find on ^ t^□□tol£^ C then 


0, 

Let a sqiiwy be drawn, with its sides parallel to the aJtiSr 4iJiJ con- 
taming C rntiraly within it. Lot this sTjuftie lie tlivrflwl int-o satiillcr 
exjiial s<jtiaies by ^Himdistant lines parallel to tho axow. iFtg, ti.) If n 



9fiO. 0 
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m 

w 4Mt<nighr ^hvm line^^ nf ^ubdivii^iorj divide tLe iloiumu into m 

KiiuiUpr tiquorea 4S'^ (r — I to m) and p iTrcgukr areiw (# = t to p)^ 
V>oiiDi1eiJ by part^ of the subdividing linea and by paita of C, Also, si nee 
the euntoiir h deincistajy, tm eruall a^iiiare conioiiiB numi than one 
irre^nlLir a^ea^ if h is takfln larj^ enouglii Iiaf. S^f denote the ho\in- 

daries pf the suli-wigioiis. Thenj J{z)dz^ /fjz)ffe 

f>eii|iuse hi the ^mmation ab the tight the integrali along the parts 
fif the mibflmding tines that OE.’eur iii and appear twiDi‘ and ate 
described nbcc in cDch dirisitiDii^ 

Now eince f{z) is iiiiiformly difierentiable^ a number A (> 0) exiatH, 
inflepenrlent i>f (ic'* //h any point bf the doiiLaiti. anch that 

5 — r I 

for idi E within the circle — ?"[ = A 

The greatest* distance hetweeb any two points of or ia < r.\^ 2 /ni 
where is the l^gth of the side of tlie large scjaare, aud therefore n can 
>« chdflen sufficiently Urge to enaurc that. [5 — 3^'| < for every two 
|K>inti9 s' of or Tg, Thna if ls u point within 

r f{z)fb 1 = f {/(?") + (u — + 7.)dz, where |^| < e\z - i:^[ 

Jn, 

\ fiz)(k — I X d?, dnee 1 tk = 0 = [ ® 

Jei, Jif, 




Now pi,\ < if[3 — z*\ < and the length of U 




SitTiilarlv 


'f < 4ae*\/2/n*. 

f /{^)(i3=r xdi: 

Jr, J a'. 


where < «r\/ii/a and the length of T, in < -|- 4<?/il), I, being that 

part, of C that telongs U> 






Thns I /iz)d^\ < + m) + 

n* % 

i.e. < 4ec“\/2 + m\/2l/n^ sinEie ii + m 

where 1 h the length of the contotir C, Since a is any number {> 0 ) 4 , 

however smalb the value of I /(sjkfa must Ihj zero. 

Jo 

Natej^ (i) It Is JufeJgK g far the ixnih -imf Q ajjctiV'H ThjBcn«m tiut/fs) Btusnld be 
analytic iqdde C eoaiinianu mamLy en f7. For ni|ipoae tluit 0 ^ Bimb that 
DTery lino tjunq^ aamc point 0 in-terioe to nnutA V in tiM poioti c«ily (on oppasite 
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wd-M of tbo polni}* Irft 0 < i < t; thm iia i itMribea C, le drtaribrt ■. DutHour 
Oj fsntiniT within C, if th& oiigiii k tAkm nt 0. 

Th^n J^[=>fc -- - [^(=) 

Eai k e&ii ho iixkiiJi KufficiatnJiy muc 1 to QUMonj thitL [/{e) —/(^)] < f for dl 
= on iham f{t] it oautlnuouit uti ^usd wIlMiO 

i^- Ifp/H*)* - Jfl= |frjpf/l=) -/ffcijfc + (I - 

<fel + [1 - h}Ml^ 

irhnri f k tho Irsi^ of C if •• HUE |/(::)| on O 
i-ft. U 

Bot Jp /Icjrfi = Ot ■LthCfi /f&) |i tmmlytji^ iieilcki jijvl On (7|^ luitd *tiiRft?icin? 

The TOoit nmy bo oxtodviod in ft ihe intonor of which mn bo dividflcl 

Dp Into ft Anito nomber of porta bounded by contours litmllur to that vmd in Uw 

flTDOf. 

(ii) CftDcby'a The<wem may bo imDTed by Grpon^i Thoomii Jji two dlmensioDB^ 
if vr« Anenimo tlmt/'trj in ^writirixioii;^ 1** that it^i ty ftr?> tiontionniiii. 

For tb^ lino 

+ * F%) 

[■ c^nftl to tbo doublo iDt^^ral 

fJ + ^'^*1 — i^w + ^ = *> 

by the Cauchy Rienmnn cnndltioiui. 

Thk proof (oallrHi Hifiuannk) tusiLbira mmv\ tbiui is noooiuiAry, MJtbauj^h wo 
Bhall prove {by moaiu of Caaoby'i Tboon^ui) Ihui the dEi^Jtrative ty^tuiilly k 
DoniinTiJcnu (n^ iuiftlytiG| in the doDiDitL 

10^33. CotiimifA. The intci^al round b. Gontaur that 

itBrlf (Piff. 7 (t), (it), {ifi), (iff)) or rtiund the btmmiurj^ of an area, that 





iV} 



ma, T 


coiiai^ of moro than one coptoqr (Fiff. 7 (f^J C^)}r tuay be e3rprefiBed ba 
ii Hnear coifibidatLOn of Etuiple ooiiLtoiir integrals. 






































CAUtHY'S THEOREM 


3^7 


In the exniuples illustrated* ftreaa ^K>umlod by simple exjutuuni lire 
tunrked with tlic nuinwib L, 2, 5, p , , nnd the inTitdple rih»eii 
ia uBxuin^d to be deawrib^i in a dijctfction (indicate by tin ejlttowJp 

If Cf. id the baiindary uf mm f , then we L-*in wipirefls J/ft)efc rntimi the 

tiifves Eihowii in Fi§. 7 (f), (h), {Hi), (tu) in tenrtR of rtinifsk eonbj lit intogmift 
ad folh>wa: 


(i) f /(=>i= - f - f 

J€f J P. J Cl 

(ii) f nm - f +2f Mdz - \ 

Jd Jr* 

(iii) f = f /(?>te + f /{t)fk f [ - \ f{z]ftz 

J rj J J c, J J 

(Jv) f /{sjefe = if + f /(i)rf5 + f /fE)cfc f f 

Jc Jc, Jnr J<7i Jcf, 

iiiiil if /(a) b analytic inside or in any atea the eorrespoiiiliiig: Jfite^ral 
ifl jsero. 

Now cDOdidjer an area liounded eKterimlly by a aimplc eontour 
and internally by another c^ontour C* 7(a)j; and euppo^/f^} is 
ftinglo-valucd (bnt not ncceaflarily analytic) in thifl doniaiu tu^’^ltidlng 
C’l]. Join a point ^ of to a point B of by a hno lying within 
the doniiun. Let P, R he any two other on Cj and S any two 

othiT pciiota on ( 7 *. where PAJi, ore oounter-etockwiae. ^Let lie 
any point between Ci, Cj; then if s desoribca tho aingle contour 
PAllQSBARP in tlm order amp (s — £«,) by 2;r, ami therefan^ 

tliia ia tho isvnont doacription for the eprr^Kponding oontonr iritegraL 
'fhe mtegnil round this Odnioor may therefort! be writtcri 

[ /(?Vfe ~ [ /js)(fc 

Jr, J Cl 

fliinfw I f(^)^ +1 ^ 0, 

rr theii/(2) tH Analytic oti C3 and in tlie area l>etweei>, we liavc 


= \ /(i)da. 

J e, Jr, 

Thin reanlt ia important for the of the contour irttegml 

I when /(r) is not analytic at all pointd within Cj i for we can 

Jc, 

choose 0^ to be a simple curt^e (a rimle for eJEomple) and evaluate the 
ini-egTEi] \ f{z)dz which \b equivalent if/(s) w aimlyin the anea lietweeii 




ADVANCEP CAIjPULUS 




^kinibhrly. il' tlicre aire- n iiyntoms L\^ , . wibbin u giv«i contour 

aiifl /(s) \s ELfuilytiu Iwt.wpcu thcw nn^l T then 




{fill. 7 (ri\) 


) 



FEO^ S 


iO.iti. Thf* f^ul^Jinilt JutegmL CofiBcJet 

{he ititfigral where/(s) ifi s:i:iaEilyti.c in 

ikdoTnaii] D and ttie ^tii of mtegTAtion xb it 
eurve APB lying in Ih (Fiff. 84 TliL? 
integral may he mgarded as a fiinetioti of it^ 
upper limit Z whith may lie ileisutol by F(Z). 
Let AQB l>e another path joining JS lying 
in /L Tlien PhQA is a Bimple c^ontoor mml 
Iherefore by ("liuchy’it Tlie^jpcni. 

- *> 

JA/^B iAifB 


i.fi, F{Z) = /(ijrfs Uilonji; flJty path joining Ali that he* in IK 

Jim 

rJ«+ia 

Now F{?4^y /(sjrf*- 

But aiune f{z) in continuaua, \!iZ\ can be choi^n sufliDiaiitly muill tu 
artaufa that; |/(b) - f{Z)\ < c for all vahiea cf s in the region js — Z . 'liZ. 
Tlina J>'iZ + m - nX) ^/(ZyiZ +K wlicre \K\<€\&Z\> 

F{Z + AZ)-F(Z\ 

'•<■■ - 4 Z- 


oxiAtt^ when rSZ—►(! and ita value mf{Z). ThemfoRt, with a change of 

notation the iiit 45 gral i'{:) — J /[tyif^ ifl an analytie fiiiictiorj of z whose 

derivative is /(/), any path of integration bemg ilrawn iii the domain 
within whinh /(s) is analyrio. Now the m\y analytic^ {Tiiiction w thut 
aatwfiif^j the relation — 0 ifi u rotjatiftTit. u, —It 

Therefore | /fs)«fc = W(i) ~ ff(3 J riiK’a the iiitegml vanialn^ when 

t z:^., where ff(s) hi function whaw derivative ia/fz). 

A point where/(z) ceases to he ujia1}rtic is called a mignlaritif. If 
one path of integration cskn be deformed into another without croflamg 
a singnkrityt the coriesponding intftgralfl are equal; but if there is a 
singularity in the domain hounded hy the two putliSj the integrals are, 

in fffmgral, different- The vaJue of the integral f /{sjda is therefore m 

general maay-valiiedt bat (/(j} being single-valued) ita different values 
differ by conatanta (the penodi of the mtegral). In evaluaring on mte- 
grain the relationnhip between th^ route ond the diajJOfiiti™ of the aingu- 




CAUCHY^S THEOBEM 


m 


luritiiM lutiaL be prwiCTit>«l in Dnlor to give h ildfinito result; an^l altliou^ 
A [lurticalar Functionul Vftlms (or braiicli) niny be for 6(^)^ it is 

the tliffcwiicse between tbe vnluea of that brnneli that iniKrti Vie evalnatefl 
ns t lif^ribea the prEsacribeft path. 


ifjsaw^M. (1) Find 

oqilnl tci — It 


i:- 


wham u ii an Uiteiser ptmtiiw or hut 


'llawrort 


n > il j m aniilyilo al I (iuite 

J S" t<s -= (*"+> — lj/(M + 1) for *11 (“Illw. 

1* < — 3 * ^ ia HjijiJIjttfi fiJI Hjiite i iUH»Jrt‘ * = 

Bul- iM (a -P 1 >?* (s 0) Btiid ifl ainj^-¥4iiliieii 

tiSi 

' 1111*11 I = fia+l — l)/jfi + 1) pturidwl the path diMsft not paa tliifau^hO+ 

f 

llirrtifons if n inyi pomIitph ueflftiivo or iwru hml mt — U a* 

nJirrpl tllAl ttIipii fi j* rwgaitiva, f' mial Oft [WW thmu|ftk O. 

(il) K^nd J ~ whtw t’ 4^^ tmt t™* 
f rf* 

ir ti ia ratoriM to €‘. 1 — = tl hjf tlwirliy'* Thpeitmn. 

JtJ® 

)r O is iulprlof, I ” = I “ wlifm 0^ i* Jmy otiolc matTP O 

J* * Jo, * 

~ S»i {jj 

■iltmllpriv I .* U If th* paqnt a i* BXti(?riior tii t) *[u1 it* vnluo ii Sift if d 

■ 

» liitorior 

10j4. Kuactioos expressed as Contour Integrals. Let V Iw s 
MLui{>tr: cuDtr>ur ilrawn in » domain £> witbiu «fbi{tli/(a) is annlytic ; mid 
let ti lie any point within C, 

'I’heti f = f q^heTt'C't ifl M eirule wTitcea snd tuclius p 

lying in X>, aiiwe can lie defonoeci into C?i witiiout classing the point, ti, 
I hr only jiLagEiLujty of the integrand.. 

Biiitje/(J!) » oontinuouB. p can be chosen aijfficicntly atnall to enaiiBe 
(.hut |/(a) — /(s)| < E *t ell pointH of (7** 

U [ = f dz, where |X| < r on C,. 

Jc-s - « 

Jo,S “ *• 


But 


f \ds 


di 









r 
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Tliia f = 2 mf(a) ~ wJipk' |,«| < *2 ni- 

— IT 

t.e. /(«) = ~.f P^. 

J C 

I 0 n 4 j, of Analytic Let V be the contour of 

the previous pAiagmph aotl let a, n -\- ft he two nelghbaurinj; pointn 
within C, Then 

/(, + *) -/(«) _ I _^- 

The identity (? — ?*)* — (i — a ^ A)(5 — + ft) = A* gives 

1 I__^ ^ 

s—fs —<t)* fc “ — a — ft) 

...1 (,he.,lc™ /<» +*! -« _ l.f + I 

H 2:tiJ (j (e 


«)* 


where 


/ ^ .1 f _ f i*)^ __ 


Tlie fKMTittt fj, ft -r ft nre witMii C and tiicrefore js —' hns a low'CT 
bound d i > OJ mid ^ — ft| a bw^er tmuiid A — 1 A|, Thm if max \f{t)\ 

on 0 is M 

l?j < therefafE Jfl when 

Thm /’(») = lim = -l.|' . 

A^in, (iidetentiBtiD^ the idontit-y 

(i-a-/,) (i- «) Iz - «)* (z - «)*{= 

with n^jiert to z, we obtain 

I I Wt 


fi — ii) 


(c — H — AJ^ (i — «)’* (s — o)* 
when' |fi)(iE)| in ohvioDsty iKtEiinlei! on f/. Amt thw)forir 

lj,.((. -«' - *)■ - (* - iM* ~ 

> f {--M m_y 

h 3,TiAj(.\(a — *» — AJ» ^ fl)*/ 

= lf 

It may be imtiHi thcTsforo that/'(o), /"(«) obtaisod by dilTeEeti' 

tiAting the iute^rmod with mipoct to a. 

Let UEt smujue that in obtained io this way, i.e. that 

/»».)-J!lf _■«')* 






















ANALYTIC FlTNCrriONB SCI 

Tiik!ii>7 the wth ^privative with n^pect to z of tho idelitity givern nbove, 
wp dbtuiti 

I I (Ji f L)A 




(t - II - Ar+' t* “(* - 
wlwrp Ml (ibviaiifdy i>uuuf1«<I du C, zotltat [| 

- lini 


is fimte. 


- lim-llf ( ^ /(^) V- 

\(z - u - (s ^ } 


A— 

^ (W + 1 )1 
2 ji» 


Tiiai. thr faimuln m corned; fcillowz by induction. 

/lUa. Taylor's Erpamiott for an ^unctuHi. Let /(?) be 

jtiuilytic irodde and on a minple contour V and let n Ik* a point within fT 
w'hniu* diiitBncb fmni the ne&reat point tif 0 is A (> fl). 

For any point ; within C 


+ +. 4 . ^ L_ f I „ / > - 

a (ur — n)* ' ' (w* — a)“'+T ^ J" 

Hut f =!^>Vn)nnd [ 

J — o}" t * n\ J IP — ft ^ 


Now 

1 


IpCh 


/(*) =m + (I ~ «)/'(**) + -g, **-/”('*) + - *. + + R, 

whm* _. 

2ni J c — s)(**' ~ 

Itft — o| = p; tlicn Jw — si > A ^ a (> 0) on C and also |ifl — a| > A, 
[/(wi| < jW on C, 

1^*1 < wliitih 0 as n oo ainee p < 4 Thna 

/(*) -/(«) + (» - «)f (a) + - . . + 

ff! 

the Beriea being c^vergant if |s — o| < A, 

An analytic function in theK^fuie always expanalbic in nn iofinite 
power series in (z — a), when a is A point within the doinaui of the func' 
tiiMi. Wp dcflnce therefore (ijl ,that the mdins of w^nvergence of thin 
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iH thn diEtELii£« fmm ^ (x> tho Hinplarity rtf the fu(ictir>i]j 

(Li) an iidaJytic funeti™ givpii hj a jirtwor series in (s — rt) with mdinB 
fiF must have a slnj^jilfiritv on the eirdrt Js —ff| — R. 

This, rtf mnrae, tlopK not metih thot I he fwiwri' niiriefi ls not coDVergent 
thert:^ 

A fimetioD -of tbo Ffml vanahlfi jhh^J nr.it dmvnytivm nf 4illi ordcirK uMid 

I'siirrri^jKiiHliiig f^xfMrPiQii in fMmi™ ef {s, — b), MUiuiiltfstfll In nmpier Hi » driitA^ 
invt)lviitg ihiF vduw ittfWtfia}, . * nti\l el i^irufciiifler involiiDg iht^ 

{f* -f I jih iimvfttLT©. A rwsH 4WKrroHiT«iw3iiiS to ihJ# f^r the eomxdpjc variable Ima 
iwen ^ven Dftrhonx in vhkh the i^mainrJer rtirm ii tiiM p^rn by Lagrauge 
(for the pwil variablej mnUI|il]f4 hf A wbons \k\ < 1 s but the det^iination of tfip 
reiimjjhler in thin rorni ^laa not iba flame lin|H?riuac4 htfe Nin^e it w au-fiSjoient la 
iKrtft iMt jiifj!a - a[*^*ify{a+ 1% whrm Jf —+ M (a) f Thus 

for a Qxed ii [ff^j — i^|c ^ ■q']"+5 ), (^vbieh klnaD fijrtlietMil vjifliibl&whrou/i**'’^^] (a) 
nxijiU} t AOtl idea 0 whim a ^ m (|z - u| < dj. (" fi^wjt tlifti in im*™- 

flttialy true fcir funedans rtf n nHd TiiirinbSt^ t ihjit jhmmw aII deriv^tirpa with r^nnl 
trt ar iLt — a). 


19 . 43 . hit^r&titm of Rotcet 

^{sj ■= {£() -{- rti* — H" « I ■ I T j p - 
Luve u mdiu^ of coiiyrtrR)eiicri equcii tn /?, 

jil gS jil' i 

The Berios -h rti— + fl*- + ^ « • + + ■ • - 

2 -a n T" I 

tuiiied by integrating terra'by-terru oIho deques an (inaTytie. function for 
Jit leiurt. |c| <. k. lint F*{z) = /(*) uud tbeiwfore 

r /(=)i: ^ F{z} 

Je 

(suni» F(il) = 0}^ when the path of iategmtion w wiv eiin'c within 

\z\<:R. 

10.44, Cauchif'a f*tr a Pfatvr iS'tne*, If ^( 1 ") ia the upper 

bciiuid of 1 /( 1 ) f au the eircki !•[ = i" lying within the rirali' of eemvergeBee 
|:f| — k of |MJWPr flerirt* for 

/(») - 

II 

then |rtn| < —p for all u. 


For rtj. 


IhO* 


A f where 0 is tlw drale |«| => f, 



10.4S, lAttftmUe'ft Tkrjfrem, If |/($)| in boitrtdo<l lor all fioitB i and 
jihw aa r —DO, then/(t), if analytic for jdl finite s, in mnatjint. For/(is) 

m 

lA cxproBHibk aa a [Kiwcir mms fof aU finite z \ and |ffp,| 

a 

idl r nnd where M ia the upjier hound of (/(3)| (iiiiiDpciuIeDt of r). 
Li‘t r—^ go; a„—if n > H iiiilI therefore:/(i) pyiiftiiiiit. 







AKALYTIti FI'NCTrUKS m 

Nf3i£3. -(ij- It id obTinufllj Bufficieiil. IhAti/Ct^ iilimiy b(i boiitHiDfl Ktn n doi^uervrj^ 
uf ocntourt that lend wbraUy iuEdity. 

(iij If |JT1*H kinaljtk for m\\ ilniio * jiimI/( if - ofi \t\ —► cc-. ihm /(s) 

je a palynomiBi erf dogrEio < nl. 

^'or [/(5jl — -I- 1 " = -I- n„^.iz + , , , ii obriaiuJy fur bH i 

and ttwmf(wn& (h, i-i = flufE = * * * = <? 

Jli) = rt, + u^r + , * * + 

(iii) Kvwy eqiifttwn + @,3"“^ + * + * -i- a, = 0 ba* & root (wkI ibeiNi'bjix' 

For tbn |Hily3if3nsi*L/fiJ ^ ifl analytio for a.ll lliiiLc = 

fmd if il iwvar ^'aniibiia, |/(sj| muBt bavi^ a lowiM' Iwsnnd m > <1: t.hBrvrun? hs 
analytic t(ir all finite a aiwl iff tjouiulwl fobvfoiiRly) m ay ; i-c./fs) rwlutii'ai Irs a 
c^itii4l4nt niid wr thuR orriw Ht a cniitnidictioit 

.tf bi a n)ol, EheiL/fr)/{i -- a) is it [M^lynomlal of [tt ~ \} niiiJ hy t^nk- 

iinui^l a]>p1ttTTitirjn iif tJiEi llu»rt!tii vm ikvinai» tbat 

fiti - If,/; - «,)(» - *t) * > 

whme Ibo uumbdcd cip am iMtt im-cwurily ditf^-renl- 

Tlild tboorem ie »jiunLiiiiti« UHlJL-d ' Thi Th^mm 

{iy) Licmvilln'it tboiittim Im iitip<jttatil id Lbc thoi:>r>^ rtf eUiptio ftiDirbioiiff,^ whvih 
acci driiibmL to bo anilyiiG for nil z (cscrGpL for |;iuL^ {| I0.4H}, and Iai bav? two ponoda 
Ibu^i 2at^ not real) i Ibr idJ tbp jxMidble Vnlucd of atl cUiptie fntifytjQfi miail 

iw^ur Iii Ihjo porallclogfniu (idvil) wbou? CDniofi Atv a 4-o +-ojy, 

ft 4* Sa)L| + —liTivVo that a gfV'im frlHLlCMl IJ ifl Ictit!, it. w Huffictoni; 

ibcrGfoiM? to flbow tlhul Elz) is cEliptJu Hhiii itoissemts no inilQilitfi in n dull. 

tOM, Sinffuhritm twd If /(a) d is a 

idiiipli!^ij?iiof/i(£);tLtid]f/((3} = 11 = . . . = ^0^ 

a is i 4 i]li 5 il a »ero (liiult.ipls) of onltr 7i. In tii« latlr&r ||lc cxjiunuiciD 
tif /(s) at ^ = a tnJe^ Uifl form 

/(e) = (e - ff)" {. 4 , + - ») + . 4 i(s — af* +...}. 

If a is a of f{z] Bud a circle |e — sj = p (p > 0) lmih lie drawri 

Afl to inefodo no Pltic^r ftirignlArjljY hut n, the point a in oalli'tl nn 
tfingularity. In tfe next portii^ipli we obtain the cxpanBJon tif ilej 
siualytie function in the ncigblxinr- 
hoo(i of an iaoiatol singniarity tf. 

iOJ7* Lct L\,Ci 

l>c two concentric circles centre a 
and fddii Ii± reHpectiTely wbem 
/f, < and let C| l>c tioth 
within the domain in which /(;) is 
analytic except at n. Tlicii 

f{z) w ans lytic witbiii the ring-^fhiipetl 
region lying lietw(><ni these Circled, and 

akfj on f?i, If y Lfl a timh 
i^entfe e, lying eiit.irfily within tim 
region, und AB a line joining a pi lint 
.I of (7, to a point B of (.\ not patifljiip 
thrtnigh s, tlic cirdte y can bn dc/omictJ into the eoxitonr consisting 
of Cj deflCTibtfl countcr-cloc^kwke, Eleat'ribcH flfurkwi^^e, timl ^l /i 



rm. 9 
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deBcribed onM hi ilinwtioD {§ 10^33), Thereftirep /(*) bdjDg itingk- 

vidiied 

, „ _L r = - f _ J_, f 

lly 3 ptuuf duiilttf til that given for the Taylor e^Kpaneion, the first inte¬ 
gral may ho provefl to lie 

a* + o,(s - dl 4- 0^3 - fl)* -I- Oj,(s — a)" +, . . 

in the eecaod Intogml uro the identity 


. /tf —n\*+’ , ,f 1 . w - n 


(tf - a]*-1 


{i — n)"+*J 

a|. 

erefon^ ik 

If /(W7) r w- « .ij«~' b„ 

t-, — ®H = — — «rj 


muc'.o here jw — rt| < |:: — «t|- 

Tlit^ Hi'cnjiid integral ther^on^ ik 








(s — (£ - aj-^ 

where ^ (ifl ~ J- - *) 

J C'i 




and 


t 


2.Ti(3 - 0)"+ lJ(;, 


(3 - 

Let I mix |/(«!)| on (7, Iw ; let |e — b| = o (> Aj, 

Then Hiiiw |in —< u| = ^!^, [s — Ufj > p =• /i*. 

Thas |J5?*| <. 1 wiikih —♦■ 0 aa « —► 05 iinoe It, < p. 

P — "i \ P f 

* W 

Thus /(s) '=■ ^. 1 , 1(3 — a)"" 4- — oj" 

when. •<,- sj,,'' - ». - r 

( 1 ) Jf 4C n BiDguUrity of/l?) nwfflt or ^ ldiJki!ti tv 

bo atty -diruis of ntdii [st — q| {luid wntre » 

(Li; Any iimplo omnl^^ur mfty be uktin for C\ fv f/, thui^ be doIumiKl intu ^hio 
uf thpM> fiireW vrilhcml ormniig a idn^ululty, 

(tii; By TATttiELg =» *1—^1 t-bfr fonim^iL f&rflfl will booonwt fiir aU h iLOditivo, 
or fism. 

I0r48. P(iht and Ss^iUuU Singularifit^, Hesidua* If 

= -ijn-t = a . . 

joje ail Sd tihiit/(i) tako^ ite form 


^ 4 . 
al«-i ^ 






—^ H- 

(s - a)“ ^ — a)* 

the point a U called a j«?fe of order n. If the part involving ae^tive 

powers of w is infinite, a is called ah ej^acittiirjl sinffulnfitif^ 


















CONTOBMAL ftEPRKSENTATlON 


35fi 

J ti thn cjiw rtf u pole, tlie iNift , , + - ■ . -j- -- — » cjilled the 

(Z ^ ft)* (z — ft} 

prinetpai part otf{z) tit z = n, utid in rII msob, the riofifReicnt At is ealJed 
flu* rtVflrftie of /(s) at n euuee .d, = ^ ^ f 

wTlJ 

10.£L Ilesidtitf Th^-oyi'm, Lei 
t' be a diuptB cootoiir within ariii oa 
which/(i) is anutytic extwpt iit a Jiiiite 
mimher t>f aioiin^lantiee (i&iilrttfidl at 
Ai, . . - (If there iH n finite 
tniinhrr only, they must be isohitecil.J 
11 mw HmAll ismtiour^ C,, 

endosini^ 

ws thtlt each ituitn'jljr ia esU'rruil to 
every t it her. {Fig, }*K) Tllen 1 l^e 
(* rmjy Im? ilefnniii'il int*i tin- 
eonbuin^ t^n . ^ (tS W./U) unri 
thernfoni 

I= +A, i-. . . f,l,) 

where Aj. is the residiio at (f — 1 to b)^ Later in this chnptar we s^hliJI 
Jijiply iim tliwrem Ut the C4ilc!ijljit[i;>ii ijf different fy|jes i>f real lnte^l», 
10.5* Conform fll Rcpreaentniion. Jf ip u + vn^ wo Tiiay syp^ 
jNifttr that ftp V nre the co-oriinatofi of a point wliieh may for eoiivotnente 
he represented on n pi Line rliflerent from the i-pbne. Sametimos it nuiy 
he tuore useful i4^ mark the jxtint le on the r-plnne itaelT. 

[f ui is n single-viiliUM.! fiintition, to ednii ptilnt {/, y) there currtMponiia 
a Hlni^Io point (u^ v?) (tho e 4 »nvento not being usually tri^o); anii wo may 
olitaitL some liioa cif the niiture of the functional ralationMhi[j (or trnns- 
fiiniifttion) by firuling the putlis rleBcribed l>y [u^ p) whoti (^p y) dem-riliBs 
Ik pven path such im a c irele or a etraighi line, (-onversely we rimy 
consjeter the path (not uaimlly simple) in the r-plnne comasponding to a 
LTiTcle nr BtTsight line in tlie u'-phine,. 

Let (C|| iio]Te4^')iunil to (i.e. ic, = let 2,. be. twii fMkiuta 

neflr with tike tiorrc-'^jionfiiijg vnluOA tc^ M?*. If denote the poirkta 

t hu triangle iiE>Th?5^|HJTJit!< U* flie t riauj^le PtI\Pg, (Fijf/, //.) 


Now aint both tentl 

to the HAnie liiiiit 

1 wllBJl 

Z| • Zj 

-t *m 


A. 

"ii Thiifi, near r«, —— m nearly equal to - 

-a “ *n ^ ^ 

lUld. 

therefore, if =: 0, 

iP, - Wp ■ [?, — 

and 



amp (f<i:'i. — soup (pe^ — p^'h) — amp (z^ — z^J — amp — £«) 

(ignoring tenkis of the orrlcr [j| —Znl^h 








a5fi ADVjiXCED aUjCULlJB 


In the rtgme, these neaults are oquivatenl; to */PiP* 

and ^ QjQJit — Z ' i*®- triangles P,^iP i. QjiQiQi 

are similar. 



ThtJrt Uu^ relatitm it = /(«) the s pLiim* into the ii’ phme in 

sui'h ^ way that romaptjTiHini^ ndghbouriiEJodE^ are Hiniilar. A trarui- 
formation of thi^ kind ia add to be conforttHtl 
Again ]«t ^ correfrpcmd to fe ; lihfln 

az 


Thna is nearly ^ 

The disiilaoement d«' 
dz by a iNfljntfaitwtt of amount [rfur/ifc] and ts •rfuliUiim. of amount 
amp {(Jv/ifs}. 

In pBitioiilar^ it follows that if Iwu in the r^plnne intortiti[!^t> 

At AH angle ■%, the iromsflponding enrvea in the ir-|3lEJie iJ^lt^5TSl^!ct at th« 
flame angle. For example^ the ntirvea \w\ conMant in the i-plane are 
orthofioiiAl tbo cun™ amp w = CjonatAiit Hsnee these oirYRs am r&spee- 
tively cirdcH, centre origin, and the radii of these circles in the lu-plane- 
The ctirves — constant are appioprLitely called fetwl and the 

nrthogonul fiystem amp to nre called FAm^ of Stope^ We verify 
that the curvea ti {— R(i^')} = romitimt are orthogonal tc» the curvEs 
V {e= Jf(to)) coiietant, aince these are ob™uRiy orthogoiml in the 
to-plane. 


lAzl and amp {dw) ^ amp ffc) —► himp 
is therefore obtained (approximatelv) fVf>iii 


^VoftEJT. (iji The i^olnfc^lV 1 nl n^rpiwiiUtioa breyoi down at a jKiint a^hetn 
iiv/^ = 0. 

(ii) Ftjcf aay trajiafarmation gfiFieii hj n ■ ^ (^^hurt? ir, v jin» 

Jifft'fwituirbla fiauctiaitf^ Mui J = 9^ fi)« If i^t ti tlte eleine^it laf Jon^jih Iti tho 

cn** y) 

ur^ plnti^ aarresponjding to ds of bhe plane 


cfi^ (a^ + r^)***" + + («" + 

To nocmis oonfomaAl reprcftffntfilioai wb must have 

-h ^ 0 mum aod it u the fusipiEiiTatioa. Aieuming that 

ikwm of these dmimiivw Ti.naihi?fl (a&d *a ignofing a timil solnMpn], we llial that 
if uj — then ii^ = — fluii - 1} »* Ths only cnn-bn^iftl 
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oulnticini mro by -W — J_- J. 'flic flollititiu ^ + 1 jjivca — f_, «u 
}.E. w —/(■£ + 1^). Tbo Jiduliran fl » — 1 givia* o' - r^}. In iht fyrtticr th& 

uf lutiition Ib pRi^vttl nauE In Ibc lulEci' it ie itciih^jniuL Mo^ genjciniUy, 
whm L#irr/^4 Ifl tTmiufutnitKl inim atbfhibcf In 4turh A w&y that 4Xiftf#|H)ndid^ 
filnmnnlti nimUjiir, Iba trftncfil^cnnCiuit ift Orkllcd i^JUlTtlfl^jnitl. 

l{h5L Thr. Fol^iomial. \y& have already smn l-liat the pujynoiiiia.1 
tP = J(je) ^ -|-^ esppeesed in tlie forrii 

«ii(s — — ^i) . - i (i? ^ ?j,)s where of the aiimbers . 

Sft (^ero«) may be equal 

(\^nfl5dEt the change iti amp fi? when r r.letn:fil>f!a a simple eniituiu C 
not podaing tlinaigli any but eoiiuinini^ f within it. 


The iaiireaae in amp w is i-qiial tc' tlie iricreiiHO in « amp {z z,). If 


ia within the ini^rivvHO in aiop (s — s^.J h 2.^. Hrnl if it. ia ni»(. within 
Cn I fie ine.ri^ttrte ia zero. 

Tfiiis tliB increase in aiiipfi^ when s deatTii>e-rt U is where N is 

the niiTiLber of iseros witlii!! Cl 

For ft multiple ctmtnnr tthat can la^ iloformiMl wilhcjcit inasaing irt'er 
a ifttfi u Unite nnmljor of simpler i‘:uijtiiilifB (7up tlit^ 

iucrEftM' Ln amp ir miuit 2nN where N ia an integer {iJ at tt. 

Sbnmpie. w ^ !)■(=* + 1). 

Fnr clciEiniircniRBd, HappCAd thiit I ho initial Viiluo ul'^ Ih ^ulO i Jukt E dr 

T^^h iMTt p&fiarni^ through A{li, ii[i), i] (Ihczr^ltm Jff) maJ ri5lurii tu 



nm ift 


The iikonjitBii m 4 fcnjp w Ib f I 3 i H- wberc &j_ ii tho incttMlBo in ftJllp (s — I 
dij Ihis iticTOJiito fa uiup " i) o^kfJ Ifee iTMSfKuip In »mp (j + i). If thp cirvulL iis 
^umpie (and coimtuif-eliiukwiBe), thw Eire Bight poariWIItica buic* A, if, (7 or 
imy nut be enduMfd. 

TJmii in Fig, 12 (i), fot 1 (tkono oDcScBiedh the jrvurew la mw e for U (/T 
It ii 5 bi; for m {A^ O FtLclijmlb rtnd for fV (esJI cvnDlwdli Sn- For a cwuit 
ihpil b not tdmplD but Di|LJivti 1 eni m a finite numboi* uf «iin|iLei eireuitfl (Jih ^'■ 
inravut! b Sbbi wbete i ia an Lal<^-r tMiUtior iwigath'Op or Him. ThuiJ in F^r {»), 
(hfl dmiit hHowti iMi EjquivaJjoflE to A douhb druiiit (+) rnnmi a aiiiglr einniit ( — i 
round the ^fculMe Mtw at. .T, nJitl ft divnblr (+ ) drnnil: rnuTMi CK The lolal ii^rfiaJie is 
1.1 - 4^ + 4r! 4 ,t. 
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.U>VA?rCED C.4Lf;irLLJ3 


J0M2u IHitpOffitirm ^ t/if Zrri*H nf & Fidtfmsmwtn We Ijiive seen 
that tie incueasB in amp f4J fcrf a siimple tsounter-clocfrmse i:lrt:ait 0 is 
2N7f: where iV ia the nnnit)€r of zeros within C. Tlie foKowiiig pm- 
|M>Hitiona give a mu^h. idea of the diepoaition of the zeioa. 

L If ia the posiiim root of the equal-if^n 

F{n} — |a,iO^ - - * _ - == (I 

all the roots of if — G lie within or on the eirde \z\ = (ie. tie modulus 
of every root ia 

By Deiscertea' Itule of Signs, the equation in 0 ijis onlj one positive 
root. That there is jit leant one-, ia obvious since f(3o) is + and 
ia — ^ Now fr = fjgS^(l d-p) where 




- + 




The rlisngo ii^ utiip«r' iw ihp inciejvse in auipi" i 
(1 Let 3 dissiTibc the dnde |x| — /? W'liefr 

The f fiiinae in airi|i t” is Snji:. 

Thk' ehangti in amp £| + p) is ze-fli if |p| 


the mcfBAsc: in aiiua 

U>K 


But. 


\p\ < M + J^i-L a. 


< I- 

[^1 
+ ]''«!' 


if W,|/f~-' + 

Tills h l.tue since ti > 

The luimber of rwitn mHirle ih thcreroifv it. 

1 (a.}. If is tii«. ptjftitive root of the ^qijiitioii 

am :z. +... + ^ u 

then Jill the n>ots of w — U lie oiitdde (or on) the cfrele fz| = 

This foUow'fl from I iiv w ntiriR x - I T and cioDsidcrinn; the eountion 

IL 1'hi) dnitige ill Jimp jc when ‘ slej^eritHw an art! fJ the circle 
\z\ = ft tends to $i0 m ft ct. In the natation of I, w — -|- p), 

wher^ p —► 0 bs [sj go. Therefom the change in ariip (1 -i p) nviist 
tend to z^jro, i.H&. the change in arnp w tends to fh& {the ctiange in ninp z^), 
HI. If is 1^1 (all rj and p + ir/ ia a mot of w — <K then p — ig 
IM n nsot ^p. g bdug real). For if/(p + fg) = A + iB (d, B real), then 
Jf p —‘iq}—A— iB and if /{p -p Ig) = 0, J = U — li euhI therefare 
fi'P — *V) ^ Thus the imaginary rrmta of an eqtJatioJi /(s) i} witli 
rfttf ooftflitienta occrur in mnjagaie 


A. cti-m|jlG3£ nnmbeiT p -j- Ji of leu oilLIemJ tirta^tnar^ when H ^ 0^ It Ib 
4idbd: ima^inur^ *f P = ^ 

fl) The equiUicin H- (fe®" =* 

The pwidve fcul root of i?* = tljf® + ^uOU ia easily fniinil l« hv 6 aUfS 
appnix.i by taking? J! = fl + A and uaiug N-ewton^a Approximation. 

{6) The m&l owm dT i* -p ftr“ = muy An? Bimilarly abown to Iw 3‘I83 and 
— 6-3{li3 approx, 

Thf^rrfiUV! the b ftajla aji lie betwfH'ij dir cLrctcv |-| = :MW and j;| S-ai, twis 
only balng real. 

[ej Ijfll £ — ftbe imagfuary Jtai» 'f .> 37 > — ap), 

Ttkfi eorr»potid£iijz i-mrva in ihw plana in - t* = ^ di«tTdt?d 




RATIONAJ. FlJKimONe 




frtJli] (- 0&* |U> t— CCh — ® )* and i. rcra^lh ikieljah of the flan-^e fthdfflm that chAn^c^ 

iti Hni|i tt* fleTOr 

(d) WiitOl t Lljq liemk:Elu3e ipf |:| H, >0* (Jvs ohango m amp tif 

jiH if ^ ji ii.T+ n.Tv. thiEtofiKrt; 31 ^Ul tJw? rljlht of tlkiti Tliilfl, 

■Ukx? itiL ifc^f taiy Pdcita i^H^ur |n ctinjuKaCe |iail^p Ihrf? U 4U1 iFKiPLginary rdcL in caob 
f|1lAcilTUltu 

(ii) TLp «iUtttiOTl M^=a■ + +1-1- I M. 

'Fhrfa ans fltJ feiU mrt* 4 «m1 Hu mrjia putulv iuiil^ilHiry* Thw r-ojtm ili 
tnHitruniinl itiUs ih** (’‘WTi'e w = + i, 

r - 2** + 1 (Le, - I)‘ = {11 - I)"). and 
the ^-ajcin 3jit4i llie lln?^ 

» - jy* V + p = 

Aa P TJkrie* foiiii - CD to (V « dpctc^nm 
fmoT + Bt? trfj 3 ani;l lUt *i vanm froru U 
H dfCTCJiawi from I to ^ 0^0(1 
thpn moiv&seai bo + cD 'I'tw 

jn amp m ’ahrn £ di4ettlliL-4 }sc-Oj ^4 
ten* And BO the L^hau^ m amp whE!i3 z 
itwritipe the HfliJ {illdJilbd} q,iin£tFaiil Ja 
'riierip ATP rs¥iitH fn ( tm Krwi- rpi?i[|ni.oi» 

Himilarl^' thETv riTie Iwu root# In t?a4.i|i uf t||i- 
mhiT qMacIrATiLi. 

8 oMn|^ the i¥|i]jitkiiiB if* - + i,i‘'2; 

if* + 2/?^ = ys! ftir the n%ni^ 

lirvil ill AT: f.hp plpihi. hM.ita lie Iwtuet^n the Qm\m 
|l| = ^V^I and l^i ^ 14. 

(pii5 lJ3i*riieifl I he diilfmc in Am\i |p wJieif IP = £* — 4i 
(n) tiv' wicwu-p y* 1 •» f 5 the Jf* 3 + 3h‘. 

^ 3i, a + a-, ar S (rfj tih? dJtle |;i = 3 

Pr-p].iiTie k^OTTHSjiondi'ng tht^ 

KiBicm «: = (c “ 2 + i)(" • 5 — <% the eliiongta ip amp w to the iNjuiller- 
-kilor-kwiivi dTvnilB are 

(dl 0: (&J ; (a) 4^ ! 1^) 4'"t> 

Thw rwiltfi are TerlHcd when we iliTleriiliile ikw.' i ^trFWkpcnnliiu; dfeuita in l3n- 

(tf-ptAFw. 

v = r* — 4x + S, 2yif. — 2^i any ntnHKht line |Huiulk>l to an 
tkx'm in Iho j-T^ane in 1.Pityifi.ijfiried iiilP ih jiftrahijia in the (w-r) pEiuip, 1'lie 

df the perAbr>lAai tlmt comw|HJfjd hi t he iiide« of t.b*i and roctiiigli'ia an? 

Ahoa'P in Fi^. (oK (h*I. 

\S'‘ith regani to the cirde !i, take 2 [t( eufl ^ + i dn ajiiI Iia Lr^niv- 

fonttatioji ja 

u =- W ooa 2^ - 12 i-^jn # + Jjh e = i> wn 3*4 — 1-2^ "iii ^■ 

Take e now nrijfiii nt M — 4, e •= 0 iniJ the initliLl line ae f 0. l'1leJ•^ 
iho oqnation in polar eo^inliiuiilHi wllJ hr to bo f = 14S otHS ^ 12. 



+ ti and ; 
ai i (e) tbi? m.'1.Aij|^je 
Wm obtain the nufveft i;l3 I he 


F 0 .S 3 . 3Vk' lioliotHtl Fmtdiinr, 

ill the ffiroi 


A ratiqnal fiini^tiutt w lib written 


- A\ 


( 8 - H|){j! - a,} , , , (i - 
(2 - *J(2 - 6,) * , . {i -= ilj 


n'herci A, itue coiistant. A Blinpln elcisod contour descrilseil coiinter- 
clot-kwiBC produces jncreQBe iu aiiip tti cuf ninouut 2(ii — AJlt: wIiceb 
J ti is the iiimiber of points nuchided and ia llie« niimhcr of poiuta 
efirloaed. 









ADVANCED CALCITLUS 

wj = {5 ^ ,yfs ^ I’j; lot j dsiciilifi the fwktiffliir of fclnn 

whofw ere (J. 0>. (1, tj. 1, 2)p (- 1. OJ. Find iwmepondmp 

bcDDiiiLTy in the icvpiAELe wki Vedfy tl»t tJki dhik^p in junp w fp — iti. 




Thfi point I is wilMd the ih|iiilh 3 but not f-ha point ^ imsl Lhefcufar* tboie ^ s. 
dwrtjpM of 2 a vfhjan e dcsoiilHB boqndAry of ibn A|niiAa wxiinliir-etrtolcwbe. 


tf “ + • *1 .« + 1 + iP , 

If w = —1- tl»n * - t-- , v; ^ 


_ 3p 

(*< “ If'+r" 


■ + v*-i 


(h - li* + »!»* 


Tbt sld« liOA tKttfoiiicfl the arc of the (tirelo 4 f * » 1 frtnn^ (0, — 1) to {0, 1) 
pAwing through (— ii ^3). Rdmilfwiy tbp otiior tihrci- bfK?nmo rwml-rlrnloi iui 
f^howtj in 1-5. 
























RATIONAL FCTWCnONS 


m 



no. lit 


10.5i. The Poinl at fnfiniU/. Lei ^ 1/^, %hm |itp| —ijo ob £— 

(ill eveofy diretstaonj; tilio mi > oo ill every direction (fr>r 

\wl 0), We may therefom regard cd lui a filngle point of the Arfranil 
Diagniiii. Witli thia aai^uniption we can give, for deacriptivo ptir^^os^i!^, 
a coDveniont rcpreaentation of tJte 2 -pliLiie by means of tlte anrEace ot ft 
aphofc* There aro vazioiLH ways of d&iog tliis, but the one cihiMcn here 
fe known as tlie StcreograpLic Projection of a apberical surfiu.*^. 



ria, 10 


Take a sphere centre O Ptiid radina It referred ta rectanguinr aJKfs 
Ctei Oy^ 0^^ i^e oo^rdioateB beiiig C- (TiS' -7^-) Uaing an obviotifl 
analogy^ we miLy refer to the points 0, /f)|i 5(0^ 0, — fl) as the ooith 
and south poles tind f = 0 as the equator* Let the co-Iafcittide of « 
point Q on the sphere he ot ftiid let the longitude of (1 be 0 measured west 






















r 


Wi 


A[JVAN(^K1> CALCULUS 


of tlic fmrt'lirtii that through (/if.-DpO), Take Off in thy iiierLdiHii 

pliuie I = (I where fl — 7ic'*i, Lc't NQ m(5et - (1 in Then 
OP OiV t^n / ONQ . p cat J*. 

The pihir (t>'uriliiia|jeft j.jf P in -rfJ^ tire iltyrefrin- 

p (— /if 4:!fit |a), (k 

If 3 = JG -{- iy, tliyii I - Rmt io((ixiL'i 0 + * &m 0} imd the poiota Q on the 
sphere are in 1—1 oormapandeoeu with the jioinl^ of the jAiiie. fii 
jMirtirnlfir. jV coiT^siponiifl to <*> and A' to the orijifiD, OircleH of latitiiile. 
4 — constant, are traiiafomiefl intfj ^dreiitricr ftirclea \z\ — A cot Jet and 
mericlLajia of longitude fl — constant into the radii of thede uircleHi 
(aliip t = constant). 

Jf ifaj is the clcnient of length on the sphere 

d^ = &w + 

whilst tlie l:‘^■^tTelipoll^^illg element of lan^h iA* in ihc? jr-plniie h given liv 
= JJ?* eoset* (Jaj -h sin* a 

Thtitt (f4'j I = 3 ncjser* {iffl} imtl nines* ihia iloea itot depend on the 
direetion of rfjr, at (n, 15)^ the tmnHfonniitioE is iwtfitnmt wilh rnapfiifiai- 

lian I coseo® 


Nuir.^ Irfil N(^ tLlEJcl tbe^ tiLngi'iifc pEiaitp m .9 in P^ awJ U^t Itlprt I ho Un^^n E 

pIttiiE ni iV iu Aim> ia-ko = J. Ht’cnml llw Ijiidj^iiait 1^1 Hni? at S Hfl n 2|-plcLnri 


In wirivb is ptrulld ty to und [wndji-l ta • aukJ ri‘j^n:l t]ie t^mnerit pbrni- 

U N iw A ^-lilanir ill whii’b Or, la paratfet In to llUi.l Oj^j, jionillr] to vO fnOl %). 
Thin - 2^Lsrt/x( 4 SHiO Hh itinf)); ^J/tflJi Jafism fl t-iitCiJI wr thiil if 

' ^ ■’ 

Thin w NclLiiinlu'i'n methrMl iif mprinjiEiiilLillii; liie piinU r^f n AphcTiinal rairfm-'fv an 
II '^^plitinr njiri illiidiljaOia tho tisLnf^fhrnn^iiiilJ =1^1 I. 

Biiinmf Ttfimfurtfi^ionji {also calh'd Lutmt')* If Ti> h Uic 
rational fiinctioti ((S 2 + 6)/{.k + d) (where ad — pn tl)^ there ib a I - I 
eorreapondtnee ho tween the ^-plnno Am\ the if-plade, Eind tlie tmiis^ 
formation is tliemfore mlled WfiHfwr (or linear), Hmeo thert^ tire IS 
iadeiHMidriii conwtantfl* th<i traj^rorTnaEioii is niude rlehnitr if wo know 

t.hwi mUi of 4'<srroaponding pchintiS, TIiub if ; — U, L corresponiis 

to w — 1,0, 1* Mio reljitiotii& iff — - l)/(^ ■ 1), nnd. iiioo- genemllv. 

Zi, jj. Zt nre transformed W'l. Hj* Ws, if 

ut - H'l Ifi ^ {z - ^b) 

«■ - - ifl, {3 — - sj' 


Tilts tromfoniiiitlon hiui the special property of tTaiiJ^fiirniJiig circles 
(or Btniight Ibce) into drtle^ (or straight linEa), 

Cotiflider the Itwnfl detemuTKHi hy PA = IPB where A. ti ore (ixed 
^Miints jind k ie u constanh The iocuB of P is a cinde (if 1) for whicli 
-4^ li ore Lnvprtse fthe circle of ApoUonitisI, and ri dian>elrr of this circle 
is the lifiy joining the pouits that divide .4/? internally and externally 
in the ratio A"; L Any eirele, therefore, can he v.xprei^ed in the form 
|(b — z^]/[z — s,)\ = (i 1), If i' — L the Inciia of z ib the right 
biueciot of the line joinixLg * 1 - If ^C| are t he pointB in the M'-planCp 



lirLINEAO TRANaRmxMATtONa 


fwa 


f^rnrertpcjnding ta in thif t-plfiM. fot n biJineJLr tTfli5i5b.>Tn3Jiti4>np thift 

npljitjoii iiutflt li<? f3f the fonit ^ -!i.* =lC- - — (when tp^, it'* arp in thp 

iP — w, ? - 

jrarl <if thi^ (»]Hne)< 


Tho circ'le —^ 


^ - Si ' 


^ t tmnHformH iiitt> Ihe fiirirli* 


! U' ^ Ifi . 


AO MtBit a cirde^ and every of inve^rsw pointii in Iraiisfrirffie^l 

intft n ciiole and n pair of inverse points. If one of the |KJints, 

IK at QCi. tlie tramdbrmatian miiftt b& of the form wj — it-, — so 

z — ti 


that the eircb 


a —Si 


— k with its inveme point-^F S(, hemmed the 


eircle of contre rHj and radiiia ijXj. 

If in the first ciwve |Xji= the nircle hecomas pi straight Jinc* 


2i -h 3 

Kmmfil**, (1^ rf*? — timitfiforTn^ i^f tl^ {mJ i" -|- 

(i) + _^" = 4x. 


fa) i!{irt'lp ill 1 = — 5 i| = 2 RUd thin Ipocomoii 


I to - a 


\jh |4a -h + 3 + i‘(2i« — 4 ji - 4)] 2|a — 2 + ii-! 

iir IOjp" + lOr* + 34w + 44 ft -f- W « 0. 

(ft) 'rhi- In |= — 14[ — 2 JttbrJ tliiii giv™ \%ip + 7| = 2|1l^ — 2 \ 
i-e. {In + 7)" + - 4{n ^ + 4p“ 

nr thir^ nlrRiMlit line 4 n 4~ 3 ~ It 

(ii] Kirwl a- ffiKtiia] thal trjLnjnJtmma; tiro upper luilf nf illU'j tfnj InLcrkH’ 

pif ifn- dn-tf! \n^ ^ 1. 

An (hi' ti^Fj -ixTilTislipDnLtizhg huundjirrofi utp dofleribed^ lke niitaHtm ftli-rii llLc- tan|^nr. 
(in ihi^ dim-1 (uu of nurtloiit lAi tlio inwirrrMrawii OfJFmAl To c(.itWfl|¥ifiidliip npw! 
mil4t l>i!i i\w> K&niP frir ^il] pjane^ 

Thun it i» itillidFnt U> muihe the ^nnts i = (h 1, in this ardor eorrrapnnrl lo 
1 . ii - I fnr IT, 


Tfiii* : ™ 


«•_— t I 

i,r+t p... I 


i 


— I 
+ * 


(ill) Pillii Itir J^omrnil trejiMforTnatlnii thfll wrill fWiiUfi ibf’ L’ift-to \fr\ = B aorrP- 
■|K 4 id fA# fsf A. Any tw* inverse fi« |z[ = A flW it, ^ eind the ^kitfb- 


npoQiilrig tmonfi'miAliLiu iiaay bn tiikon ub m 
fur s ^ i = (I), 


3L- 




(lihtui nlUiH’iii^ 


1 M 0 ^Tftm w = ^/A\ ftttd 1 — m Rivra tar = ^/SL, 

ir Ukoo ar& inTme for |iyr] - B, |^j BA, wp may takfl 


S “ a 

Iff — ^ ^g (otnt^^ + lain 

(iv) Otjimidiyr tliB slmj^ tTftEHlijrmntkHis (n) tif — i + 6 , (ft) w = hi (c) w - 1 /m. 
(tf) UJ — s -|- ft. Hem vr Ift ohltalaoil from « by « siiDplo delcrmituxi 

by tho vixAor ft.. linw jumI drLdss aiu iLHaltEred eii 2 ff|it in p«itkm. 

(ft) tr 1 j] f.hin om ^ Jill Jmd an^p w = arnp z ^ amp Aj. Lo. ht 

U ohUuiuxI from a fay a of jLifiouiit jij a.nd a ro^+pa of Ainouat miip JL 

A nlAii^ht linn is trsnsfiurmcd ioto miothar tatnJgbt. Uno iu^d ^ diok into niiGrlliisr 
oiiL’ie. 
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(«) w = l/i. Ht-.rt . JsJ — \ iiinp w «■ — -iktap bd Uuut w nbtJUTiafI 
tom I by i»i,vrffn^ e ifritfi rospoQt U} tHfl unit^iKik [£| 1 And takiTig imag*'. 

in Ei-nxiH, A rctixighL linr tir • oiTf'h |)e»ouu!!i a dmk (dft a. fltmljibt linn), 

A rtniiglit lino y kroima ^ r.iroh € ((nr a BlmJ^hLliiU' dy ijuraea l.hp.ni|ih ^ji)_ A 

C bcs’^^nkA* n titi'lF C* (or h stmight lino ff (J jsrtssce tJiroiiuffh 0 % The j^wniJ 

lrntlflfonnftt.irni fc ct ^ d ^ * flC?mbilliitkin nf tbdtH* thm.i imnflihrniJililnfTH for 

It — E, if — (k - Ea « i/Zj* E| 2 + “ (c tttwJ 

W ^ E* + i^/d, wlmro &J, = fts/4 wlion o = 0, 

fzamjHTu 4^ 7^mi»/f)r]ina/io^ 

(i) tP 1* « r^«;m nj$ + I iJn fl0). 

Tlici conju^^to aystoin* — oanatmat* v = Are given by r" ^ i* iwo 

«I? e«Mi5c »<). If n =* i, ire obtAin thn of rectAngniitr hfwfbi,^bui 

a:* — ^ = Uk {Fig. 



wia. 17 



nn. IHt 



Fio. Ill 


(ii) w » o'*/* = aHoofl — 1 iLnf J/Fi 
Tbo eonjugiitv iyHUnnn juks thn two H^t^nu of dfialM 
ru ^ a* C 04 dp n* *• '— wn-ff 
or ii(x* + - o*= 3 i, vfx* + f *) •* - aV- 

Wo havo rtln-quly mn tlut ctokfl and il-fniglLL liiiii^ aftt in gi-nifjiJ tim^formiMJ 
into ciirtdcn. 

(lit] lU a — a'/r = i{r -f* idn Q. 

Tb» pryataniq ii w fXpnM 4 mt^ p = ormatont nan 1 h txprraiiuid in LIm Tofni 






















SADDLE PUINTO 


1^5 


Thn t^irdca r -« p i*r& lf4iiJQ«fa[Tntd int4 thn ormfowl ollipw 




wtilira A /j - E^■/J(^^ B ft a*/p. 

Hiiw thi^ DiitrlM r ^ py r « nFtt IrAtiflfLMrmetl into mmc dtifierp ihsa wktih 
ic^ptiirie Is rpppw<wiLod thn cirfilfi fi[ a And EU LntfErio(r ((srflKUHrior). 

Hy) w = — 1. 

lildnEi^lEtr thc< crthu^iliL] ey^lValUil ^LVbU by |mi[ {lODfiEoni^ (tW i^nrva), 
Mvl Amp Hr = (Lmdi Ilf ftlopp)'. 

Let ba ihn podulji {1, 0) odd (L i>) Durvea. 

[w\ ^ v<nvt:^LT>t sans giicm by AF.EP ■« dUdfllAliL ivhirfd /^id a i'orlabis pqiiit^ Thave 
oni Opais juid are id CartoaLui od-urdluataa by the eqaatjod 

fj"- -|- 3/* 1)* “ Ax* «t kr 

Tbekr fthjkpcia nmy bo d-BtcfniinDd by iiiiiiii( the fufdlalo jf » ({ix* + — t — ^ 

Alld dtiftiplotlllg by ByTllI^Ht^J^ Wban k > 1, three i* ima otaJ and whfm 0 < Jfc < L 
tibe’fe dm tiWOp 111 the Ljnirtiji^ can k = the locnH ip tba lemnuHiat^ =• 2 COI29. 
Tlrt^ itwi <^r Pk»|»i OTiipfa — i) -h amp(i + 1) = L'ciutadt, m rectpiiguJar hjpw- 
lioliln X* — 3Uf^ (Krt — y" = 1 othJ t£oy all pem tbfodgb _4t B* 


Hi^Wr Saddle P&inU, TLe conjugate Bystoma u — eonato-ut. V = coil- 
Ktunt. {wliere w — /(£) = + h^} bcdllg urtllCigonalp one of theuip buy the 

fotim i', tnay be rogardcfl n* the lovel linca of the Buifnce Z = 

Mid t lb'll tliti other repreBcnts the IbueB of alopea (or linos of st^peat 
'J'lie stFitionnry valuer of «(ar^ y) are given by Bj ^ 0 — 
nnd Hitm^ iij -- — ifj-s these equatloiiB d^tennine alsti the 

Htationary valiieci nr t\ Lf {j^a. is n atatiunorY value 

.v) m(ju. .V.H - (* -^ ^( 3 " *<p)(y ' 


= I* - ?.l- 


+ +W) 


wlnsre 

fot 

But —j ^ 0 mill iherufore ull the stiitioiiarv valuta* of a 

flllinlioii hamiuTiLr^ in Ji j^ion D nre aadillo poLnta, Ita tunJtllnlJJii or 
minunuEn viiliie! can Oceuf only on the boimdary of D, 

Since f'(z) « iv^u the mildle point-s are obtained by sotviiip tin* 

equation f\z) — H. 

Thus* in the i 4 bi.ive exauiples. wlieu (i) w — tho onjy s£Mid(e point 
b £ = 0, uiui (ii) when w? ^ £ ei* 's, the Aarklle pulnta are s_ m, 
10^^. Residue ^ htfinilff. If t “ 11 an iaokted ^lingularity of 
/(I r Q t'hen s = to is calh^l m isolut^fi Hingnlarity of /(s). Cozirndpr the 

integml if f{t)dA where H is a contour citerior to which s =? % 3 d la 
Zrrt 

the only fflugukritY. A nouHideration of the represuntution of the 
i-plaiU' OR the sphere shows that whan C lb described counl^r-eli^ukwifle 

to 0, it !£ described olockwiw for ao. For tluj reason ;^,f /(»)(fc 

is defined to tw the reeidm;': of /fj) at oo* Thus the sum of the residues 
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of a fonctioiii for aJI its singukiitics (if all isoliited) mcluding infiiutr 
id roro. 

Again* a Laurent ecugb ejdsts near f for /(1/C) form 

* , , + + ■ t ' + + H ^ . * * 

so that the 8mm near z — og h ^ 

■k « 4 -4^^ H" ■• ^ w ~h “T o* -|- flj,. i "h * * • *+- tirt ’f" ■ »■ ■ 


The rcfflctuo for oo i« — - ^ .. f fit)dz wliioh m c^iihlI to 

2vTt J 0 



(Oj being de&ciibed eounter-elcpckwiaa for C = U) muest thereforo be — o^, 


It shauld be noted that /(sj«fa where oo is the only singolarity 

exterior to 0 i& the coeffident of 1/2 m the cspsiiiBioii of ? near z = oo. 

If in the above e^paneion -Ab-^i — ^ - ■ - = C^i then s — co i» 

a pole of order fi. If Ai =* -4, — . . . = .4 „ — . * . — 0, ^ i» not a 
fiiugutBrity; whilat if alao o* = Oi = , , , = ~ lii iheti the e£paii 

afon ia of the form + a,pn. + . * * and ® ia ^ of ordi^r m. 


/fl.®. The Zem (ynd Poki of a Ralioml Funciion. Li?t 

//-i _ “ at) — * 

^ ~bJiz-b,){z- 6j , (2 - 6J 0«(^) 

w'here no ia ei^iial to any 

The zefM are fli, Oi* ^ , a^, in tlie fimU’- [mrt. of the plane and tliu 

pol^ djo &i, bi, , » . A„- 

If w > HI, 00 ia a Kero of order n ha, and if h < m, a> ia a pole ut 
order m — n. 

If n = ?n, C50 ifl neither a mm nor a jwks 

Thus in kU warn the numhar of zeros is equal to the micnbnr of pales 
(this rnunber being the degree of the eqimtion P{2) — oQ(s) = Cl)- 

If we take anwamit of intittiple poles in the ezpre^on fnr /{z), wu 
tnaj write (6^^ = 1) 

where + T, +, . . -|- r, = M. The espreusioii of tliw iu frrus- 

tiona gives the principal parts for each of the poles (iind ab if tlib is a 
pole) i for this t'xpres^on i* 


+ * * * + *4 fl + 








the nuinbere d^,, , . ^ A^ bdng eoto l£ m <n and we vei3y that the 

i 

loflidue at eg is — = — {stim of the rosidnea at the other poles). 

The only singdhkritiee of a Bationsl Function are poks* and c^n- 









ALGEBRAIC FUKCTIONS Ml 

vbFt^ly if tlni edugularittca &f &ti uiialytic fiuiction are poles (for the wkoh 
plane includltig 00 ) it miurt be raiioiial; for wh^n tho mm of oU the 
fHmcipol pofia are fliibtimeted frorn r lip funotiotip the reuiaiTidoi' miist he 
by Lioiml]i?‘fl TLeoreJiK 

10.4. Algebraic anti I'raascundental Futtctlons. The algebraic 
«? ifl one that satisfies an equation reducible to the form 

^ + . . . I- P„M) = 0 (= Fiw, t)) 
where m id! h positive iiUcger and /*, a polynornwilp 

The tliesuTV of ftlgchroic functiuaEi h bejrontl our Ktci^ie hut we qan 
give u fouRh indication of their nntma by the con&iderLition of some 
Him pic lyiws of earplicit functions. When r = Sq: tbcre are m values of 
k ■ -I some of which may be equal and dsome may be 

infinite (when = 0). A point where two valuer (at least) an? 

i^junl ifl {in gencTvd) cdlthfi a Bmn^ PmnL ft wia bo shown that for 
t.ffcc vtiriiLble the equadoii deterniines m fimetjonal values (or ftmjicfeyr) 
If'll that car be sspieased aa analytic functions in a domaJji 

limitcii by n linite numliyr of isolated singuluritiejs. {R^/. AppeU and 
(iotmai, Fondiom iFunc Variable, /F.) To determine, in 

pmrl icc^ the appmsiniato formfi for the braiichesp we can use the mefhod. 
of Nwkni’s Polygon. The branch points are formed by solving the 
tMjiintions F — 0 = althongli every solution nf thede equations ia 
ml rn'ccssiirily a brauch point, The iwints where a value of w becomeH 
iahrnfo anil determined by solving the equaEion Pf,{z) = 0, rtad such a 
FKjint may or may not be a bmneh |a>int. We infer therefore that 

(i) tr P^{Zf) ^0 and iu not a brunch point, All the branches 
iij, , , ,, UK eipmanble in power series in (z — the mtlius of 
convergiMice heusg the diatunine of from the ncttrest SEiiji^IiiTity- 

(ii) If = 0, and ri^ ia not a branch point. At IcEWt one branch 
ijari u jsile nt 2 ^ ; and a branch that is nuE infinite ut r, is ^^xpanaiblc in 
41 power serioH. 

Thus if is not u branch point, liuvc e.’tpausiotis liko 

rational functions. 

(iii) If {ztf. k a point ‘ for which f -- U the jirsl approxi- 

luatiunH to the Lranchea wiU be giv-tm hy 11 of relations of the type 

(ui - ^ A(z' - 

where a < thi, r integral {±) or ssero. 

In general, of course, the value s, for t will give other vidues to v 
l>HitfJeM ii?y. Thud for the r’elutiun 

f (UJ, s) — iti* *f ;* = 0 

the iHvir of values z — i\ li? == U satisfied /' = U = When - ^ 0, w 
has a triple root 0 and a single root — 1, By using Xewtoa'fl polv’gon., 
we eEwdiy find that the approximations for s = 0 are 

la = i w' = + , , , j = _ 1 + 3a _p _ . 

Now consider the relation pir'« = Lot - = /(eosfl -k V sin 6) where 
B k prescribf?d initially, say the prieicipal value of amp c. Take n > 2 
luiii let j be im integer (i) or zero. 



1\m AI^VA^^CEP CAU’™jS 

The of Mf aw theiwfow m,, ifh- ■ ■ ■> "'.i 

Jl 

pr^ = r“ (ccRi Of, + i sin 0 ^) 


and 


(y + 

n n 


Ifi.t r do^wribe ft fimfLl! plosied riRHiit. rntmd r = 0: fclie lncr<?Afle in 
ftinji-jr is 

If * iM Jin iiittigral nniUipb of w (iucliiilini; ninty), the Yttltied ul Wi^ 
. unaUert'd. by the circuit. Olihcrflriiiiic jt m of the form pi -|- s 

whe.[^ j is ftQ integer (±) or mm and oc ia one of ttio integers 1,3,^^ ,, 
(w — 1). The description of the circiuit tliereforo changes i&j, . . 

. . n AkiJnth^pnjrtiralftie»^ 

u |K«itdve circiiit round 0 is equivalent to n negitt cve rirt^nit ronnd oo. 
Tberefon: a positive circuit round ^ (Le. clock-wise round a large circle, 

foe oxampli") chnngea tPi, . . m ^ 

is tt point for whioli 0 = 


tfll 




« -a' 


uillI a Emsll eircoit dc^scnbivl by j: round (i.e. one continiiinf; no other 
[K>itit for which /»' — 0 = F^)i changes the value of u htnuch, £, IR then 
called a brunch point- The branch points mnat be flait-c in number (and 
therefore isolated) and there must, be at least twt>. For if r, were the 
only bmnch pciiiir. in tlu^ finite part t>f the plane, n ctniuit round (which 
chiiagea therefore two brcmches al least) is equivalent t.o a efreuit round 
00. Thus CQ must be a braimh point. The aggregate of branches may 
lu> the fmefian w nud two niethodh huve iveeii deviflCf.l 

for removing the arabignity that arisiyi in the 
value of w when ^ deecriliefl uJl possible paths. 

(ft) (PatwA^). Let t he brunch pointa bo 
Ujj * . ., Bf', it ifl then sufliciiint tn cut the 
plane along the biiea 

and to Tesnintl these linm as impaHwiilile burrierf. 
The linen may lie {ieformedp if neisaasaiy, 

provided they do not pass through some other 
brunch point. On sneh a plane, the various 
branches arc ohvioujsly suigle-vnluctl. Thi^ 
above method of cutting the plane h* not unique, 
and, as we sliuU mv in the examples below, may be simplified. 

( 6 ) Thin meth^Hl couiitHts in repreaenting w 011 iW 5 -plaiitsa 

(cHXupying the same postrion in spuce^ vfhii axes cainclding^ but asmimed 
for the moment to be uncoimect^). Each piauc la asBociated with one 
of the bnuK'hes. The planes are cut along Hnea so that no line 
oontaina any brs-nch point other than Si or One edge of 
the cut in any porfciculur plane is connccfocl to the oppoeite edjga 
of the correspimtiing out in another plane, the connexion being n^adc to 
secure the ccrrcc-t interchange of the branches; Le. In such a way that, 
fijr cxamplcr when the variable point ; [with value w^] meets the lino 
the poinl. jwiseefl iuks the plane appropriate fcjr the point B,. It 
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is simpler, for tles^Tiptivo piirpti«es» to t*ke tli* ^liorical representation 
of the m pifluefl. VVe iiave then m sphorical snrfooes, ooindding in spaqo^ 
hut ooiiiicctod Qtilv along tlae hrjinoh hues BiBff. Budi a amfecE is, in 
geueml,, not rimplyHJonnpqted. AjypeU o-nd Qourmi^ Fun^i&m 

At^hnffueSs) 


EsnmvjdtiS. fl) Iff* = M U Bllil s ■=? aj MU Wajigfa pomls. 

./if PO . .. m . 5(J- - 1W"| „ ^ . 

Vf = »»/»[«»+-p—I + tan -[j + —- 3 " JJ- p - 1. 2. J 

1,(1. ampwj,, «!^ Vj = Afl, + f». 1 ® + i-"*’ 

One edrooit njoud O' Wj, w,, Enin Wj. W| ikrii.l ilkit4? l iTtiiiita ™kn^ 

thfliT vhJlim!. 

T& nMko tbo bnmullefl ai*igl ft-vnJuod. wc can draw h HDii-iniLtUtd lino IhrungH Q 
(iT-g. iho ptuitiTD hiif uf ilio jr-fudfl)^ 

If llio rplfttian h«d bead w* == wit-h a tvHT^pqodiiig iiDtatiddl^ OJIO eiiauit 

tr^ Wg, Vjj. 1% 

(ii) w*^ = =°. 

Wg^ =* + ■ Jaiiaj where *» = ifl + jtp — tP — 1 to 12 ^) 

X nc^lo dxenlti irjimii 0 oliDUgea ht^ . , .p. iulo ir^up - - -p $ ^nd 
rtrt* drtiuitfi notoie thflir valuM. 

(HI) W* « 5»(3 + IJ. 

Tha Lfftuoh licmta wre ^ a. £ «■ D ii uat a brozirCih point allhcwgh twa valiifSi 
iff oro equal tliRfn. Tha pluiD miii.y be out idoug the red aicef tiuin -- 1 to + 

(Iv) t?* — f (5 — iK? — — 3)j e » 0, I, 2, 3 ftio hmneb points^ bnt « ia 

tint. A bmmdi 

A ciloiuit I 304 mrl Miy of tbw pomie diiyigca into tug^ and thoreforo it La suEhoiEdit 
to lid the |]J&iir dung tho rufU hjeoa bctwooii 0 mid 1 ikUii bet'^'ooQ 2 end 

1/0 — . 

(v) If Mr* ^ £ mid fi\ ^ j + 1 wo-JI be denutDil liy a", tho 

2 

dofiii'alivo of s" dlim'tly. 


Yf irftMM -h i nbi3 e^)l (L'Wf/ -h i sEn + i> dV) 

((|f "(cm ^ + i «n = («• ^ + • iifl r‘ *^<Ir + ^r" ifl») 


= “ r» ^(oM “ + *" ■ui^ydi' + ir <W), 

OOfl ~ 0 ® + • Bin (- — I 

I i-1. 

bfl denoted hy 
(Vi) w* - zHz + 

Tokn Lha ixiiliol Yvdue of a to ha I and jta initial ampEjlnjdo t&(j. The limnoh 
poinia arc 0, — 1, — iV i» od. When x = Uv^ = (cos w/4 + * am ?t/4J the 
icitial YSlueS of thf Hix hrAlirhrft eHj., Mtg, u'|, tirg, tr^ sjo 



riitfp , 1 —if 

Thus and im eqtHW lo ^ 


wbOTU 


2VI («»J+,-|ui.i) 


Wp.i - tfa* — lif*, = — lo^*, iii*g -- - Vim “’ll - O^aii 

ami a* “ OCW {,*1 + t aao |:f. 

The Einitouan iu ainjj whi^n z dwribcii a gEven Dirciait ia H- |Sg -H 

Trhrix^ ft;, 0 *. flj, 0 ^ nJo reapeedf dy t he inoroAoe^ in wrap amp (a -|- 1 )., amp (s + <) 
aad amp (£ — i). Hup|ioee iJuU I.Iif nollExiii nf brJimhfia arc written in tht^ onier 
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(123450) iiiitiikLlyh A cinaiiJJi mtiiul ^ (fljid ro dtlw^r btuiMJ] painlh) I’noF^am wnp w 
by DJid tiwj euMacea taltP tbc u^nr (501^34). The fnll[jwii 3 g IaTiIo gIvH 

the po«aib£litiffl fnr jdid|ilo drL-nitBt wfw^Tt* ^ ^ I, li ii i, C lH — i. flnj 


Brarirk pitini* r^idcmvf 
(Nqi»)s (O, Ui ; a V} 
iBU (ft (ft i7J 
IC); [0,A,B} 

[A)i W^tT}; {O.A.Oy 
[O): [A, B\: fO. .1, ft V] 
(ft Bi, iA, ft) 


Ot^r c/ 

I 2 343^ 
234501 
343012 
450123 
501234 
012345 


11 U iiiinir?ipn t tben'foni 


lit t}ui pliuiL^ pjrini^ ft4p AV Ami AlODg Ihi? mii 

from O lo ffl!]* On thfi uaL pljiru? Jt tiircuil 
rouiul i4^ ft 0 U posalbki (jul it be) ; 

hit iha ciifvniit nmnd O, € id imt pwible- 
If tho liitter wm coquirEid+ wb Roukl eiil 
ihs □rigirutl fdtubfl nludi^ QU* /M 

imd fmm ^4 tci ^ « aJutig^ tha real ama: 
blit allude thifl EitaJuai a rnfauiL 
-4i Bu O impqs^bldr thid tnu^bHl theraTere 
Id JvA, dci la that ^ Rjemaniih 

lUMh The Hk'Ttt^eidaty Tra^iscen- 
flejttul Fujidiwi^. Fonct^iona of the 
iml vjixiftble defined as power Hcries 
miiy ohi^oufily bo defined by thcisrs 
#&rits for tlie conGplox variable ; they 
jirts rtniilytie within the eirc’h^ iif 
eonvcrgeiim^, iiiic] poaijtess tbcjtie f^rrJpertiew tMai huvsii n inejinin" for the 
fMjrnplex variidtlo ftnd C4iii be proverl by nniilo^t>uj» ftiethrKlii (nych an by 
the dilTopentiation and int^sgrotiou of Bcrjo^ or the multiplication of eerier], 
10£2, TAr J^jn/iopuTn^ Funelim, 





+ S + - 


Is tiikeu tie the definition of the oxpdnential fn notion of z ond is WTitten 
(or exp c)p It is defined thus for all finit^i z, has t.hp dcriTOtiTO e*, and 
has the pn>pftrty x = e*' 

10.63^ Ttt& Trigommelric {or Ciretdar) Fatieiifjm- 


The ftmotiati cos t b defincMi to be 


=* tI 

'- 2 T + ?t 


and tile 


funetaon fiin s to be 




They satisfy the reflation 


CDS* £ -)- ~ hav^t ad additidu theotem sntJ theii clecivntiveB arn 

— sins, TOSS rsflpectively. 

It is eosUy verified that 

«ws +raiiis = s* aneJ Cffiiz — 

ihiM cofi a, sui £ Bie related t4 the expuiicntuil fiinetiuti by the equations : 
cos t ^ +«■*’); fiin i = |.,{r« - < 1 ^ 

►jf 
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16,64. Hyparbolic Ftntdionf. ooflhi u defined to be 

1 + ^ ^ and Hifib stobes + ^+~-t-,.. 


41 

Thiift COB is = 

e’*™ s' 




af ■ 61 

5 ; f^ush iz = ' 


^nd 


mix xz = 


2f 


I sinh z ■ mnh iz = 


aiJf ^ , 


r \ ftin z. 


Th 0 other ciirtiliir iind hj'pejbfjlicj fynotioiift ate clcEticd in an obdoiiB 
way ; thm tnii z = sin z, hcc r — J z, fi/iAec-h z — l/BLiih t, 
i'oth r = cosh zMnh sj, 

I0M4L TAtf Conjagaie Funciicin* far dn s, t, 4&c. (ij Let 

w ^ M + «? = e*; then + w ^ e^ftsoB y + i bid y). 

Thus R(e^) = cqa y • I(e») = f' mn y; 

1^1 = ; amp (fF) = a/ + 2im. 

ThitB JT into drclris u^-+v^ and 

if ~ cojiEtojit to tho radii of theaa cinrk^, 

(ii) Let w ^ ain z — em af cue iy + 00 a x atn iy 

^ sin y + f cos x siiii j/ 

so that f£ = sinai cosh v =? <!ob x ffinti fj. 

The lilies if = coDtitaiil twcoine the nonfiM^jiJ hyi»rbs4?w 
f*V{iiiri^ J*-) — j) — 1 

wliilit the lines y - ^^onstant Ixncnjue the. ortho^iml mteni of cotifccaJ 
el[i|.i«es 14*, (ccitih^ y ) + is™, fainli^ y] — L [Tlie foci atfl ± 1, (hj 

A JH^fo Bin r: mmt make sin* x eosh^ y + cos* x sSub* y — (I and 

thiH can only l>e satisfied if jdn x nosh y = 0 and toAxsinh y — 0, 

Now I’osh ij pi U and therefote the Tnnsl ^iali^fy the eejuatioDs 

HiiiJC — sin hr/ = (K are tKTi (juit for the real variable}. 

Similarly if ac ^ cos the tinf^ -jt = eonrttant^ y ^ caiiatniifc are 
transfornied into t!ie same wnfisml sy.Ht^nis as the alxive^ Binca 
{*m ? = win (v |7r)i AI?mi cos ^ bM the same z^roa oa for the real 
variable. 

(iii) Similarly if w = *dnh z orcoah z, the lines x = y con- 

Htant arc tranKfornaod into the iwiJiii iuOidbcisls os the above, with the 

hyperbolas and ellipses interchangiML 

/rt.A'S* Tliii Lfx/aritJmie Furffiimtr If s and w = h f iV, then 
z “ e“'(cos t- + * sin it), Le. = (5] (= r) and v = nnip; ( = 0 + SfivT)* 
rt'lieta fJ h the principal value of amps and n in an integer, positive or 
neRativa or zero. 

Thus the equation rletinos w m the many-valued fuiiction 
log r -f- iffl H- 2 jto)b 

It lA thus denned for all z {exi:;apt z t= 0) and om vabe (a = 0) 
agrees with the dehnitiun of log x for a real variable x (> 0)+ ft is 
(herefore called the. fojtjarU.hm of s and ita general value ia often written 
IjOgss. The principal valmi- of IjOgz ia defined to be log f -|- i0 and is 
usually written logs. 

'rhUFl l^g 2 = log r -j- SfKTl, 
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ATI 

BmmpUA. (1) Log i « |At -f- 2^k.T; log i 1:^. 

(ii) Lo« (1 + tj *- i log 2 + 1 (Jts + 

10.651. CmjuifaUt Fundi&t^ for Logs. Lei 

w = u + iV — Log ? = tog f + i{fl + 2fwt). 

The hiuiA u = constant correspoiLd to the circles f and the 
w = eonst^t to tUe radii 6 oonatant. The ^hDla s-phine is deter¬ 
mined by 0 < r < 00 * — < ff < 3 it and b therefore reprMented by the 

tnfinitr mrip of the iP-plEuio given by 

— 00 < w (= log t) < mi — re < 1 ) <JT. {F4g. 22J} 

The whole of the z-plane b abo repre«ent(!t1 hy mif each intiiite atrip 
of breadth 2jr panLllel to v ^ 0^ 



t 

iric. 22 


Ttte F^iH^i^on The functiDa [o iw dehned to be 
Jh aoTnelLOjes oalJed the gmeralised potver. It b therofoivk 
many-vflluL'd (except when c is a poritivo or negative integer). The 
function “ 18 called the priiiL-ipal value of and b tlieieforns equal to 
exp (s(log [d| + tiunp a)} 
where amp n is the principal voluo. 

£jcnfnii£c4. (1) DulomiLae tbo oonjugate funttioMi liar a“- 
1 *^ ™ ojtp [fdj 4 4^) [leg lit\ 4 t(iiLiapQ + £wi>}J 

— esji [{flog |a| — ^nnip a 4 ] 4 i {t(ainp a + 2 im,t) + j log jfl| II 

=a [d|^ * lrt*»P + BrtJll loog ^ ^ i' iln 

where ^ « ;r(ampa + ZfWl) 'H grlog ]d|. 

(si) THihI tho principal taJuc of (I 4 

ra|i {(1 — d lc^(l 4 d) — nip ((1 — iiii log2 4 im)J 

— (Jj! - I higi} 4 i rin (4 t — J loss 2)^ 

= ((1 4 i1 OOB (4 log a) 4 fl — i) dn (| lag t) b 

10.67^ The Imers^ Giradar and ngperbclit* Fujidiom. If s == sin 
wo can determine w aa n many-valued function of s, which ia deuntoi] 
by Biii^^^ (or Arcain ^), 

For 2w — from which we fliid that (t — s*)*, 

where (1 — b used to denote the val Eie that tends to 1, when £ —s- 
Thus w ^ Sin"< s = i Log {iz dz (i — i*)*}■ 



































K-XPONEHiTlAL FUKmON 373 

The value that, tenda to hito whua 2 —► 0 i* donotod by «n s, imd 
ia tbamforc et^iuLl to • log (tz -f- {1 - 

Kow {is + (l- s*)i} {fe - (1 - xy } = - I, 
und therefore 

- I Log {ife - (1 - } = - i[- Log {« + <!- 

+i Log [u: + (1 — 

Thm, iakitkg into Act-oiiut the vnrious valueiii of tlio Log funi^t^on wc 
have Sm"^ 2 wtjt 4 ' 1)™^ ain '* a {m intrgml or mo) agwing 

with the r^olt for the variable. 

Siniiljirly we may find that if ^ = tun w 

to Tan-* s = - Ji Log 

being the value that tendfiii to zero 

when z tendB. to zero. 

Oofl^ * z is dtEfined to be «/3 — Sin ^ s and ip caHily deduced to be 
*2fpjz ni cofl”^ £ where oos"^ s = jt/?! — ein” ■ 

TIic general vbIuo of Coa“^ a may be written 
- il/jg _{s±{3'> — 1)*}. 

8mh“ * a? may be ihilinW l iia ^ i Sin" * (te) and is Log {i i (s* + 1)^ j. 
Cotih“* s Ptfidlftrly ia Log (z* — 1)^) and 

Tnnh”^ 5 in Log = — j Tan" ^ (m). 

1 — £ 

fixtimfie. Suivci tliB oqiuitiaciP (i} xinz n 3, (ii) tiyaZs m 

(i^ If diii - 3, ^ 4i Apd thufiEfciffe - I 0. I.e, 

= •'<! ± \/3) Btviu* »* = lop (2 ± V'3) 4 ‘(Sto + JK 

Thm z 1 = " f lop(S ± yJli 4 (Sint -I- l-Vt of z ^ ttv [— wbem 

« = JiT ^ t log (S ** 

(H) If utki - 2i « = - IfLupf- j) =* J/Ioga 4 i(2w 4 IK 

lOMfi. Thf! Lpgttrit^mc Striei. If s = e”V ^ tiMaefcp: 

^Ug2)=|(l0gs)=t 

Now 4 - = 1 — 4 4 *• . . ., ivhen |i| < 1. 

J X 5 

Int^^tiuD from (t to £ givee 

Ictg (I 4 a) - a — 1 4 (|cj < 1) 

4* 

siDL'c log (] 4i) i& t'be v-alut thut tends to 0 when s tenda to 0. We 
have nlre^y seen t,h«t. this wtica is vnlid fof 4 = J nnd that it k hot 
convergent for a = — I- 


and tan"* 3 = —14 log Q ^ 
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It can be bJiowxl to be convorg^t at all other points of the oifcle 
(OAap+ Xti § /J.ftS), atid therefore {by Abel^d Theorem) the series i* equal 
to log (1 + t) at all points of the circle exii^pt z = — i. 


J0,6iil, TiiS Smetfor iow" * z. 


If z = tan Wp ^ 

air 


I + 2^ and there¬ 


fore 


Now 


jrtTim- i a) = 


1 


aofi (:hf!TDfor4^ by in t^grntiuit Hmce tuu 

. _i ?* , t‘ 

taxi 3 —“ £ ■“ - j 

3 G 


1 +*■' 

. * fl^l < 1) 

^ n when a —► (I, wn have 

- ^ (M 1}* 


We have idrea^ly eeen that the Muies ure vabiett for e = ± 1; it la 
obvioudly not convergent for ^ — ± bat it mn lie provisd oonveigcnit 
for all other values on the cirele. {Cfmp. A/, § 

lO.&SS. The Bitwmiul Series. Tlte function f{z) d<^tine<l by 
general binormoi aanes 


the 




4 


1.2 


** + ...+ 


iiv — j) 


{jf — tt ] i) 


i>.i 


-V +. 


where 1', 


ore complex, ims a radiua af convergence imity «imoo 

:»-M 

;n — t' 


Iim 


= 1 . 


The niothiMJ for the rwil Vftriubic {§ S.7Z) iA ftpplicablo to show tlmt 
■?*(*) = ft + s)' at least for |2| < 1 where {J + 1)" nteuns 

exp {»log(l + s>} 

j.ff. —► U when a “*■ 0. 


Now 


n 




where i? the OOeflidaDt of x™ 


I 

®i«+i 

in the aerios and f = a + ijU. There i* therefore ubsulutf* convergence 
on |;] = 1 if Rfi-) > II, hut if R(v) < 0, there cannot be alwdnte 
con vcrigenoe on | 2 | 1. When j: 3 * — 1, exp (if log (J + 2 ) } is cobtinuQiiH 

and therefore Fiz) = (1 + *)- when |jJ = 1, R(t)) 0 (except possibly 

at 5 = — 1)* But when z — — 1 + pr* p anwll aad |^| < j tt («o that 
pnints near — 1 of the domain ore tinder cany deration), vfc have 
[exp {rlog(l +s)}J 

which —*'0 if«>0. Thus the value of the scries is aeto 

when a = — 1 and R(i') > 0. 

When R(i') < — L the tenud do not decrease in absolute value and 
therefore the series doeti not oonvorgieK the case I < R{y) <0 
(W Chap. XI, § 11.19.) 

AdbuilH-.. wiiert s — — 1, wb can find 4 i Aunpla fipiBsEiGn fi?r num 

of the finst in -h 1) u?nm; for the (n + l)th term ii jP.^ - w(wfP 

^ ti - -1)... (i -;). (1. > 3j. 
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l.f?, vAfl 


0 jimi t-he 


Alm^ 4 - ^ P,, wbpn^ I 4- 4 - F, 

1 - 0 . S^ = P^ = {\ — 

If ¥ w tt poaith^c Lutcf^ ATn 8y ^ ^ i — . - - il Biid I’i*} = 0, 

tf » D, P(:=) in obvioitulv i. Fx3t tidhbt vhIim nf v, 

i) 

(r Xli, i 

!*> that If > Op lim = U; \iu ^ (/I rod), inBdlliilt^ liaEldy ; aurl 

if K[r} <0* inlinitdj or fiiTv^rg^ lo d; «. 

10.7. Functions dclinetl by [ntej^rsils. tViim^iiii^r ihn iT\t#!gral 
wliEiTp^ the path nf iritegmtiQti is the titraijrht linf? joining to s 

> 

when thiti stmight iLoe does not pass througlL a singnlaiitj' of w. When 
U flae^i pfljw through & dagukriti^ «, th-e imth must be deflator! by tn^ua 
of n Hjuull Bemicircle whose centre La «: and the path in mafia dafimta 
by choofting that aemicircle whose dtsseription by s pomt t gives an 
ihcrt^aws of 7t to amp (a — et}. Wo have alreatly iseea that if (?(*) k n 
function whose derivative is w, then 

Gifi) — G{Zt) = J ififtz 

w^rite r ?p rfi = Pk) Tft here F\i) — Mt, #'( 5 ^) ; 

prvth uf integration is the straight line joining z (inrxhSod if nccessaiyj. 

Tiki? seiJiiiGiiTia unod ta wv-uiii A siltgiiliLrity an the pntli is Lislled an 
ifiJf »iiiiifin. WHitsi dAdiUjU ivith Lkio Vsdalioii of n fiaikctiuii ivltoii ~ litt^rdlies ths 
iHiDiiiLruy of a jpven dcunatai and whoa •! ii a paint of ih^ btiundsj^^ wt^ bIidqIeI 

iiEUJiJly ilraw Ji- s^iiuii^treh? (or nira) thjil tba ^^ingnlarity from tins dnnydn- 

JJr Caunhv'fl ThEOPflin^ the valiit? 

(if Iho int^al is ateo F(3) hy any 
i?thi.^r path that can be ilefomied into 
1 he lirie^ joining z without eroflsing 
u aingubrity; luni it may lje calte^l 
ihn principal vahio of the iriJuiy- 
vnliied fiinctioi] defineri by the 
integral for all possible paths, l^et 
..^1, f* bfl the pomtH z md let 
be a singularity of if. Also let 
ns jmppose {for the moment) tlkat 5 , 
b (he only dngnkrity* {Fig. 23Ji 

Let Oj be a small circb centre ujhJ radiu-S Ei, and let E, be the 
jioiii t uf (Ji nearcift to ^4 ^ Tiihe niiy oontiniKms path C* joining A ^to P iiDt 
ilefonnable into the straight linn A ^ P. {Fig. 23.) Then C" ia equivalent tni 

the rloift'd path y* coosisting of C + PA^ followerl by A^. The mtreftse 
ill amp {i — y' is described is where Wi is an integer [±}i 

The iiilygef k not aero^ for then C* ™iild be defer med into AaP* tn 
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gtiiiem], thg valiiQ of w aftcf circ*ujt of Ai is ciliAnge^] to Wj 

brsTidi point of w) i ^ Ath not a bmaplj point, its vitlqn w unnlterpd, 

TtuA for a Biogulatitj, in general^ 

f Wifizam, f (n?- + f 

Jc* ici Jj 5 , Jst 

but if the value ia lefiloted ufter cbioiiitjfii (or if Ih not a broxtek 
point), 

I cfc = jjtj 1 fj7 dz -h F(3}. 

Jtr JCi 

Similarly, if thizre jue aiiigularities at {»■= L to j;) unci no two nre 
on the saints Ikin tlirougb j5*, wo obtain kir the gencrAl pnth C" 

I ef? =1 ^Ho. w*-l + J ' (Wj- 1 + I Wg rfs| 

^ deJiiLite unter being ckoeeti far the points VVIic]i a point A liiuj 
on the Bne it is necessary to indent the jiat.li in the tUiueil way. 
Li many coses, the integrafe round tend to definite limits when 
^ Op nnd we can then write 

I w [k = + J J = + I % 

In [jarticular^ if the only idngiilaritie.i enclosixl are poloa ^4|, 

(which arc not bmnek points), wo ohtam 


|, V * PJ 




^47 cfe = -F(s) + + , i . + 


where is ibe residue of w at A^.. 

f ds 

hImmpUs. (i) Jjt uj » J I wb*rti V* i« mnj i-wnttnuimii [jwIIi 

0 |q ^ Thp funDLinn delinad hy tho rBlntion A = tan tv Tun-i =) ^TiaSoe tha 
Tflat.km Huf/dx = 1/(1 -f ; and iha Ahtyw^ fnli^id a de&pdlLl™i 

uf Tim~ ^ i. Thu pofinuipal riluo ti^n ' ^ : 1# ihduiied tc? bo /"'i tiuc 

tino iolning (? to * (pmtably qi(4tfipd wtiern a = iff and ts^| > 1). Th& fwffldiam m 
lint dediud fur * = i i» thwe being the only aingniiiTiti^jflH 

1 H- r" 2 fs. + 4} S(t - wj 

tdin-J * = ^ (h^ (i + 2) - leg (t - =) f 

liiiioa tbs value on the right. —► D when 4 —► C. 

Tho tqsuIlmsb at ¥ = di i aw ^ !■» rwpwiiTioly, Thfrclbnnp if C" in a jHkth frotii 

(/ which is BUQh that the c^luici:! palh fcrmi>d hy 0* and FO ouuiit'lta 

:t U *Ujp and timra wA^tludy^ then 

~i (= 1^-1 a) = tan-1 = + S;*;. ^ (w»* - «i) 

— tan * E -J- Nit 

wbotF y ht< aEl iuts^nr } uf tufti-r 


1 , 
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IT APB (oil iLdt4t' bctwom b' lUid n is dEsioicd by 

^ ^ ^ ^ - Jt 'h 2wi?i)J 

whwfl m mTldib ha nliAcdi fiO tilml (Ol- = Op noiwwlillg JW It^cJ JO, Bui 

lim 0 —?i 

iP—►o 

iui4 tbrnfons 

^ *- PB . 0\ 

lah 3 » £lag ^4 i 

funxmlini^ hA R(£) ^ Ok 

Alufi Un~i (ijsi) “ ^ ^ 

If jtf > L yin-^ (iV). if t^e Pftttt i* di^ijcied inm tha Rfi) > 4 OQUit b« 



Ipvw !iy this wpi^r FHgD, JjOi » I "Jill tJW* ■?! y > I ii 

1 lajT 9Sll _ 4^1 jf tbfH path li 4nfl«tfid into tlw Regw Ri*) < 0* 

^ ^ f + 1 “ “• 

ThE* la vorificd by iiruLiH« lUal [^ > 1% 

P _ ,/>r -1^ Uifl f . wbpm y ift itw winiriiwti:i 

= ^ ■" 3(= *'■ 

wtlSFO ia analytis aJi 4 » £* 


Again otnce £ 

bp — tam■■*( — sjl wbeii y < “ J. 


(iUI 


irinapliy MpHhb taa 'l{s) 


A'otetf, (1) wbuld s-pkup im rtiiirt«jiJt«d on thi: ii^|]Iaiih by l!u» stdp 
—n/2 < « < «/2, AltbdugL thti point * = « 19 rpproaeiittd by w = n/2 and oto 
by Uf - - «/2. Tbn pSm* A, al» may be ngvdfld M b«iig g^van by 
« i-i« twpeotiTely wbutc [d| < it/i. 
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(ii) Tks cfiiijugatfl foncticKm for t4ua “ ^ s *ed Eh gEnPHnl gireji by 0 =- cgjwtjwit, 
PA mm kPB^ IA twH oTfJiofianftr syeioiai nf ctajjil oirdinp m whioh ^ Jwe ihik 
i^rJtlii^J pulDim. 

foi? any jiitiik fmm ihci initljfcl vfeiiio + t for 


(ii) [ 

JG 


cr 

V{l -i"). 

Awmmr fur Ihq niGmHnt | ; m ttLil nsal, TUran tbp lirllicijunj TnJnc fliH-l; \s 

V(t£"ji einMi^ht Uofi Oz. 'J'fat- ■iiiguliLrJiii!i ± i (jolnta mji 

W^W OB ioAllEliDB of ths int^^raxiiif, 

IM t?| dciithlfl iiui nifo^fl j* — l[ ^ ifj 4^nl t?g. Ih<' pirolp [e + I] = N^ar 

vn-«.r 


i: 


1 — l< |jl — >■ Pj(| — til Itffll thctviurc f - 

L. " *r-**> ; “d rimllMly 

A latniliffc (ill dLbiir dirertlHn) found ± 1 lihain^ ^.'{1 — 2*} Inki — — 5 *) j 

ihnrrifow two FtimiDdDtivp pirouita Toiiml rilhi!*t af thaw poiot# muy ^^t^ ignori^j, 
'flin Vftiuis of thi? gnnonii integral duo tu orm irircuit c^f V^ iii ihctornro 

f’_, r‘ f' * 


iind tL& vhhiG for « fliogla circuit roumJ t7g ±» — — wti A. s, whdut ^.[w fur a 

nirvuEL itmnd C^ followed hy ooo ttmnii Cg in Stf + Bin I s ^ fur a osreuit rooDiJ C\ 
rLdlowol by DDDmund C, ttw vdoa ia - SLti + ejn- » j, Sin™ raLhw of t be «3 tkpuhitf 
oireuitd tuny bo ropcuitod bjvI tbon Lnu followBcl by n iiDgle cbtrait nmorl one of tbo 
|XUtltB ± I, wfi rcKuelndrt tbftt thu goiuiTnl vnbe of tbn rtil«grjLl 3 frt 

i«Ji -h ( — iPiin ^ 

We bnvr nlruftdy Rbown Ihnl. rtii-i j ^ t leg {k 4 vXl ^ Wbm r ■= ^ 

(PBftll utd jarf < L ain - J 3 = «!!■-■> wboro - .i/S < hEh * 

'JVi gSvu duibiEleticsi to aUi-i f wk^ti |j| > 1, wo C4fi elMiCiw the path t'ronj Cl t* je 
that in ileilectcid at 4 ij ki A way tlinl t bo branch point Eb on tbia loft of tlua jwtb. 

''I'bua iLEUp(t — zj icijamps^ by ntnl tberoforo i/{l bc-^iomeH — J) 

Tor tbn indeniattem nt 4 L 

prfa-f 11 ^ | - f | ^ ‘ + '/<«’ - U) 

= g ~ t dOlli ' 

Ttmn * < — 1, ttln - 1 i +1 (Mfth - < * (aiiuia ain -' {— il - - iLa“i *J, 

Aoffi Thn liTiw M • ^TOciatuiti^ t< = cHinatuit basra abowEL to i^mM|Kj([Ld 

to ibD ■ystom of confonl Btmirt [faH ± 1). If the ^i^plAne Ea cut iJung tho Teal 
axis fmm *=1 toxo+eojuidlv^-l toa = — aj {thu painta of the eul 
bcdji^ omLitiiyt fiEmi ibo C-pCanBl^ tlv^re ifl A 1 — J oOTnapOlHJrOce betweeis iko put 
plaoG iLnd tho open »«Ioii - jjE < n < }«. The ant from + 1 to + oq is n-nra- 
^tod hy one boundary a = n/i, but it ia irproarotwl iwiciti tin tliiji llniij'i when it 
IB rof^rdi^ m thn LimEUng pemtion of thu upiinr edge of thu nut. It im givem by « > 0 
aod if of tbs ]owt5;r edgu it ib giren by ff 0+ 

10.71^ Ckri3toffel-Sckwar& Traii^formoii&m. Uninider the trandbr- 
iimtit>n w = flm-i £ diacq&sied itj the exnniple above; and wuppoae now 
We eonfine z to the upp^r half of the s-pliajio^ the bonndarj' of which k 
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V 0 iiidonted by fioimdicle!> oentzies ± I, the semicifoXee being 

drawn to esd^de 1 from tbo region. A]«o lot tbo t&dii uf tboea circles 
tctid to JcetD;. then tbe V‘alue of w nn tho real hiut, in the limit, thr 
fgllowing valuen 

— ^ + t««h " ^4—“ I): ain^^ * (J»| <1); 

7j +icoaili“^ :c(l <* <00). 



l-TO. M 



W 


Aj! £ deacribea the j'-aiia from - efi to -j- oOtdesecribes the Ixjundary 
nf the Mmi-inlinite retitiicgle deterii lined by (p>0) ftnd 

Tj ^0(|t(| <jr/2). (Fig- 35.] The upper halfuf the ^-pktie is qa the 
kfi «f the laqvdng point; therefore it curreMponds to the interior of tbii 
reotnngW. Tlime a. oue^iae ijom^jjKJiideJK'e between the regioiia and 
wi ifl tliwrefore ndl^ a aimpk fo? ^MidU) funetkm for the domuin I(eJ > 0, 
Tliifl k m prirtiqnlar of the more general trajiflfQmmtiqit indicated 
by tJie mbtinn 

d: ™ {2 — — a*J*' 1 • < (- ~ **«)*" 

when: A, hf ora censtanta. 

For puipocie^ of illiuitriitjoD we nluill wimider the ^unipl&at type of 
the ahr>vi^ tnuudonuMtioii, vk. that iti which the nittnbers ^ are reat: 
and determine the bouadar}' tu the w-phm that t^rEeapond& to the real 
iiJtiii bdented by the upper baivee of the cijclea given by |s — s^| ^ 
fr =-- 1 to w). The oiigii] of the w-pbue may be ehoBen at any pomi 
sinoe no constant of integmtion hun been ^pcKiihed. In particular we 
may take 


w ■■ 


£(»- 


Ads 


atf’ 


(* -aJ* 


SQ that If = 0 when s = {1 (providid whan m ja not convierg&iit 

there). 

l^nce the effect of the nitiltiplier A ta merely to give a tuagbiffeBtiDD 
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find rotation, thfl aaacTitial ohftmctej cif Ihir traui^runuAiiun m dot 
by taking A to he any partii^nlar number. The pciiat a = oo is in general 
a fiiDgialarity of thn mtegrdnrj^ but since tbis point uiay be tjansformed 
into a point ^ = 0 by the trailsfofina.tiQii £=( 3 —c)“^ (o real and 
liS ftp.), we may without loaa pf ganmlity asaiinw tUftt ao is not a eingu- 
larity of /(s). By ehoodng O at a Boitablc point (this b ninjr n xiiup]i^ 
traiu;latioii of the ^-plane) and tabiag in the eorfeet nriler we cad wrEti* 

0 < rti < Oh . , , <^a„ 

atid by suitablD choice of A we can take 


(“*—a)*' ■ ‘ ' 

I^et the initial value of * be H with initial value for/(») 

(i.c. amp/(3) = 0). 

A caao of apocial Bimplidty udses when all the integrals round 
tend to aero when 0^ i.e. wlieit w is Ikiite for all 3 (incimling co). 
On the. circle |3 — a^l wher*^ A' h bounclrd, and 


therefone 


f fm- 


■0 w'ljen if ^<1. Whf'n [rjoo* 


|/(i)| = and therefore w ia finite as ; —® if > 1. 

K infinity is nut a branch point, AX Ik! nn integer. Its imnJJeat 
value id that case \n 2 ant] we hIuiU Roe that hi thk ra^e tlie real ojd^ ia 
tranaformed into the Kidos of a Oijnvex iNjiygun am i the region /(j) > 
into its inleriar. Styvr ainp/( 3 j m fitun — so on the real axis to 

a? = a,, and ita value at miy poiiat there h P . 

^ * Ju(«. 

This increases imm the negative real value 






i: 




{«! - .. .(«» 
at j: =1 ™ CD to ssero at sP 
is 


- f - 

Jfi 


di. 


d- + ()*•* 

r II itirsd then to the fjortitive reiil VaJm^ 

n.t. !fi,. The deSi^ripUul) of Ci a 

: »t) ; and os z desenbes 


Jit (Oj - 5 )^' . . . K- 
Uecreaae in atup JUi — of amount {■ 

u* dascribfrR tht? straight line froiii to which Tnakejs aii angle 

vrith V ^ 0. The length of this line Is 


f'w 

J fl, (I ~ (fl| - xf ‘ srJV 

Similarly when z describes the other eegrnenbs . . . w 

dnscribes the aides of a polygon, {fiff, £&,) The fwilygon ia convex 
ainc* Xp C 1, When z descril^R C^, amp/[s) is (iX)?' — there¬ 

fore w moves parallel to the line v = 0, when z de&oribes to A{-\- 00 ). 
But QD is not s singulEirity of and the integral converges tlierc. Therc^ 
fore, by Cauchy's Theomni. the value of w at ^ the same as 

thflt at ct>)* Thus 04 z deHcribes in *'!(+ w describes the 










eimiSTOFTEL-SCHWARZ TRANSFORMATIONS 


^1 


axia i? = 0 bom to id ^ ihm compktbg the polygon- The real 
$ uw {incJfmted) is tm^oriiied into the &Mei^ of thk polygon (when the 
jnkdii of the indBntatmtus tjund to zero);; and the interior of the polygon 
oorreajwude to the upper half of the z^pkne. The ftinctioa dc^ed is 
simpk for /(z) > 0. 



vfo. m 


When the integrolu lomd Op. do not toa verge to zero^ auit&ble modi- 
UoationH may be made in the repreaeatation of whon> for emmple^ 
the integral t/tinds to B hmit. Thna if Oj were a aimple poie^ and not. a 
bratteh point, the point nf foi) is at inrmity on the real axle of the w-pkne, 
Thu Mgirteht t'?<>rrot3poiitlmg to ia then pandlel to the real at a 
riL^LELiiee fcr alcove it, where k is the reddue o( f{z) at 

Sinw the roal iLxk of ^ msxj be timidfonneti bj pi BDb(it]tiftiji:?ii 

into the uniti dreJif J^] =1, ihs tra^fDrnintjfin Above giveq n TepT^KDtAtiem of & 
polyi;oR cm a rirolr. 

(i) - -s HI 

'IVfcf attip/(s) bo be wo for 0 < * < 1 Mad lul w « 0 wbeu i ^ 0 (tlw inteipnl 
being ooovergont ibmb The hmisdli pointa ere 0, :t 1« (Cp the Integral convingiiig 
At eodli. 

z ckaotib» ch? iva! luda (uidentKt), dcsoribea a ^lUadjrQateral OdCJf wboMi 
vi^hr» t-onwpnnd 0, I, ®, — I Mpectively. 57.) 

















r 


m 


.U3V.AJ^CED (JAUUTLUS 


The incirwww in *inp nt thw nn^ |jf wI tliMt'fiHti li4o quwi- 

rilaUiTft] ii « leptAiiBlf'r 

mill tlw? valut of ■N^ M /f h 


Tho length of OA Jji 


i; 


(V/Wl-**))* 


di 


I0VWI + W “l» 

ujin X » fi3^» Lp. OA to lO^p mul iho roctiuiglo i» A sqiMUtu Thnt aJl feur ^"dca 
Bjo eqiuil nuj be vntiEBd by tho flulbitiidiiotu x «« l/d-p tf » — -v La the int^ral 
for OA. 

JUfoftL The kngLh of the lide iii a-t(| ^ {^c =* w^). ■ Tlw ™lub lif 

tlLiA 1 b ((7kap. XII^ mid ikcirarore the Kobsittutlan 

2ayfl2x] p dx 

(At)? -i')) 

Li'miu^onilfl the mJ uu Into the pcriniEiar uf a KiuAte of Hjila a linrl tlie n^ou 
I(r) > mbj Its intsfinr^ 

^ ~ ~ ^ 
let i ™ 1 — A/jz^ /j «■ 1 — B/7tf IhjECi s « 1 — U/ti whirft A, U* 0 aj* tbs 
of a trlmigle. Blqoo the incroasd in smp/t:) whun z iioaoca n li ^ :it — 
with s ritnffsf fnffOlE frtr the jxilnt §, it fadow that Ihis rrsi ute in trimiifcpriuod into 
a ^ ffl 7- 

In psiiicolATp if wb tshea, y |o be0«. 1, qO. the rorfCBponctiiig LrmiBfoJttiLiilio^i 
ii ^TEo by 

dvf 1 

f’ ^ 

The Louftib of the ride apyonte tlie luiide C? u I * 

— fr 

Thifl intogrnl ie easily nvsliiiAttri m terms of P fuiuitianS XIIf 

I I2.M)f uul from tbs pnapertiBS of tbp P feniDixon it may be wifiod tikat thp ridue 
nf the triangle mm pfoportinim] to the iiniMi of the opperirte Hm b]p|[tk ^f 

v: And tbd iHig+b of tbf* «ido oppoeto M m 
rtf — l|i“ 


the ride apporite A ii 


i: 


r“ ^ 

\ ja^i apposite O hoe length 

f' 

and therefore w »Jtl —r kanstarma the isaj beu into a Kiven triangle 

ABC if 1 - 1 - A/n, ^ - 1 - JJM. fc - l^/^rW/nji%'/ 3 ty ^ 

perimeter of tbs riTouminrcle pf the triaiigle AHO* 

S^iai 

In pKti<«I»r, w - 

equilattsml triaiigle of ride d. 

dw (a — 1)1 A 4 . 




tnmiloniii the ml axis into an 











ANAIYTIO CONTI NIDATION 


Thr ^LllgulKrltic^ti ■nn^ 0, 3^ ^ c {thjo i&st being brruii^ |pu^|j|)h The 

i‘<mvtftRoe el I, — Tulcn ra ■* <> when x 1, iril:^ Djup/fc) = fP fcir 
L 

At* X in4££«inD» fnjin 1 Mi -4- eikcl yigaitrvo iwTBfviog. from et J to 

+ w when X—► + J3 (vhi^rt? A « x = IK jli^twwn ^ 4u 



■iiJp (c — 1)1 ie Thli* iidl £ Fiiricfl fmm 1 tu H}, W dcM'ibM. tho lnwct Imlf 

ijf 111 ime^Tieiy ludi. Thn tnlognit rnniTui at P imn^oBefl if by 

M (tnideo el x = 0) — jnfi/V'*) “ — In llto iJitfflirid O ic — e* anijj s 

Im tMiw n end emp dw ii |jr, no tfuit vf nwTet npwonla penilifL I^p tlm imegiaery 
exb to the poim Jff for wliinb s = — r, Jn the iMra^el i ^ r, emp (= -j- c)i 
idLtnuBiM by Jn luul theURfarif amp iw by |m m thimifaFa niDT^fi pwidlfl 

Ml the xaaJ luis P " 0 witb iimmexing «, until flniilly when a—^ lu —m 

ee nlKi^m in I’lff. Si^. 

Tlw difltimpp between dP{-|- ) (uwi BPt—) lube been oliofFp to be Thi* 

diHlenint dJJ{4 Mid /?^(— eo-) HLey bo found by noting thidi 

wlMiftj P ia e Im^o iieinidU^ |»j if, /(t) > 0, eitd —*■ W- But wbeu |l] bl 

ef^ /(^) ■ where — 1 ^ ^ wboTo A’ b biiinded Ami thfiftsfon? 

lim \ .f .11 

H —0 

l,eL tbe iLlxtiknjCv betireoil the pAmllol ImM fl 

.W.72-r Anal^ic Ctntiimtaiioii. Coiuiiiler tbo funi'lioa/{s) ileGned by the power 
mxim /(t) - 2 — e"/2 + * . * 

It b ML enelylie funolinn within Ihe cude |=J =e Witbout aMiiinlng Uie 
IdgftnLbmie futicUan^ ttp een eoetJy prove the praperty 

'When |a| < L ■nd [«,| < I, pmvi(i«il |j~j7^ < i- 

F«r if F{s, z,) =/(£) -/{t,} luid Cffi, s,) = then - 0 , liiua 

I “T -fi 

/'(») i» obviofltljr fjzj < -/{*„) = 

/(s^l = 0 when X, »- 0. 
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Bnt the n^aii by — -n| : [1 + -u| i* Sni^n^ir tbi' ■airclf' 

nmLra aiwi rmflDH |1 -f- "J ftiui * imrl. ■initniiLi* I tw |s-| 1 wlirii 

Z[j IB Rial wkI lius lulntioiK 1:.hert^f^^e, iiottirrninis an urintytm tf^ncticm 

fnr a irginEi ii puTlIy aii-il whklj iH'4‘!rliitNT \\m {z\ = 

Xow iw nji^lyt.w fTUMUon in hna 4ir uolquc pKjPHfiffioiii u a thjv-er Bcricfl foT 

liny point wttMii » diomiMn for wLiuli t lm fuiuiitkpri Ik df'lliiocL njay 
rnga^ tber two exprepwlona aa diflVmnt. fiirnie (botli thniiod iti cJiHip+i) olf thfi 
an^ytio fonotioo* Rmoe tlbey j^sm? nv^r lhr;Lr f^iFci^ou [Lortmiii. Tbiw iiraon^ pf 
n3ity be o-xteadiKi over a wkbr region oF plaiic^ iiud i# only limited 
by tbt^ ocoumsode of xliigukiilitifi on tbL-< vikriiMri clEdLn of ^nvcrgeiiue, Tliu# In 
tho we giwi i^lpoviei,/(£} may be cxtendol over any Onit’e tegioii oF the p1mvo ihM 
exdludf^ tkhe point — 1. Wo may limii ^ay that a }iowcf hths loi^othef with ita 
oonLinuatiojiB liotartnliice an iijiaJytio fuiuitiun. 

^Iippof^r that A filtiuhldi:!/(z) b» ccmtinliiKi by miwUri uf iJin ibimnltM D^, . * uf 

H’bjoTD l^ff-| Oi'orlapfl i and kt . . ,p iiniiuaLo a ddoomi moLbod 

oF P^ontinilaluHi whom dVEirlape VhJujd of/(:) la tbk DVvflappilU^ pari 

b nut fiowKlaaflly the aatno e fur tbo fegious jipTcii by /J| 4- /•'i -i" - - - -f ttlld 
Jj] 1 f>- h - p - -r may bo such that ihere bed botivoon ihoui auuliu'ir 
dOfKia^ wbloh f{^i ] oanadt bo continuni wbero f(z,} biui a aini^ulArdyJ|. Tbo Fuix-ttOEi 

la lla thid ouao numy^vida^ ; bnt iF It k puadbJn tu urpatinuo /(z) unMd ttu] ga[p in 
n linlLo tuunbor of abepsp thovidu-Ra □r/{^) in D^f jnilat bo idiMilieul. 'IliLln 

Ni Utku a simfdo com tu which thn gniuiniJ dbbci la irdiLcihli^ kt Imi throi' 

rittlnip each DTorlikppiQg the otbf^r^ but oontainJng a gap bat ween Ihiiiu. ^Tippudu 
that a i'iiiH?ljun/'|{z) d?i!nod for Vi ia ocmtinned into giring a fiJt]E:lJnuyi(=]i whiL-b 
ii idnatacal wilb/j(i?) in ('ACa; aJ)d iiiiqikrly let ^{zj bo tbo cuntlnuatiGii of/,{E) 
into u-liem^(£} = /|(zj In CffJ^y Soppnee ako Uiat/,(z) rnn Iw iidnlinaed into 
a cLrek that oDutaiJVf the gap entirdy witJiin it^ and that the ¥ialua I'J'/itzj In 
6^* whf'm/ift) =/*(«} in O^Cfr fn tbft Pt@on ft =/i =/* tlaoir'- 

fcjm /j = /* in <\Cit wmSInriy /, ^=/| in 0^0*^ i-e. /a =/, in and 

tbcHom yi in 

The term fundlion^ wbJdli it Mml to dodiiie a fHinrtioH for a nertniii 

dr^miuai, mrty be applied to desmbo tbo lacre gL^iser-tU fiint'lhm obtainetl by 
ita cQntdnuAtioiui through powor dodea. The mg^oti uf iU oxhteiuL'e it timitai by 
ite uingulimtm?, but f^jr any |iQmt tymg vithin thk it^nn (In tbo he riot dniw}< thivru 
fxNti a power for ltd rfi^tfodentatiau. For ihk latter rL^oii* Ibe funettoo k 
glvHn by jttt vatiiHU power aorfii? togrtJuir with thoir tHJUlinuatiunrJp arnl ii thi;ivfnR^ 
Bometlmet ikseritioil at n^of. The word “ fwo#icttfcfli> id flcmiotirma iiued! for 
analytic. The totm h^^lominphir i« need to dodcrUHE? ii ailigki-VALund nludytiEI fuiietkou 
illi A tc^dcu wia-ro tbo fn-nolioD hau no- eLni^iAritiOdp W-hilali vtfrfmrjfhi^ k ndtxl U> 
■loijO'ril>a llio fttUctlOn whem ItA only jritigularitin# oln |>olca. Thrr toTIUH atkil 

tHffUififTtn aro ufiod for dini^li^^aluixi iiiid tnany-rJiluoii respWjtiVoiy# 

Tbo luLbYirii^ eixaniplE] illiutrat-Rs IIid ivo of ootkiibitnliGli in n flikh[k|i‘r Pitrin. 
i^jtiTiripir, CotuuJnr the cxfiiuuilotk oF (I - ; ^ ■/(■?)- 

When |: < L we have 


/fz)- iH--sr- 

3 

It ID JegitikuAto Ld nnimuLgo in powers of z at Loafit if \t\ b \z\* < 3 Foi- then the 
eerkd writtoti out at loagEih ie aixioluiely roD^orgont; f.hia fneKiuidity u iackfLod 
if |l] < — l|p ho. < 0=6 nppftix. 

Thud fl — t -f s’) 1 for I*! < "6 wJiaro 

0 


I _ r - S5K" - 3) m - S) 

"«- 1 ( 1 * - 1 ) + 


thEiv bfsiEig {Ja -I- L) tonud in if a id frVDii Mui |{tt -f I) if a k cxItL It k ihuily 
vonlied that 4 tluOmfOio f ^-l-l ^ *k-h3- TbiU 



CONTOUR INTEGRALS 


Wji+ft ” — po th»l iiom Ub = J, »! = 1, K, = ft wu find llist m tiitW ±fc 1 or 

as 

»m:i iMid thPiflfwv l.hfl ruLihiB oonviir^fmDc cf hhe HsriM In ^41:111411^ 1, 

a 

prilloiri3<' of DonfciiiuaMon it faUciws tlml tiae expan^on W for k\ < 1, 

«i3M» It ifl vflj|4 for l.l¥i BmflJJw rc^ofi [kI < Tha Nriw in of ooiiiM ubtoiiiExI 
iiDjn^dJately by (] + =3/(1 -h «*) i and in any otwe, a Jojowlodj^p of iba 

dinUmca frorw ^ = 0 of tha na«ai5t Hin^darliy af/(*j pnii.We« na ti> rtt*tr ttrfoftli&od 
lliai iba of mnr-nF^gaiioc mBrt b* | — ofj = | — ftjiij —. i, 

ilTofeK The cuntinsintitm of the fmiuliun jy^ven by n ^wwiiT aer|ft» rotalttl to 
poafticjn of the id.n|;;[Ql£LrLtut« un tbe^ airclo of uodvcti^l'o. and vimoilH U4ti liaVc 
tiooTi for drtrnijmliij;^ whutbe^r a juiivoti is Bjn^iJjiT or not. It fa iuapoit- 

Mlt t4j not-o timt tbo uOnvBqianoo or diTc-iT'™™ of th# serjea fk% a imttinuljlf ftoLEil 
dflCSK T>ot hy iuwlf give pjiy iEifurnmtioii aa to wbotber tbftt fKiint vt sin^^utar tWf COtj, 

rt~ 

8upjMrf0, liowcnor, that the waim JmS m unit rwdliw of [‘imvef^gciiw’, ll i?jm 


‘iliowii lljAt (j) if tz^ > U cr (ii) —► ± oo (o^ boiug TOftIJr tbfln ; — 1 ii^qidgnlnr s 


niuro gt-nfimUy^ it ban Wn eaEublishwi tluit if r* di'P^fllgOht n\ t ^ t.hK 


n 


tiiut fliruK thfn r* w a nnijciliir p<Mnt if ii„— {Hff, fAwhit, Er^rbKtxiB fir.r 
funkitcm\*-Hihmrier 

lO.B. CMlciilatloii of Hen I DieBnitv llltl^ti^si]a by Contnur Ent€- 
gniliott. By ji brntald!; clioioe of iiilcgtiaLiid and cont-our it. n'ill ba 
8il0WTl IM Iba ft3qiniplafl that follow liiiiw certain tj'pefl nf ilofiriit.e inteprals 
may be evnluataJ. It svill Iw Ibiiuil tbiit the coiibDiim ( fioseri iiOJO^t 
of fltridijht lines atwl an^ of eiri^li?e ; iii llie loubt important anrl infcerfls^t- 
iiig catiea^ the result in nbtjiiiieri by Eillowing myrnn piirt- of the contour 
lo t^nd to intinity, and taJ^eu the form af xlh iiilinite integml. The 
I'stahlinhing iJ tlifl c^mvergonco of t\w integml itt effcctecl nuturnlly ill 
the iMjutfle of the work. 

lO.SL Calfnihiitm of TJift Fi^idtie thoomm statei tlkal. 

j f{*)th — ^ 2 yti{A ^ [ . . . + _ J where (1 is n oIoaciI ixnitoiEr aitliiji 

whjcdi/(r) LR annlytic except at pointa Z|, - . *j, x, where there are poles 

of residues .djj . . ., 

[n many r-aees the inte^anl may be written in the forni 
whi-n* 1 = 0 m a rtiot. of fi'(z] = 0 bnt not a zero of F(i). 

(o) If the root nt siniple, then (?(s) = (x — n)£ff2) whf^re ^ 0 
Aiid thereftire the rfid'liia at cf js F{ii)/H(a) = 



- _ 1 :■/{*) ^(«i 

4 ' 

(ii) The msidac of/(?),■ (einh z) st ? = m is/(ijr)/((:;<Msh sir) = - /(w). 


(6) If the root is multiple of order (9 {e} lr of the form — a)''//(r) 
(/7{oi --- 0), and thcrufofe tha residue is the coefficient of {£ — in 
tho erpELEsioii of in powers of JE — a, 
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It UKuaQy better to write 5 = o + £ in and expand, in powem. 

“f f' 

£!a»<M«. (i) TSwHuo .1 (if '*■ “ 

**“L ~ (*->)• ^ 

(il) IfiDcl the reflidoe at f oi 

ToJcfir 9 »t -4- C e tha raMu« in tJaa ooGfliiairait of f in Lhir 

- <» - *• 


The P»A = L 


I, Tlie integral J niiiOyift 

b eqiiiviiliiiit 1-ri r.lio front4^iiir intognil | /(a)rf: whofn 

and C b tlie i^eriincter of the^ unit circla bj — Jp 0mc=e Jf on that drcle 
may he t&kon os cos O -f t iin S (0 <0 < 2ji). Tins integtal may th^re- 
fotB f.ie ^valuat^iJ if f{z) ia annlytic within anti im C exj^ept at a finite 
tiiutiiH^r nf polea withiti 

r- e«30d)& if 

Tbo only iio\m within C? afi- at s = — | aud r « 

R^dLKi a± ^ 1 » (1 + ,1,) -s- = H- 

Anriduo at i «p D b ib«i nodhotant pf ^ hi iJaa aipfuumu uf 

nw 5 = 0, Lft. b — 0/4. 

... _ , /I? G\ .T 

ThpnfDTV the int^gnl ip ^ 4/ “ H’ 

If. Converflely, if/(s) b a fandtiDD analytie within O e:^De|it 

at a finite niimiMr of poled, the mtegraf J f{z)dz litads to a result of 
thn fomi 

J iB wlien z = e*. 

•* iinofi — f « thfi Pfily pole WMsidex 


r>{ 0 )+iG( 0 )^ 

J n 


ting F « 


Taking I* Foidi wa Slid, on putting f » ihat 

[--^■^ i-ailitlHjji(a DOB &)dfl 

5 4* 3 


r a~ * g«0)d3 

^ + 3 410^ 













CONTOIJB INTEOR. 4 LB SST 




W.S3. Infinite Semyiifdes, L^t C be tbe contout determined hj 
the npper half F of ilie circte 
\z\ = iE and the diamitter AB 
that closes it+ {Fig. 29,) If/{z) 

tends to 


in ehosoD so that 


Bem when ^ 
the ^Alih 


I /{ajtfc 


the type 


40 , we mity obtun 
definite intopal of 

Suppose 




thbt/(e) has no angularities on tlie 
real nxiB emd tluit the only einpn- 
laritics witltin the finite Hctnicirele 
ore iftoliited (sTid therefore finite 

r 

in miinl>0r for A lixorl fi). Then J /(itK* + j ^ vrlietB 


Hff IN the Biini of the reaidiicfl of/{*) within R. 

fjcnerally, the number of ainguliintiei} will depend on R. If 


J /{ijdr fl us /? —► w 

then f /{*)<(* = luia SntSu 

J -« IC—iF» 

if this liuut (ttists. 

The contour /' uhoidd not of iitmrae pass through a iiinguUrity. Snp- 
(HW« that the singularitiM Ke on the cireles j:| = r^, where 


f 1 < fi < ■ < ■ 

(there being a finite number on each}. Then there i» no loaa in genoraiity 
if we take R^ = l(r, d- ,), and write f = lun where 

is the sum of the mciducs of/($) within the aemicirclfi determined 
by |il = JK„. provided | —► 0. It will be found that appiopri^ 

intogruads for ttua contaur are 

1. fl. {log(r tp real). 

1, Let. /{eJ = 

The following lemmas am Bometimea nneiful in determining whether 
or not I /(s)i8 ^*-0 iie ii —► ot>. 

(o) If |s^{e)[ —*■ 0 uniformly on Z' as |a| —► oo, then | 
tcodn to xem if p > 0. 





3SS 
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(&) If |^(^]| —4- 0 unifotni]^ dn as 


dO, then 


tcoiids to sen) wLen p 0. 

Tfiese cases are not mutiiatEy exclusive. 

We »j that lS(s)f —► k uwformly for the sector ®i < junp » < 
when fsl —*■ flp, if, given a ( > 0), we cam find Jf { > 0) such that 

for all |s| > Ji and nil 0 {= amp t) in the interval x, <3 < 0 ,. 

(o) j| e^'“^(£)(fo| < (s =; < ss, since p > 0 

and therefore < 1 (0 <0 <»). Thcrefoxw |/^s)(fe —► (I. 

(ft) |j (where [^il{r)f < p). Hut 

itp^M ()< 9 < Ifl, (p >. If} 

Moe ((tin ffwreHsw Rteiulily firotn I to 2/n in this inton'd- 

ThHrefore If f(t)dz < -e-P^^X^ 

Ur Jo p p 

ie* J /(=)dz —► 0 ft? /? —► 00 * 

Piz) 

In pjirticukr let ^i} ^ where P{z}^ Q{z] an? fKilyiiamhiifl of 

w) 

degrew* w, n reflfUftcliiveiy* then J 0^ wlieii 

(a) n > tft 4- 2p > 0 (6) n > m f i* p > U. 
r i Mc 

J p £" “h 


(1] CotuklBf 


lm>^% 


By Ladimii (6^ *-<J when — y m \f p > 0. 

The only iLii^iilarily Id t xa juid the nv^ae ihfim in 

ita~ 


Thiid 


i,«. 


r 


J_* ** + «• 


P*K 

TflE-P^ 


sa(dw* — 

+ a* ' 


kME"^ CUT 


f ^ gffjup c 
Jq St* + 


^ - ^-fHp > 0, o > a). 


NcU, If ^ « D, ihto kdt h iw«j; if < 0, tbe u — (» > OJ, 

JS 

(«} ^ (*> 0. fi > 0. a ^fi). 

&y Li«iknifl& (a)p ^ 0 if p > &. 
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Thtut M. in ownpl.« (I)* 


SoOBfUttix f B—p* 1 

J 5 (i'Ta*X**+'&*) "* - a*} + aa{ii»~ V)} 


1.^ 


*>> («■'* - S< ^Kp > 0. a > «.i > 0,« ^ 

It Id ^murih while pomthig: apt hm that thii iDtdfnil k a ooiEliupciPi fimi^tien pf 
Sfliurpin. the mtemlB m > > iX 6 > >0, |» > 0 podi that it js 

to diflimotlato tbam under the intcgml iJgo with retpMt to <t, & or p ^within iho 
nbove jotamlB) j (har the praofi of ihfm reeulte, Chap, Jt/* g lL5i, IIMj. 

Thai (fl) If l—¥-ei^ ou wrdLc ts 

J, (.« + «»)* • > «. - > 0), 

thlfriiri'iiulifJii with r^nnL m 4 Kivia 

J ft (If* 4^ T 

Kfir ac(2a + 6) 

4- + fl*) "* 4 ft)* 

df n(fl* -h 3la6 -|- 

■ 4 -s- Mjj “ ' 

sffLDjHfdr — e jw) 




(0 


L f^+ 

L- 

i; 


t«> I 


P he. 


14 iA iUOoMIULiyp however, thut thp tCBpItoot intejpnl Hljiiukl be eaciTeT^eiit 
if fJ.SffJ. Thm thitil lidfivAtivn with vc^td to ^ pM. 

^ Bin !«: dbt ii 

,0 (I* -i- fl»Xi*’+ * 3 (a' ’ 

only fur fi > ll, a 0, b > 0, AmI liu? ibiir<tlt (JnrivatiVA ia i)li4 Mwvqrg^l. 

(cli) .{«>0X 


i: 






Ip, 


-s-n* 

tiens hj IjimEPa fd). 

■if* (ix 

— » {sum of rHuiiio» at aa, oa*) where 

a - U + ii/\^, <t* - - (I - i)/V 2 

a"a" _ oV a* 4 ® 


'‘I'hMofon* 2 


r"' s*<h 


4flV **“ 4«*t* 


4ri 


4ii 


p|i> thrivi 


Jo (?* + «*)“ 40 


Ai In thd pravio^ki ncamplet it » k^timate to dif^ntuite utul&r the int^al lign^ 
4U17 bntdbcrr of times, with rc^trd to n (if # > D). 

3:*d* , f” J5(71\/2 

Jo {** + •‘J* “ Jd '** 

(k) = 


+ fl»ji iatta*' 


'I’hftr an* jKike at ip (n ^ JK. 


ad 
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Tukp iZp th[} ruiitii of iht HmidroK Ut ^ Th^ fm |s| « i^b ^ must 
h»it> II lower boond «id fbnrefbte |Jj,/ll?J^| TfhlcS'—► 41 


HA « CO 

i eu 2 


j„(** + l) oa* ID! " S + ^ V (f - IJ* - 1^ 

t-ir-*( * 




— ;i -t- 4 + i 


VSn + 1 £» 


t) 


1^ {JC* + 1) 

U. liet/(s)= Pag (s - aj}p^a). 

Take lcig(* —a) to be thn principal vnlun and euppaso that a. Eft 
oiitaide the ftominircEe, i.e. I(«) < 0. 

AftftiiDin that on |z| = R, |^^)l = (/J 2 > 0 ), Then 

and ftinofi thn length of the eemicifole u 2:tR, J /(sjds 0 if > i- 
Id pmtioiilarj if ^s) = where T, ^ om polynamiala of degrect: 

, N, J f{t}di —0 if » > iw + 2. 

emmptts. (i) Ut /|3) =? ”• ■ 






Tkoti 1 jrtsjii! —0 mod 


r 

j —d 


(log (* + «) J* 

+ 1 




Now lug fx + 0=1 <** + U + *(^ - ftw tan xj^ 

Eqaation of Ibjc lUl [Uirta givts 

If" pQg(x* + IJ}*, f“ iiJt-a»Unxl*iir 

ij-. “■snrr -^-J^ v+i 

(|j{ ^ f /m _gY jfg ^ lh«ieri)iTi.writii^ 




But 


j:. 


ft" 

lIUlQ |nr X, 'WO fitili I (IjpgMBdji*dO B|A{(klg3)* + 

Jo 

Equaliion of the imaghuny pula giin 

f* {k)g(x* + lj}(|n ^ Hotan x JdEc 

J_.-ii^ + l- 

r* -j- j1| 

But J * "" ff symraetiy mad tbwpfttte 


r- 


(k>glkM0)l» - - iillogZ. 
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Tbersftw 


I = aw: (iMidilo lit s = ft) (a > U), 

— tfi- -f c, 

iii1«Knktid i. - + i|+ “ a ’ '}’ 


(Si) 

irs-ift + c. 


r ^ kiifrtifil ’* I "***- 


ICquAtUm of rnfcl portai 8[itT!i 


f* »*)*= _ «f i \ 

J (i* + t")‘ “ 26 'Y'^ ^ a + ij* 


l']i|tuaii»n of tLii LTnagicuuy poiia dimply 

dx A 


r ^ 

Jfl + 


I0.S3I. In^^rfik fr^ t — im to € ^ too (o thAt/(E) 

h^ 0 finilw nnnibgir of pole^ in t-ho finito pint of the plina and tbftt 
/(S)—>0 hB Jl[^ QO. 

i'onflider the \ (r^/{£}d; where u \b renl and is the 

hsilf nf ihfl drdrr [? — d] ^ ti (r real)/ The fcmnJifonTifltinn r ^ f 3 Hh iC 
rhanppfi F| into the uppet Imlf t\ of the cbtlk jCJ = E itud the inte^^J 

jjiln f -\- iZ)idC which fends to stew as R-^ m if nt > 0. 

r 

Bifnilady the infegml whore A is the ri^ht half of the 

Jr. 

drole 1^ “ c[ h tnmafuTmed by the substitution i =i u — mto 
_ ^-jsiif+iacjrjr^j _ whieh fends to zero as ft —► oo if a < 0. 

J r. 

Li'i ^ > 0 1 oud infejjrate round the clo^ coutouf (7 

Jc? * 

iu»rusisting of the left half of the etrcle \z —^ o| = ft and the bounding 
diameter t£ = 6^ We obtain 


‘f tfl f 

I e!^ts>fe + \ ^fzjds = *2mSt 

Je -iH Jr, 


where Sx is the ttum of tlic redduee of e^(sE} within C. It la araumed 
that ft^ e axe chosen m that 0 doia not peas thxough a pok. 

pi 4- fCi 

liCt jS—»■ ao| tbeu I o^(3>ja *= 2jnSi where S, is the hiuh of 

(* 

the roaidnee of e^(») no the luft of o. 
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Lot a < 0; smd mtegrato rnqjid th® right half csf |:t — = R and 

ako along the bou^iding dktnetcr x = i^. Thra 



where S, is tbfl Bum of readues of e^(s) cm the right of 9^ ^ ^ 

Jf flifi ntunher of pofea h infinite, we tnoflt replace (or S,) by thr 
limit of the sum. 

Nf3t€A If [^a)| 0 M j=| oj, the louml dther eemmraffl tnuli 

to *efo m E flp If a M 0; jumI tbanilbre the totignil w Dontannom a ^ 0. 
Thk 11 verified by noting Uiat f^(^5 d* wb«e C w the large drcle Ji — c| » Jf ia 

xeio, + £f,t » O. 



e«f(3)dS5 £ft equal to 

i-iW 


(o) € > U — ocw Q — dn#) (n > 0 ) f (fl < OS 

cd) 0 < C < 11 — tffi(bC»a -|- aiu ail (« > h): — (a < 0) 

(fl> c < 0 j 0 (a > 0) s — 3i(rf* — «*fi — dafl) fa < Of, 



f44« _s 


0 (0 C l). t), 

MA3J?. /ndeftfoj A'fmtCMnrfc. Let J’f*) have a |iole {of ankr w) at 
s ^ 0. Ifulent the dootonr c^cjmsistiiig of the upper hair of l^f = It 
oud the diameter along 1 / ^ fl, by the upper half y of the Bmall drcle 


\z\ = p. {Fig. 30.) ^oppose, jib before, that I F(s)(fe —► 0 n* ^ 00 ; 



D 


CO A 


B 


and let ua 


HQ. 30 

detcTTuiue conditions for winch I F{z)dz teu^is 


to a limit K 


when When theae conditii>iL9 are saliafieij, aimse 


1 Jy Jdc- Jab 


F{zyU — f F{z)d 5 d- f F(DR)db + f f (rc](dir = &riS 
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wbcie S is the sum o£ the leoidaes \vithin the cobtoar, and A, B, C, D 
are reapeiittvelj the points p, R. ^ p, — R, then 

r (^(j) h -P) ^ 

where N is the sum of residnes at all poles « for whibh l(ix) >■ 0. 

Let the principai part of at s ^ 0 be Gfe) when 

1 

'Fhcn f ^ jriJi {{—which tends to the 

J t 11 ™ r 

limit mAi <inly wlseii — . = 0, Thus 

F(i5)i? —.Tt j4i 

' T 

if tbf’! priiKiLpiil purl of ^{;a) at s ^ 0 attains oaiy odd powers of l/Sp 

i.f*, 1 {F(j) + wh^re 8^ k fshe rcfudiie mt 0* 

JII 

(ji) Lcil Jl(£) »• 

I f(z)dz —^ (I Jii H ^ op if > U k i^(z) la of Ihu DonMct fbtnu at 0+ 


I 


'riinntrsiira' 


i: 


2r rIii pi 


dx ^ ni at 




(p > (>J^ ATro 


Iji to 0, (p = 0] HEid — |ji ip < 0]. 

(jii \jeii F(j) - 4- VN) (a, 6* c rawJj. Thirti 

0 If Eir I! > l>. Thfl pHjidpuJ pail of F{i) at = = 0 v 

S -I" -h oa) . , ^ L 

-= uid In of tlw curwl rcTiu. 

^ £ 


i: 


'Xturdavu 

‘‘flin ^jjr iin 6^ ^ iiii u — ilu (ii -f- lb + sjtr 

jhI “ 

I * 


dx 


-3<-6 + fa + tfo) (a, e > OK 
It 13 iiWious frani the fonu of 1 ^?) that wr iBBy aUo have a, A, c xeiOr Thun 
Bin &i -It ^iii &¥ — iin (a + 


' lie « g ®Bp (ft^ fc > ilj. 

Hit" (wtiLiib lii oonTSfgvnt idJ fiaiie a, i&, ts) takfn s form wbfip 

my of tbwt immbcfftap h, c in u^gafdv^^ The romdts may weily that tb* ¥iloe ie 
(1) h > 0, (5 < 0 j i^t(fl + ex* d- e) (a + A + e > 0) s 

-i- &* -3- fli + fa + fifl) (a + t + 0 < 0) 
( 13 ) q *> 0 , &, c < 0 : + oA + fa H- **) Hh ^ + c > 0 ) s 

- -(- b}{a + c} {« + ^ + c < 0) 










mi 

(iii) ^ < 0 * « 
AIh> c > tA, ^ < 4]; / 

0 ^ 0. t < 01 J = 

Fnrtiinilir ouKfl u« 
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^ an 4 fib}* 

= 4 *■) f*i 4 * > «IJ: - |fu(d: 4 A) (n 4 b < ii). 


— J-irii; wJieW I 


-f 


REn ffjr 4 «£n &af — jitii fa 4 fcjir 

-- — --- OXn 


5 jsjji * — lin ^ 3Lt au 

J. •■ ■ '"■T' J, - 

f ji^ wn x\ * j 3 L-t 

J.(—J*-r‘ J.(—J 


mjiSx — dn-ls] 


- 


tm X dx « V> 


ivbet Wtt may lUw ixmiiider llio ciu^ titIieiii ihxf h iMa&tod Jit olJw 

ptsiaiM fill tho Twl axiEi (to avoki polm). TUp mal intern obL^cd will tlam 1* 
fVliidpal Vrnlutm. Ffir «xnni|jJ6, by taHng FTs) -• — cVe* 4 it 'ml\ 

fifhttLty bft vodficd, > 0, tliAl 


f 


istMpXibp 
- fl^pi'4 iif)' 


rrEiu |)C 
Bcfet'4 ■ 


- 

h 


4 «■) 


lEiid 


-■ 2(t*“4 ^ 



iri43. 31 


4 *■) 

Mfrf 37 j^ drde 

('orUoftr^ )ji?t r dflnotfl thi* 
fjfole I?I : Ii iifid y tlws cireki 
I^J = p, wlfci^ru It is largB and p 
la HTniiU. Ijiit t.lu.'se li* joiii-&il 
iiloiif; thc^ real a^es fkim p lo /f. 
I’tifcc' iiH Ji t'linaed ctintour ih^ 
line from p R foUaivfrj by 
/\ fclittii IKJ froiu It to p aiifJ 
iiibilly y dodiwifle), 

Ali is ptMnotdont witli VD bat is 
sbui^ra iliatiaGt in Fig. 31 for 
idearacss. 

Sucih a raintoar iw Miptable fur 
ttfl iDtcgration nf a fuiiEidjoa that 
bos a hdi^ch pdbit at O, a.g. 
f’(j) = Qogt)’*f(,£) M **-'/(«), 


In poiticulni, let iu iiuppose that J /'{ejkf! nud | both tend ta 

zero whfip H “*■ 00 and p —> 0 respedivdy. Let \he value of i^(z) on 
AB be denoted by JPfar), and its value on CD {after a circuit of 0) be 
Then 




t asfris 


where S is the sum of the residuee of F{s.) at its siu^jnlaritieB between y 
and r (those siuguJarities not baing branoh points). Also it k a^ained 
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thatr hius m ^Dgiilantieri nii t.hr: j^aI jtrii. Wo ahaJ] cdtmd^f ihis 
typi^'nl 4'Attffl 

I. (]ops)i»^^ n. if poaltw. K n^l} 

Vl-J Vt=J 

where in each nuc the principal Tolues of (logf}^ and An takfn 
an AH, and when P, Q an polynoiniolH of degreen m, n. 


J. Let 

On r, |F(e)[ = therefon 

|j f{t)rf31 Le. j F(s) ^ 0 if « > wt H- I. 

Ou (* ^ beidp aem of 

'rberpfqre f F(;)d!:! ^ Ofpjlogpj^} and tliefefoi^ tedda to rMiJ 
iJ r I 


0, Thiift^ iLhd&r these i^nditiatis, 


j; 




{(log xY — (log* 4- 5 !,tiFJ i~'djc = wlien S 
f 

Pfsl 

ia the jrani of tho residuea of (log the of 0{s) {now of 

w) 

which me AssLimed to be real mid poaitive). 

By taJdng j? ~ 1, 2, 3, , * . wo ohtmn 9 linear cqufttinnB for the 
doteridimtidQ of 

Biam^ however, the real and imagioarT partfl may be equated, t.hftse 
eqiratioiiB are redtimlatit. 


Sjsm;plf‘. Ifkid 


( Log x)* dx 
J(^ J' 


flog*)“ 


T^ih# iT(s) ^ ; thiiio I F{i)dK and J boih L«Djd to 0. TJia 

J* +■ 1 "x t r > 

poka an 41, u* =« ow 1^ + i pin 

r flairs)^ “ ClOfTT + . fl-Ti 


Th™ro™ I P°g»)* - figs » +31^1 V 

' a*+x+l ^“Wiinja 




when I, 


|{kiga]}^ —(log «»)•> 
- 7/Siji\* Bfci^ 


STV^ 


■-i; . 

TborcFQrD fi “ J | = 0 (■ nsftilt tljiU may b* veritlied by dlnding 


:=* + *+1 

■ Ob 


J 




















r 
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tbonuffointaUusintcrr4Us(Ut 1 ), (I, qd^ ^nd wriMiig l/cforsintbttneooudiiiltrvml; 
mmllwly 0 if n ia uddj, 

4n' 2 / ^ /Si! + I'll - life,’ 

»iV 3 3 'VSl*^' \ V 3 >Jo “ Bi V 3 * 

'^1 (* 


A\m / | -- 
IL Let F(z) ^ 

Od /\ [f(®)| = and tbcrefom J ^(sj«£z: 0 if a < ii — 

On y, ^ 0(p^“^) and tluenefoie J *- 0 if « > 0* 

Thiui if 0 < oc < w — -m, we haTe 


i 


i.e^ 


1) )<« * _ jta-lXli#* f tt«0 rfjf = 3jrtS 


f' 

Jn 




Wl tut 




HD act 


MD» 


(ii> Und 


jf-.H 

_ 

Jj 1 + Arm 


-wdx 


Far oonwgfflw |j>] <. 1, jsahd sm —■ 0 OH ^ T 1 hui A and l^inr^fari* tlifl 

oggrrevi lunplitudice are n Jt lineo iibHc lie bfjtwfwn 0» 


ar-Jdi: ^ ^ «"<><■«+ 

y I + 2 a: tKMX + *• “ idn pn ^ ‘ " ^ialnA 


ijb. 


liiya 


i: 

amyl p rt 

“ ilibA Jb ^ ""idn/wainA* 

•I'k P V*d*: p n 

jc I + * + #* *J ( I t V* i- y* “ va ‘ 

f ** nf" 

Jya*(l+»»} ]„!+»**■ 


■Tty'S - n 

v'B ' 

WIiDu ^c) h»q oil fWil ULia, tba uuntODr may bo IndaDtcd to 
giw principal taJuw of twI mUgcaii. 

Sm^ot 0 / a CiTcle (indev^ if Tn^teiid of t-he tipper 

bair of js] = R together wl^ ita diameter, we can take for C the boun¬ 
dary of the Boctor of Him circle dctcrmmed byO <amp E (< 3 ¥/ 2 ), 
(Fig. 32 (i)^) If a = 0 ia a fibij^larityf thm sector inay ho mdanted by 
the corresponding arc y of the amall airole \t\ = p, 32 (ti).) Sup- 

poBB that J J{s)dr 0 m i? oo^ and that f {^) hoa at moat a simple 

pole at r = 0 of reaidne A Then the liinit of J f (£)d!£ iB ij£.4« (y being 
deterumuHi cuunter-cluckwise with reference to 0)* 
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Oil ilw radiiiH 05, Hbv z — Than when R aa ^ 0 

m* bftV^ 

J F(x}dx — J dt =* -j- 

where S is the Jrtitn of the residneft of F{z) within the Befixvr (it bein^ 



vm, 33 


iMdi lin'd thiit there axe hcidr oi 3 the bouiidar}'}^ This may bo written 

f dt = f f(X:)iE — — Mulfl. 

J tl J1^ 

(i) hbt l*(i] « 

Ch% l\ 3 « Jifooei Ip -f i n'm Q) mirii ^ (u < C) < a). 

^Hiui 1^ #“<• i^l ^ J" jiSfl” ■N*^h 4 ef^ whom ^ = Jjr — ™ |3e™ 2«i But 

n Jiin ^ ^ far 0 pC ^ < j?F. l.e. 0 ^ 

i4l. |J/-^*| <^[‘^-*?(|—)} - “Pf- »*>] 

wliiut —^ D Jf ® if (X s < jn. 

TliKn^ oAi tip un^UntirtH witbie Khe m^toTn iiar atk iL 


'riwfotiTB 

\% oAn be fhi?wn ihfti 
ThBirrurr 


r 


|4 -e tHMlA^LdnljO 


-j: 


*-*' it. 


j^ *-*• ,ir - nn) - Xlf, f 12.244 


Le. 


J fl-s*«* Si {m tWTi iLEL^) IdLr = 3 - ielD «) 

f"" Vw 

J 4-i'nii a«^(x*«in^)^ «p~ . 




-JF UtSa 


rin (x^wn &(.) lix =» (0 < et <; a/4J. 


'I’beae wiilia juv tben pbricpuel'^ true lot U ^ a > ^ 
■27 


J 








r 
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In putiL’ul&r j Jrfi = ~^!j e“**^ am I W/ —-^ : 

r* r'** 

I e<iiiE*. cEji = 1 dn r* sir — rt—) 

Jo Je 

Al»> £ «-“■ atn tA**K» - 0^ (a >n, t > «), 

(ii) Lei ^ 

—> I) ftH" *1 fl < if; nwaUi3rf' »i 5 = n in 1+ 


Tberefow 




f* * i£ 

L Hmwi]; + i«ilk■) s — ^' 

Jo * 

, t£ar f * ilin ^ fit 

] -i-****^ imi(jirfjfiii«),-;—= I -- -^-- _ 

Jo * Jci ^ 


nLooe U» int«gra]Ui ccmTorg^. 
ThiiB 


f 


ft-x do » g{]| (j ijQfl, kkJ^I^ ^ ^ ^ < g? < Jf), 


By A dimptlo ehiLngfr of TATlftblOp w nbi^tn atin 

dlic Ji /fl\ 

ij^ji ^ tJin ( ^- ) (tt > i>* ft > njt 


f 


. r 

£ti pflitkukr fl-'mn*—= t/4^ 

Jo * 

(indenlWf if jj^sCseimry)- The fullikwiiig exampteja 
ahow the use of retrtjihgles wliim ttie uiU^gmnd cnntiunrt a periodic 
fuuofcioii. 

(1) Let F(jl> ^ jwnd Ukn tbo PontA>jif £? t-f> omus^t <if tlw 

.bwndniy of tlw T^tani^ dutrainiiMH] by 

= it y = 0. If = 1 (ri'y. 

The pcikw of /(r) upp ^ i73p i Sf/S* • . .. t^p nf whbb ii iiitliin Ihp others 

cHitHido, 


TbpitJoiti 


J F(r)rf* 


2rti. 

yri 


asfrA 


Along Afi, r K if ^ ^ (0< tf «; 1) Jiml 1F1(;)] < — |^ _ f* mJ) juhI 

ihorttore —►<! if a< a wbon K—m, SimllArly 

tf a > — 31* Oq 1?(7, * =■ * + t fji:[ < ftod thBPKfijri^ 

Jbc ^ J_j((-«wb«ll J_^i!aibjcr 

f’’ ««i£( 


Thua 


I 
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|ir> 'UkP. Fl^) = ^ (<t w»l), *M(I O bfr tlM* nf rectM^ 

42 iC 7 J, ^=-lzi^ bdiEnitjod n.t O, is. 

The iLitiMl'Uktioik» ccidWffl of small BcmiriinlPfl ftif jij -* |^|>i (= — *^| =*^ PmI 

drawn Inlo tfaft rwtAnftlr- 

AIoak if = ff. If >(*1*1 < f * fl Jf —I- ». 

Jjfl I Jo* " 

filiniMAHy alonj* sr ** — if, I ^t)i3fe -^0. 

Jf jj 



J^iocfi tlir ixites at (K iriirtplifs we baye Sn preYknw 

\ h\2^ —► - i¥i iTi deftsrlbod f^lclc3kwillei^ wJif n p, —iK Tint Mkluii nfi 

K 

li ^ o-*= and tbcrafo™ I when ^ jifn nn 


■in|jrtiijuLliwi i^if.lun tbi? LndrnLnJ mnUuiglc ^snd tlivt|Tifrir¥ 


i.p. 


'■r-s^-'’r. 

'1 


tiuibff 


(— d:iih ar) 

jq etftr 

^ (pfpr+TFT-n) 


jnjl 


f■'^itnuz a iL .u 

RV3iiki.1 p hein^ mtw lumtMfiHHai-y. 

(iii) Lilt f{j!) - ^ ^ I 

UiD Iwundajy G (;pyi!ii i — CL * = 

^ Mf <1, =3 I ind.-nlli^ at u {Fi^y 

The indanUtitiiu oucflij»t of omoll 
quadnuitJi (of |z| ^ fi) And (nf 
j- - |‘| =* ^) drawn wlLhiii tlw rwit- 

On S - /f, |J>(t)*| < ’»•>«* 







D 

£ 


£ 

1 

F 




0 

% 

A ^ 

riti. il5 
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ADVANCED CALCULUS 


poijil0 O, I ATfl limiJtr ^wTes Hnd tlimlbre Sp' — 

H 

tbc direcUaii of tbo iiitegmJ bning clockirbiL. HLf mirltiti At « » i is flivd 


thcatfiiM 


J,. 


i^a)iE —i— -%*”* wLrtJii 


^0. 


Tberr an ih» iiingttlAiitiefi fiitbiii C, aikI liu&rcf^m- tlhi pArt nf tkv 

I u sbFTfx 

Jl? 

r r"^ unfi njr 

Alcmg tlw fooJ AJi;;fB 11 J'{=)d!r •= I —"j <ir» atipd iJcitig tbo dpposJta Mm 

Along thft imfl^nAry (of tfao 

I jjpf*>is = - l£ '\^-rdn = - ). 

it-K 


‘1 ' 

JVl 


AJsn lim 11 F(£)i1e = —• ^ luid tint lj| ^ ^ 

Tb<n^[iFEi whEin —>> ((, X —^ cD flnrl 


„ rr* “Job* J f" iln 




^ + i 


1 

Jit 




^ 1 




+ l i 1^1,^ 


l_ 

’la 


Examples X 

1 . ExpLois t^hy iha folLowlag Ht^tfiDEiit is tml ft of a oompl 4 ix 

Qvitnbtir: ^ A oounpifiX najnbar ift b piqjnbar of the fonn p -h t? whflitt p And q ftCd 
rEfkl And I is ft rooi of thn Aioptiotai 4 - | <= 0 .' 

Exprrflft ibm oambdiv giTen in ExampUs S-^ in thd fdrm a + fiD wliterd ri ftml h 
am red. 


2. (I JiiJ" 3, (3 - iP 


^ (i + 3.r , (i-atT 

'!'■ 7S-^Tf^i T 


{1 - ai* ^ (1 + «)* 

, (d« 0 + j Jifu 6)‘ 

(1 + iVSJi 
13. (*n (1 + iVP)- 


7, 


4 l-‘ 

*■ {3 + 0* 

(I + ij* {I " ■)’ 




^ o« 0 H' i sia I ~ » 


a 

10, 1' 

14. Mia (3i), 


i)* (1+«P ■ 0M^+trin^ I + I 

ll.tl+ ijf 12. Loi^iM i) 

15. flu* fi' — 1} 1*. 


la. Slfn-i (2). 


19. Qm 


-(?> 


m Cbidi I JJ. 


17^ ^nt 

21. Taij-* (ods (i -h » »). Tflflb-^ (2)^ 

Fkul thd moduli ami omplitmlBa of thfl nqinberB gjwQ In 

n-Jl* _28_ ^ (S + fKl + ,1 


23. 


24. 


fl + «')* 

L d- cos Cl -h f sin ft 


fl - iVPKfi “ »V3) 

1 ft 4^ iitL s 


{3-0 


37. 


I ■+ I 


28. 


J + (dot ft H- I tin ft)° 




















EXAMPLES X 


4l>l 


If iio.urdinfltts of 2 are x* ^tvl cho cd-oniiiMih3i of the numbers ^wva la 

31,5* 33. 1/2^- 33. ({J + 4t)/(2 - 34, 2» + Ik + 4 

35. i - 1/l, 

[nbarijmt ^proeirbally tbs raliitions given in iS'iviinjifv 36-44^ wh£» : u a 
viLriablo diiialjcT anil Spr a Hand nmiiliof. 


36. R| 




; uonatjuiL 


odsriiriant 


m. ump ^ 

4U- I* - || + |a + 1] ^ a 41, [= *- I'j - I* + <1 - 3 
42. ]* - 1| - \c + 1| - 1, 43. las - i| + ]as + i\ ~ fl 

44, ijfCj — 5,Hr — -i) i- S|) ™ D 

45. .I^ind tbo c<3H»iljtUtt<A of Lba ihird df Lba two ftqUiJnLefd 

thsl tiaa ixt rlrawn im tilia Huts joining (xii jfib 

thn molli givfin in Mijxnnpies 46-^i. 


46. 


c 


1 OM a 
+ ODfl 4 


47, 3?(d«U +i wnOf 

V 


+ 1 Hin rL\^ . , 

—r I 4, cw wfit -J- * flin m* 

— 1 ftin of^ 

+ l|fl 


flln 

. I 4- 33 tan* « r* 

4H. 7laa**- »f« = n 

49, ■w* + o(Jc4 (y) + MO* (“) » 4 in 

**' ■«“* (?) + (t) + (t) " 


(uoa 4 ^ vin IdA) 


4.tE 


Sn VT 


51. niji — + idd “ + «n Y = 


^ I 

S3, J7 dDi na M if K = ?f/ 1S 
r-l ^ 


63. Un - J (73) = ” + tan-i (fj + tnjl » (JJ) + liQ-l ()) + »»-' (U 

M, ton 1 (fi) tan'* {*) + tiin-i (}) + tw-i (f) +f 

6 S. a"-> «■ 'fl =. <s» * 9 tf + ■(?! 8 W(ft - 2)5 + . , . 4 - Of "C4(.-iHt>aO 
Sli. m 5 HH* 5 - iin ^ «in 60 - 3 ain 45 + 6 tin Sd. 

riiid. tifi 

57. «(2 ef“-*. ft. 

58. X* — + I cmi « + l)(a" -|- Sliff (mm m + I> 

[24 — 2x501« + l]|(x" ^ a^jillla 4 . « 1 ^") 

5^- fl<»-is« - . , * iXP ^ -•- gu,_| — if ?i ia a jMwative lutcgDr, 

60. sin ^ Mio ~ . . lin ^ ” 2^-"* if It i* n pdoitlvd integer. 

6U t_ i + t + f-1 _ i V3f - S'* I I ur - 2^ 

gxprosi Lhd funotjaiui giv^n io ^-3 nt Jilidiir f^ronblnrttjufOa <jf Lli« 

or (KBiruui df multipliisa of 0. 

62. SIR* 0 fi'os'^ (t 63. sin* 0 cai* 6 ti4. siii^ 0 ciiff* 6 65, sin* 6 o«*^ 0 








r 
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8d]vD mmplEteljr t.hr BC|UjatjU)cui ^vnu m 6G-84. 

66 . -h 1 = 0 67. *■ = 1 - 1 Va 68. fff ^ £* ^ U 

6^. (si _ If« = Sa* 711. I* + 10=» + m: - 31 - 0 71. - i 

73. -h 1 = 73. £« -- I -= 74. x* - J = t 75. e* ^ - *■ 

76, - I = ii^/3 77, -h 1 =- 0 78. cuft Si « a 

7^. HiTi ? = I 80- tan X = I + t Sli. = I 83. hinh X ^ it 

83p a wmh 3^ = i 84. tiLtili Sx E3 ^ i 


88. if ii is antegcir^ 

a + **)■- + «{i + + e>‘(i + } 

St 


86. If«- ^ 


f£ ^ + 18) 

(s' + 4)* 


8!C3ii - 2J! ■'■ filffSn - iV)! ■*■ 


-h 


i7« 

(Hfi - IK 


, limli Oivi 1 ei ujiip w ubc^i £ i\w 


flin^Ea |=j = 3 mK^ in tho cifiuntfir'elockwiH? ilmwlgud. 

87, If (pff = -|- ^ {dt 6, e raol], idiuw IbiLl Iho cirt'k* [x| R b«?um4» 

the limu^Qii p = «» 6-6-6) wkprn w - c - uH* ■^- ftr^K 

IMcnnioe fur tttB |!qiiatidai» ^ron ili RjsUiH^plej* iku Uimiblvr u£ ^vkAa 

Within 69^6 (fLUMirafltt naid Iha numhfir Ihut ■iu*i9< miJ *j!t pim^v iinB(;^urv. 

88, X- + 4s» = 4 Sg. X* + fts* -h 10 - 0 90. =*'+ life" = 4 

01. ^ + 6a» = )0 03. x' + = I +1 03, + (1 — i>* = » 

04. Provft Ihmt lUI tbs roota of the equintidii] £* — 4^^ + 18 e® — iMz 4^ 78 = U 

lifl briwe^n tbe cirolw [=[ = 7. \m\ = 

06. If *[r* = (g* -f- 4)f“^ — 4z + 8) mod if z* with Initial iriliu* 4v‘- for n' at 
(iip 0)t deaorib^ ihfi <iiml« x' ~|- |^* = nuco in thn tKjantfir'^liiLikwiflo dirpciiqn. 
(ifwl iho tiiIlhw qrf w (i) whisn 5 oromea the ^-axiE (ii) whisu i iriTturaa to U, fair tlj*i 
vduoci L 3. 5 Ibr 6. 

Kar JCimfnpitJi 66-6, ihcnv how to cut tbe x.plaiio io that tJtc! braJUilijea tif 10 arti 
eiDgJ«-valued. 

99« Dii^'iim tfaD bdmvioLur of lk« vaIum of wImii k tt^di l« zero or to ^ as 
ulutii;; tEd v&aX aniA. 

Prove Dll'! rcsiilts given in IQ&^T. 


IDO, ODBtt -E xcm2si -(- ** OP* 3of + . * * = . = * *, ■ (kl D 

' I — :tx Q04 a -h * 

101. ML»i«-*iiiiiaL + «»mii3... , = <W < ‘I 

II 2 iun 0 

102 . «m0 «□ SO + i «ii» + -jj iin 4fl + . . . ^ 

em 36 oiM 36 

aF^ + 31^ + ■ ^ ’ = ^ 

104, + ^ 

^ “ 4 ^ ■•■ 4 ^ --■--« 106- " = <M)»{35)»( vas - vas)! wpptin 

^ Staii a>(6!) 3i(0!ji + • * ■ - 

Find the anuii In t.Ee ui^pljm& that eormpoxid to tho Heal i|iiadraaL dI‘ tlie iji£olp 
[z| * I, for tlio valiiM of tp givmi m WS-12. 


lOfl. - 


H>0. = - [ 


no. 


I 


ItU J 


I 


iia, :—, 

.! — r 
















EXAMPI,KH X 4ua 

J13* I’lnd lIuq MliJWiiwr t^ransfopnittliiaii for wbleh » = ^j. I csdTtwpftod# to 
in = It ^ tcapccrtivd^^ 

Ii4, Ifiri ^ ~ , " , flod t-liti ttlMiafoTfli at (® — 1)* + ST* — I- 

= + I 

11 &* If u? = J"~'' tJ J)‘ + ^ = ^ booomM ihiE cirala 

«l'> -t- |I* — iu + Iht 1 ™ 0^ 

11b. If IP - that. 1^0 eiTih ^ + p* = k \m iJfaiiifortiirtl into the 

cin-lp (4 - iKi*' + + 4(1 + t)“ + I - 4A‘ - 0. 

jy j 

117- [f tp ^ — j frt, fi, d ™l), i^hofti rd - im ^ 1* iiTW¥fi ihfit thp upfwr 

C5 -h rf ■ 

lirtlf i»f th*^ r-piftisp iti IruEiJiliirEELiNI into lipp*Jr half fjf thp ur-ptattif. 


I IK. If IP 



flct^nninp the n^iuika of Lhu fi^pkuo tJuil 4HiTFH]xiTid ^ tha 


Eiid't' rpgitH^i of the r-pLikiw butiiiEiofl by {ij = I and tlic otHSfdJEiale 

I IS. If IP =. ^ tbal thp otrtL& |ty| — I brines atTaight Jetts if 

l“J = l-'l- 

liQp EihoH' Ih&i if **} — -?I whore & ii Iral aJlil IfaJ > l>, Ihe half piano 

S 3 


lU) > O i# UTtfiinformEKl iii'bLi Ibc uuiit otiolc^ |’n?| < I, 

13t- t'Snsi thfi genoml biliniar tmiuironimticjn of the hatf plaUa R<£) > U OD tlltj 
unit filt!li? 

(HAiiin thv level curved liil — uongtiwl fw U^e funulwe ui j;ivnu m Saampten 

ISS-i. 

IJJ, e* ti*. I + oV* IJ*. Rin *, 

tls. If ; -i- bJiuw ihAi llin cirpica |i| = L u^rrdpoud to slllpaqa. 


[3bk If :2(r' = A|Z H- k/z^ «how that thfr ciircb j;| = 1 iungnsqatniiai to an oUjpSP 
wh:Lis*n ftirl am by «p* = nb atwl wbotw ascw are joj di |*]i 

127+ Jf 6r = (s r^lb flhtjw thjiL Lho ecjnE-thmlo dot{irjiLiiitd fey ]«| < Ci 

f* H- «)■ 

R(iJ > d, la t.rtXTtRfnrnieiJ into Lhi> real w asb ttl\d th^ lipppr half of tbp uj-pEanp. 
I2H. If HI = = 0 ia repjTCflcititod: by three dtdcll 


through I, — 1 of iwtnefl i, 11+ i amJ also by the real r-axi*: show aim that tho 
pj^iit bounds! by thaiB lod mpruMmi I(w) > 9 ftnd l(w) < 0 mjtornatdy^ 

ihp point + 180 bwrtg m tho rof^n Itii?J:> 0. 

129, If w » [ho prindpai valna of pfuvo that thfi rin^E-almped region. bcMindiMl 
by |qp| ^ |v| «coxTwpondic Ua a ttiEitilur ring>ihA[if4 region m the 

r-planc. 

L3b. If w ^ ^ ihc: f!i(?ti (t£ maJh itulGrmitLi: ths Tr^gion In tli^ w-plAno that 
f?orE«aponiJd lo the Heini-inJinififl otHp in tlio upper half of th^ s^pTivns hounded by 

¥=l 9, X =3 :tp y «p 0* 

131. If t (7 a I- bz + ^i£^ prove that the x-axin i^trt^iwiiiJf t^u a iwmibolA which 
tkJiu^ in a athilght lino if Itb/o) = ii. 

132. If IP 4/(£ {- 1)^ show tlial the niretlo Jaj « 1 bepomoo ft pturabola, 
l.iii. iVitvr that iJiir- trwutfnrmaj.Lcm w = 2s/(l + a^) onLiiljliisliefl * I ” 1 eurriH- 

|K:iiiiJi?n«i bc(\ita'ii thp intuHoc chf liio oinjio 1^1 =■ I and the wrbole of the n^pkne 
Emt altirui tihr feat luda from I In ^ and fmm — I to — ». 
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I-M. A oiEtto iflf rodjiiB a in lh.e had centra iha ptuisL ia dm Ei 

i* trHnaftirfDijd. to ai cur™ in t!» n?-piuM) by mnauM qf the rdatiots ii? =* * + 
Frpva thut Ihia anrFd u a circular 4if4. 

135f Shw tlut if HT = -f- ffl, & ritaJ, poHttivq jmm± 4 + « L)* the Pirote 

)w[ *■ 1 lies trtitfti-dfl tW ovrva m the liJ-pkiio eerrodponding to jx] = I ftti 

10 » 1 wbcTc they toimh^ 

I3*+ &h<w tikat Lho ■abstltuCion 44' ■■ {n= -J- &)/■(& -h d}r wbrnn? tiwiP- 

foniiia tlio ciida l«| = I into [iv| ■■ I if oS + 6^ = efi + liii and qft hJ* 

137^ If HI = ^)/f» + I j (0 < i pfpove lliii-li (lIui kiinja of pctnls whenH' 

dialaooa horn tbe qHgb iu» by tht& trftfuafosnjjttiQii ocinfidats nf two 

orilii.igcrqjil crJ^^led, 

118- TJm tongi^nt- at O to r he dnjninciTislE qf toeotH F^^'i qji Jf 

i^HjntvputHJ to FiPfl lieiiiig lie #nd 5 i%rFm|N» 2 ik to %ka midpdnt of thr 

cbcrtd qf contact fd thrt' ton^^ntd fttim Q to ihr tihove ciwlr, show that - — - + 

f' 2 “ I 

119 . Ef Ui ^ I —-— 4 fjc* HJinw ihftt m * dmzribfA the rmJ Axia Iqiiiii + ou to 

^ ID tienii^rLbeft it* pewitiTo real ajtii fnain -|- to to 0 , tlwio froin Q tii -J- to atifl 
than the line v » — us frmri + to to — to. 

L>oter[iikiiie for E-xamjtlfM TiO^, ^he in the w-ptaJW! tbnt Dormipjral to 


dui 

i«. ^ = (1 -t‘)-l 

diiCf 

l)-« 


dtp 
dw 




|)-| 

tj~l(t + Ij-t 


. dw 


~ * ”1) ptova liia,t 1(4) > 0 io nipirpaaiitji^i Iiy I,to intorior 

of a qoadnlaterml AltCD^ whsnt tlume I'ertiocs fx]CTSE|HiTkd rwpeotii'pJy to x 
l„ cDj — 1, and lie on tLo cuoIb vhw diametof id AO ; anil that AB = Ai> 
ABAD = n/t. 


= i1. 
witli 


145. Show Uwt ID = V 




a"l *1 flt n^pitdenLi tlip ^nt■WK^r of tbc drc-lp 


[x| = I on the inEeiiDr of a regular pnlygoD. 

Prove hy cnntiMir iutf^lson tJw nwulhi ^ in Emm^dex 146-203. 


r.-! 

r-. 


3 ow 0 


]t 

2 


147, 


uos^ 

* J,, a + i 


4nM 


n 

' s 


do 

a + «Tifi-2 


149. r oQB«0i 


— JlV'SS 
U jf ill id odd atbd 




r 


ciQft'' 6d0^ ' *** if 


a Id erot. 


dln S ^ 


' » 27s or C|i ac^ordinjj ad a hi ixhi or even. 


151 


■Jo 

•r. 

flU _- 

• J„ rf ''(•■-*■,1 (»f*i >.n 


dU 

+ 15 dfn’ 0 
din' ^dB 2jf 


ill 







KXAMPLiS X 


41)5 


IM. 


t &5 


i« -2 

Jo “ 2 

{a ^ gjjj 

■Ja 6-4Wff “ 3 

f* coap^dx fi 

’“•Jo 

i^SCp 

I S^sin hue dx 7f 

j„ j4+] = ?=- ™ (1-/ v'S) f« > <■* 


-(4 + SM«a+^^) 
l7’+&fOiS9' 


tl»> 


>U), 


■“■rPTir.-X'+l) 


& 


1 




,**-iti\’i‘ 


jJ* liii n 

< iu-i r ^ ^ f 

'""■j,—^+*- + 1 =^ 


> 0 ) 


-nVi/4 


Ibul 

IM 

tt& 

167 

167 




■i:" 

i 


V3 

+ ) MtN! |AI'+ I )i£c A , 
> + *r+i 


tali' 




*» - i + 1 '** “ Wa 


I *i»ii“*« j n* 

’ * I,, »* + i* + i '^“wys 


«*)* ^ ~ 4fi< i ^ a) ^ 


•i; 

..». r 

Jy 


l*gia^+ 1) 

»* + i 


-ddAw— mw? fl! 

170 * I - ^ -— iijp = -sfa - m) (Jl* w > (I) 


171 . 

173 . 

I75p 


P Jf fcjlBl-1 

Jo 

» 1 log IKK U ^ ^tt ]C]f^ 1 

Ja 

■E 

-J 

.*-—ff. ' '”• j,i<(¥MTi' 


4^ = 


0 V* 

Kill" X 




aln*iF^ .1(3 + 

• “ ~8*>“ 


Ul U 



















r 


4U6 


179. 


P—."f 


ADVA2flCKI) CALCULUS 


0 a(l+ai») 

.o. pwn'r, lifts 
® aw 

afctt X + ain aa — ^3 Ein 


J|. , f ^ ftlJll* J" 7f 

,8,,, 

r’^ MU* a 

J.^' 


Un 

40 


I0J 

ISA 


•i: 




flin Of liii &x tiit tst dx 


to ^T 

^ 2&I + 2in^ - 4fl - 6* - c"J, 


(tt > 4 > c :> if, 6 H- c > aj ntwJ -fifl (fa > > q > ^ 


JW 


186. 


OLQ flit tin" tit , .n6" 

-^^ - (if (it a < Sfrji, Y f« > ^ 


•J' 

ain^oc , Jjw* , 

whpfc thisn? (kit? |m fcrintt (» or "h 1) tftTJiiyi (a edd). 

JSS. /*I - |“Z'J =* Id (0 < (J < 1) 

(-!<«<:{» 


Jo ‘‘(eo* y + iin 

r 

+ *+ 1” V3a + 


192 


&e(x2a:tf 

^ OOfl RiXdX 

a inti £ 


'H<t. ■’■■pw;^=v 


-i: 

f * dx n f * iScjpj 4 

J +1 aifl 0.1' ^ J p cmh (£ 

f” iilii4*iir -T,. 

IW. I J — „ . ^ -■■ .» 4(1 + e») 

(bd afX«* + U «' 


= (1 




Mb 


]9fa 


ajs* - s') 

a ikmJi * HI- Dca « “* !t sin« '■I"’ 


.«. r 

Jfl 


199. 

21)1, 


r 

f 


#ili mi dx ST e=" M' 1 

— I . _ 3- 

1 _ daf 4 — a 


4x»H-3r» 

dx 


IS 


r,^- 

Jo i** + 


4?t'f ohIi Jjf 47t 


(;«■ 4" 1) ctjali '^nx 


I - log 2 
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ir + *j. <N < i)> i>°«{i+;) 

<|a[> 1} (ft nal} 

J[ 1 r ^ogt^9J8~ lb>g (|r| < IJ. 

2W. If /(i) = IV" + iiii"-i 4- , , . 4- a» ukl kM Mflw a, (r = 1 to :*)■ wrt 

ii‘«i 


nmiiiH 4 rilj Oiatinnt; nod if ii{f) 


--L 


/(3) 


whunk G aUnldfM all sliow Lhni, 


if 


JUm - tl \ «(0) =. nm =- ii; 

305* Fjjid f.liff sqlatiPii *r 1*^ ttjiiatMMi n**^ w'" + it* 4^ i£ = (^ iUn-t 

ihi' Inilial wHiditkms if{0} = — 0, = t. 

30** Show thftt tbB multipin iut^s^nl 

Jf , I , , iir„ 

(^itnndcil DTiu: all pttEtivcr and z«rrn ¥Tdu» (jf ^i> - 'h rtaliATy rullltiou 
IK + JCj 4^ - - - < * (spoiil numlwra)* i* equal t« the aaBttnnr iAtc^gftd 


J_r _ eUJi 
2^’J r®t* ^ 

V efifiluwfl idl tbe puiuia ^ {real or ooiiiplAnE)^ 

I lu evahinte inl4::|j;mla pven in 

307-JJfB-+P+if f„r <J < JT 4= ^ : 

30B. 11 }/#*+*+^+* dir da^ iUdv for «l < » + 5" 4“ * + ^ a 

300. ];fi!»+=#+afdaldy & for 0< 2 a: + % "F 0 < n 
310. J/J . . . ”* , ir, 

ior U- < *1 + Jj + ^ < a 

311* SJhjijW tilifll if - * . i njitendotl over 

All pniitire imii MO vmluca ^ x^^ 9 C^ * * ■» 1 that iAtlrify the relati^m 

0 < + . * . + Jii««i < rt 

whisiTD = ^ “ 2i — !Sj . * . — afh-i ia equal to l«lra c^jfttenr inti^ral 


J^r _ 

2jhJ f , (1 — %H" — ^) ^ * * {3 — ?iii) 

wism* £7 ericksos all thij pointa (se^. 

rf f ^ 

313. Ftirae that ^fa > 0), (fJ < ?;< 1) 

Jp-to™^ 1 H" 

3U. 8hoir that 

*'" «£*” - 5l' - -f ■"• (I > «1. » l< < «l 

trhcrr in hoUi tmm a > U, 0 > 0. 

314. Prove the Moduliut jTAwflB. t* anaJ^a in a demniii M 

Add |/{;}| < if on n muiplis dmwi wirfe 0 within D, ihrn f/(a:)| < if fur bJI paints 
Ln(4!rk»r Ui G (except wlieii/(s) Ea oocwiAni^ 
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ADVANCED CALCCJLU^i 


115. li AiUitytCti Jiml Fcf^^ fur jxl < Jif uuL < M f^vr kj = JT'i Hind 
(0) 3- 0^, aibfTw that |yiE)[ < J’f r/h fiJr [e| = r And 0 < r < Jl. C^fcAnwjraV 

116. If/ls) ii fiiuJftks ami for < jzj < r, »ft4 sms ]/(*)] an thp piiqle* 

\i\ = rj* r* Mfl ifj, Ifj, MpeCtivolj* whars fj < pbpw thfit 

lloglfi %ri 1! 

:Jog l/i Ic^ 1^0 
ilog .Va lofl r, 1 

IHadfjjfvifd** Thw Oirdu Thmtm)* 

H7» ir/(£} iai iLiiiil^ii? cm jhud iiutida a iilo^ed contour O cxcopl at ei DiLmbef of 


|>ulcH widuii t/* aj\Ai Silt on V, ubi^w Hutt 




whvTv m IB tbo immbt'r oJf potw And n Liin uiimW cif lorpfi witbin i \ oniik mw (or 
pf^lo) hi'iTug rwknncKl a(x™iLEli^ to it* niuELj|i1id.ty., 

21 H. If C 7 i» It citniod lovfil purvo [(tff = confftimli 1 )),. whorr w /(s) U eui 
luuJ^i'tiD funotif>r>. lirvd/''{;) doc^ nnl rniiiAh on. O, show tihat/lz) vjnuukiid at Isont 
cmoD witJiin f 7 » 

114 . An juiuLyt'lo fiiiurti^iin /(j) mid itd dcrlTattvu do vaniBh on -a ^Ton 
nkned loval mwp Jf/t?) kiW n Xcfuil within Oi «hw tluil/'ls} }wi (w ^ I) wstta 
withiq 

Scivlicm* 

_ ;t - a 3, IK - jetk' 4* 026 oaaii 

5. - (tJ’Sti) - 6, ^ I -6864 7. - 

8, Bin (fl — ^ I EKm ((J* — 9* flJ^(oi»30 + i edn 30j lO. c 

11. (ocm log V3 + I flio log V2> 12. * log 2 -J- I(2n + JJti 

13. ((toil y)si*h»i/a rf I MO* y lAiiti -/aj + (1 + tiLn^ y tuadi* V3) (y =* I) 

14. I feinh 15. CD0 y ooak y -b ■ y Biidi y = 1) 16. ~ 1 

J 7 * - 1 oopth Jt 16 . ( 3 * + i)jr - I (2 i y^ 3 j 

14- 3iei d3 lin - ihg i( VIS + 3W 20. (Iha -J- 1 Si.t 

11- (n -ir tlbi — |i lug tan [J."r — Ja) 22- } log 3 + 4i(2n + IK 

23. V^/*. - 1. M 25- VSp iltd lao 7 

16. 2 Qoa |a* |a {— If < a < 27. VZ otw |a — Jjt {“ a < at < Jt) 

28. I Me Sp — f — irr /3 < a < .i/3) 

29* eot i* - ^ (— n < E* < .Ip ^ <(t - Jjt) 

«f_- + fa^ - #1* . r 


10 


jj-'i p aro ijun 


32* 


{(as + )*J' + (if + J)‘jr 
31. !C* - Say*. OtV “ Jf* 

a + Eli - 4i" - 4i»* 

* ■ + *(± - a>* + pi 

34. *» - sr» + 3* + 4. ^J! + 1) 


f JMay-jKfJ \ 

^ - s' - Jt' + gv 

*■ -jf* -ixs 


Da 


(** + y*J*^ (I* -I- fir")* 


35* 


JP* + - JP 


*4 -I- 1^* ' ^ 4, i^a 

36. Iiocua of s I* tliE iJjiB thfongh ^ iKirpandk-olar to tho LLoe jolidng i,, 3|. 

37* Tho eireuMoirdju of r^, 

36» AtO of n dtl^lo peusring thmtigEl 

39* A dittlb for wliicih -^* 2 ^ ore insenw potiiE*, 

40 . Tha Blndgfat Bqgmtmt Jutning 1 . ^ L 

41. Thfi j^-asekt frum — 1 irr —r lac* 

42 , l'k> luilf of tito tLyprrbnJa for whiuli * < ( 1 * focN jiTO i t, siiinJ-major 

osiB 4 and ooHn^ridty S. 

43 , Elli|l«j of foci dr ih fflflili-ItJIcea 3 /]?* V-+ flCJrrntridty J ,‘:i. 

4*. Thn IrLaiigin r^p la aimiliir to the tHimglii Zg, 

'**> jijt*! + li) ± -' sfj}r i (ftfi + si)T v3<*i — 1 

48, Kind Inti 7a ia tf^rinK of Ian a. 
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4^. OdD Muk tikti 7C/ ■» 7 Ua B *- 3A # + 21 toa* £) -- ion'' 0 » I). 

50* Tbft roctftof fl* — I3c* + flfl + 1 &hI>atciU}c 3ra/0 {r * 1 t<» 4). Um 
bmnula f-rjdr c^M W m 1. 

51* Expitsfli dm 2^/7 na^i/T + ittali.^/7 m a |m>dui?t of duiM 
«" 4 aim tt./T Kill 2?t^ Jiln aft/7 

(HiLi tuq ijqimLiQIL dili 70 ■■ 

52, EMApU 1?^, 

53* n» (I + iK3 + iKfi + iH7 + iKIi + 0 - SflfI + 73i). 

‘••(s-InsTTo-■*><’+«*+'> 

5fi* Ptil £ w and fiotansa 2 ew 40 - 1 

tm I5{ifO« 0 — oofi 0 4^ da 0 oot aiMocis B ~ sLu k}i a «« :t/lt 
59. CoiiAider aio fiO ^ 0. 60, Coiuider inh 2ii5 » 0* 

61, The DXpitSiiou Ifl &■(«>" + 

62. 2 i45 - 2 cm 120 - 5 CK» 100 + 12 ow Sfi 

-!-9ci»6(i—30iics40 — 5 «h20 + 20 ) 
65. 2 lJ(2U«iu20 —5iiaM- 111 ala 6d + 4 aia £0 + 2 ain 100 - aiu 105) 

M. 3 -fliii70-4Biii50H-4iiii3S OrtiaO) 

li5, a iD{]4coaO- ecoi30 - llm50 - ckh 70 + 3ccie90 -|-tioe 110^ 


65. ± 


f flr+1 . . Of + 1 \ „ 

f «■ - * WB ) r = 0 to 8 


67. !!i 

\ 3C/ 

60, I 4- DOt tf = 0 to 5) 

± I, ib T-tf-M 4* dz ' dn 4a}, tun a = ^0/2 

70. I* 2flf* ™ oc, IK* where a. - crnKs/fj + iidn2.ij/5 

71. ™ K VS -b i). «* -1/3} 

72. ±S-a/4(^3 + ij, j + ,v3) 

73. 4- I + - l)k ± - I - i(V3 + 1)} 

74. + 1 + ifV0 - J)K 5-Vi(- 1 + ii, 

^2-*/9{V'3" I + ifl/:* + 

75. 3i/5(w»* + tHina)* w = JO", 25(y^ 

75, m a + 1 ma a, « = $4% J|56\ 300^ 

77, ±<t ± w» ir it 1 i flifi :f0" ± i «w ?56" 

7fi, wjt ^ 4>> ± V3) 

79, - < J«5fi (ya + I J, Un - I U3^^/f^ It 

BO. *m — flAd 1 2 4- ^ 81. — f H 


S2, (2ft - Dm + log (2 ± V3} 

83. »w(0a ± I) 84, |(2ft + i>i- 4 86. - 

88r Ihio reaJ iifui -b» ^ -riUAJiiml and csih^ in the 3rd. 

09. Oo« witihin caisb LiiObrlmat. 

MO. Obo rtad 4kud i^ i and OOc^ m rouk t^iuulmriL 

Ml* Qnu tnJ liAil 4*. vOisf md tiaii —, niid one Ln (iftqh yliwlrftlll. 

M2. 1>1M ia ihjD 2ud qtiodnuil ood two iu the 4tkr 

M3. Odo Coal {^ — 1). oojd la doob of tbo Ist, Sod i 4 fid 4bb quadnati. 

05. (*) 3l{a5)i(dOB Ja - » ala |a), a = tjm-i(|)., 6il(14S)l(o€iB + » am ij?J 
P — tan S( 12 ); (21}l(6fiM}l(i3ui I 7 4 ^ 1 ain J-/), y = Un-t(fV). fli) 

4i/2. 

Mb- Join 2* to ICO, — 2i to — luo and i to ^ t. 

M7* Join £10 to 2. 

MB. Join 0 to qo «iid ^1 to — no, 

MO. Ondiktod Bniudy in cub aaBB^ 

155. Pat 2 » n/V'3 in iJKnn|iik li^^. 
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.4DVANCED CALOtJLUS 


IIHi. to Lhd fLr«i tbroe t43(ifmji of the Jteoea in 

108, df \w\ ^ i In 4lJii quoiltmnl. 

t(W, KwE qun^rAUt 1|^ L 


iJO, EitMiuf of 
Hl« K^iSttiirlcjr of 


uf + I 
w - 1 


1 


llii^ ^nl qUAcLroIiE. 
tr 


113, KjcE^rior at [w^ - || 


J. a 

I ii <lr 


IJ.^. lir -- 


U - J3 


as - n 


114* 1 #* + r" - J!4i + 4v ^ 0 

tl8. If .4^. ftre the four qtnwlrfiiatJ of |i| = 1 in the uiiiiiiJ order, noJ 

.4|p Aj, 4hr6 the eifEroriern wjTBdrpj'iHlLiij^ to ISitjde ; -rkriil if lire 

ih^ oamwpondlng amftft fnr jlP — |] = J, t.hf^n Alt Al^ . ^ _4| boTOTTH! .4;^ .-t^, 

A^, ^4g, A^, Jlj, Aq. 


121. w = TvheJft M m real and U(£^,J > (P. 

i + 

122 . liiuca |uLi*rdlcl Ul thC' ^ nzuir 

lia. 134. (Sfie //ar%. Pw-t X€, 

125. Tulte zrn^emf^ -i- * uln O. 1 Vhri 3ji4 quAilmint. 

134i Ilz ib on the ptvstt tinlfT ^ n\^ io r*/s,nud t.he et]AKd j^iiTiini^ ihene iwrintH 
dwBji thmu^ Ihu Uiffi point wbudo fMilAr with mp«et Ut 

dreU M the i-niil. Ihe mkl-point of the cbord itt dwAVN on the Ciimle dwTlbed 
on the linn joinini^ K In ^bIu ft Afi dl4n3et.er Mnil djcadribe^ ihc fm> ef thiil eirele ttlAl 
Hen within tJte i^iVen ctPeln. Tbprefbfi! z + a^/)t dftQ dwefSlwe 4m mre. 

A 

135^ [ii']" =1 (c 4-6)* —4diirin*^ if s = cot 4 f *in C, IViefore jBr| < I 


ex-oept wheU 0 0, lA. S —• 1 = 

IM. If E ia thu pipint ef tuifitaot uf tbu Otbw fnjjj] y and jS' the mikJ- 

|Knnt of P|P*P l.he Iffertiq^Eefl JlOF^ ani ahllllAT ii-rvil th^TrfiW 

-I ^ 1(^1 A- -a) '“ 3*/^* 

140. MU Eiiiiytticrii.1 tri44Dglpi.^ 

142. lauacekn li^lit-nii^led triangle. 

143. A ItEmyil*’ ^'tlh angle* iVP* 00*'. 

145^ Lot s ^ sKjaO -h i iiii Cl, whera 2r^/n c ^ 3{f + 1 (r = 0 to - I h 

Increase Iti ankp Sa duft to iru^irrarnt 40 j» im|iiiiJ U* 40. Incireaae in amp (= — 
whRca, uxp {2im/n} sa 40 /ji; to* innrBiMle ill amp 4w m wro. Ah r d™arih«T 
the arc botweciH Iwo ctifiBecnit.ETe Terticea uf tbr piLygwn lieKTmined by 
lifiacribeM a aegmEtit of A linE. Jf the- vMff & irdented at ftvery 

fAJim the intejfior, the SiMrrouaa in Miip at every la Thus 

dFaenbes a polj]^^tl of « aUloft* eJieh of whiuh i« ibnt nf a resnlAr ];Hily^n : 
and thE polyf^ti id obviuuflty Tegular. 

14^55. The utdi cirule [ 4 :[ «= U 

lS6-7p The hafinitv aouuelTflb /* for whkh It:) > *1. 

15B. lntc;;™te (I \ I)* round J\ I5*i hi* 

Ihl. fnlr^ftate tt 4- IJ round P* 

103* ink^in Jug (s + : + I) round P. Ih4. U«n Ertiniflf /ftJ* 

IbS. I'ntegratie iog(l ; -j- 1) round /'. 

166. Uan 165. 

Ibn Integrate —*£)/(£* +S*)* mmnd F. 16*1, 11i& 14^* 

170. F iiKlcntcMl At O. 17U Ttkke u = 172. 173. fnlcF x = «». 

174-8, F iiuiDUtiMl at fJ ttt 

178. Tntcgiato n^UJlii /' STwlFIlted at CJ. 

180-2. Sin EjxmjfA^, 

1 S 3 - Integmio rtmnjl F nA 0. 

184. Exprisa ace tuc aiB fee ein 4a 

H«ii f8 — + is)®r -p iin (6 + e - ft)x + «in do + 6 - ej® - wn + 4 + e)afK 

I ttSp Uw M4. ISh- Um A\c:aifl.jrfF 
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187. Intflgriitt* /(*)“ - »e'<"-s>r ^ . , .J:"**. the Uirt 

Ufriii wJtliin ftt! brarkei. IwiHB i(- 1 )*"hV-’ in. t>r {“ "Cif*,-!} e^, icnnd /* 

iiidiititrcl at Q. Note ihftt 3"i" aifl^ 3t IH oi^^^ual tu f{x) -l-/(— whjcra if in 
ltlMl/{j') —fi — VhpJt fl lit tMr 

l8j^9U The ilcjubl^ cirrJi* |3[ ^ |;| - E indented if nwesBarA'. 

Rei-ftanj^lps. 197* -(- ifTniind I\ 

19-fi. [Tjw rmtill ctifi(w — Ikr 4 t iif£w(w. - 3)af 4 * , . + i fieri 4 ^ 

(iir H E'j^ampf^ 7 -M. 

199. Integrvlf^ [(s* 4 Jlt"Xl + ctrihij] t round P or the inHuito »quArr 

^ — 4 Njif jf = Ut ^ = ZNn [N —► qg). 

iCKJi iOl. /' nr nn iiifintlr {Euampit. 199 :9nlT]tiQii)i 

3t 

202 . Integrmir __rcmiicl ihi-. r[Mlftii^li& x « 4 Jn, ^ = ri* ^ = Af. 


203. [f(I - r) + j-(l 4 r)} Jqg=l -h [ f(t - 4 -•il 4- 4 

rfMiwi r irukiitnd at f>* 

204, The integTAl bo diifDrontLatnd. wth reepivit. tn i under t-be nf 

inU-y^rtitinii; d«tj h{IJ, w'tfj, * - . nn? rqiwil iTEwpftflHTP^y tn l;h& of ki 


tbi'’ oxiuLCdinnH of their Intogixih fiir " CUMtT 4>. llltli-/[ 
ttntfc = 0 fPT r 0* 2, . . i4 — 2, whilat ■»("- T> (u) =. 


1 f _ I 

S-dr’ "» 


20 s, By m. H +^-:nj = 

20fr. lltf^ Proc. JCrf.'m. ,V«)A. Woe., fler. 2(S} (JSill]. 

207. i(e* - 2e - 1) im 1 + c4^jla'—| ni*+4 - 1) 

200, - ISfifS* + IWfb* K) 

r tfi*-! o»-! I 

=''^- ''ItTHTiyi - fiTT^. + ■■+(- IJ-'I + (- 

211, See /?r/, Emmjif 2iW, 

214, fkinaiikr iha liarjiiume fuufthjii 

215* Apply Hi Uy/{t}/z. 

lag 3/1 \ngr^ 1 | 

■ilh. Let Aiz} ^ ||ug f/(f}| (qg |tj 1=2 1(4^ |sr/(i.l] 4 

|lug,Wa Icigr j 11 

h^ rtl-taina iLt rnriAilnlim for Tj < At some |MiiqL of thr Ijohindary. 

Ufcil iti&x ad(t)' - 0 for |±j = Ti or =J = r j, iind then^orr ffir \z\ ^ 

loyf jfl| logT] I ' 

itiAK d^(£| ^ log jTf g Ingrj 11 < n. 

logJtfj IqgFa 1] 

217, Nbm X = (If, A 55ero of multiplicity w of Lhe fprrn mr/{s - 

4 HJMiyile fujieticui; juid nacir s = * P®!® of mtiUii^Eiit^ W <» of tbti ftinn 

— it.Jlz — 6a). The intognd is thoxWom I’m, — Xn, = m — n, 

218, 219, frit f dfseribo tlie tiurro C feoui a p^ifciit und kt the £cn|y;th of the 
arc rneafiurKl from liiO ^Vhon E moviiB from to E(j|h kt ihe Ati^ lufniHl 

Ay 

through by the tangent bo ip C Then = ¥'• potnt 

ipoDding to i(a} ii itr whsm ur = 'fbefi 4 mp ^ ^ 4 4 ?i* Hut if/^ eJ ^ i> 


iri 
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ADVANCED CALCULUS 


nil Ct ^ tiwirfoni the incTi^iw^ in # i* £ il#Kjrib«a C? itt fe + mmman 

in amp/'iff}. Sinm/'^e) in uialyticr in G (i.e. kaa jHf jnlca), the IniiTetuH] ilil 
ii uot QjogatLTQ (blit nu^ ha i^nro). ThnA the molmaBe in Li^ t£ aiup if ie At Ic&et 

£tr am] tfamvfnra uhb ^sra at IsBflt witbin AllD if thL'fv Are> ff 

SfefOfl of w within C the ineFBOfie in unp la; AUd tlintii£b(re ihn inereaM; 
In iJnp^{i) = 3(ii ~ i)n ime thnra ato (fi ^ L) Esn» qf/'(r) within C- 



CHAPTER XI 

INFINITE SERIES, PRODUCTS AND INTEGRALS. 


11. Convergence of Series« In tfonsyermg the further properties 
nf swrfe« mud integrabi we fibiil find it convenient jit timei to FecnpitulBte 
the more important results obtained in earlier cihapterB. 

# 

A necessary and tonditioti for the converjjenije of w 

i 

t hot mrretjptmdinK to my f ( > 0) e Biiffix n, esdst» Mieh that 
** ^ 
jiT-iifll <e for all m > rip. 

It ia neoefiBory but not sufficient for convergent^ that lim ri^ should 
eiciHt and have the viiluc eero. 

I t. in ntm necnasary that Uin if if abould be aero. For if 

Uiu lUtJ^ B I f ^ 0), the terma am ulti^tely of the same aign (that of 0 

and uri! nijmetiVjilEv gn^atcr tliiiii } AIL Such ii Mries is diveraent dn^ 
' 'In 

•X. \ 

2.'-iH divergeji!. 

\n 

(n I t- k *04 far ronvcr^ji^nrifl thftt llm otunalii BaiatM Fc3r fe^ampli^ 

I ’ ^ 1 

k*l, wt^ — •vhm n k Jt perfwt zqiwre and lai. when % k not n perfnctaqi3sn; 


tiH o - I + 


i-4.14. 

g| ^ - 


« 2$lL _ t>l 
I"’ T"*' 


Thiu otMiTPriira bill Irii^^ u0eillAt4» wLtli limita 0^ 1^ 

(i£) If in a dtcrwimug mctnotifaci (> t>) and L-oavL^r^^, tbim lim mt^ 

1 

fixiat (wnl haa this Vmluja ixm}, 

Til 

Frir < Jff anil t|mFi?foffE (m — -f | )u^ < e, alii m > 

IM dCj* then aipc? (nip — an mufft mu^ —fc-0, 

(iiiji It it nf4 ^JEcienf f»F DunTiii|;{]iijc<e that Vm niV ■haiild bo JlVir oiamplBi 

M J ag N = 

ll,0L Tests for €ot%mryimce, {Poidtit^t Terms A It Iioa hoap shown in 
§5 4.1 4J9 that the convergence (or divergeiiOc) of a series of |l0^»Ve terniB 
rEUiv often b« eatablighed by a comparison with the trLowu series: 


(i) 


% I 


1 


S:"(r> 0). (ti) , (iii) £-^ --. 

■113 


2a 
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ADVANt’ED C.\LC'ULUa 


Tlie eomporidDii is niEde by coii£ddtiriiig dther (i) i^)rretsponding tomis 
or (ii) oorreftpoiading ratl^a of fiiifx^flaaive tonrifl. To olfect th^o isom- 
pazisonR it is therefore iisuaUy aaiKdeot to Sjid ayprojimitifins for 
(i) ot (ii) 1 when n is large. 


(i) Lei. h,, 




^ nr 

Let ^ ft iJ = (l£)g rtJN j 


ffl > 2). 


Lheci smaa p log il < rt lOg Icjf^ tt OlUJ 
(log < 'Q Ictg Ingti (fi Lorge^ p md-Grpecdmt of nh ii fcrlknrfl timt Jqg A Jd^ B 

iiDxi ^ < S (bJI p). Tafcfl p 

{u + n^+m,.,9>^+i) oH" 

(ll) Vn ™ ^ 1 i™). 


S' ulul -We find tluiiL (ft Thisii Ihe 


Haro 




The Bcricii UusTsforn acdiTierged If z^< 4/27 iind dJt'-orgim dtlmrwLfD |f 


n.03. The Cuud^tj-Maelaurin Integird Tma#.) Let 

/(a) be fl positiire non'^increa^ifg fiioetioii of £, deiiiicd for all m > 1. 

Let tlie integral | /{*)(& eiist {x > 1) and denote J hy where 

ia a |>oaitive integer. IntegratioD gives 

0 </(«)</,-/,., 1). 

By adElitioa^ 

/m +m +- ^ </(i) 

Le. /(I) > 5, - h >m > U (Whero .S, = !/(«}), 

( 

AJflo (S. - /,) - ^ /{3t>fc« < 0. flf> tiiftt 

the oeqaeuee — /^ k a nun-'ineruaukig mDUOtone of positive iTinidient. 
Therefore S„ “ tends to a limit between 0 and/(I), and we deduce 

that the Barias ^/(ii) converges or clivrrgefl witli the {n^nitf^ integral 
1 

(i) W& n«d only wmvider cBBoa whm Uru/tz) = 0^ ainoo if ihm Iwnit 

Elista, it miiist bfl seiD for ft qqnTiargBnt iirtcgml; juwJ in way cyifiD Ujii/(n) muflit 1» 
sno for 4 conyergsnl: 

(U) The Hniea ^/Ti^) oaovorgoa at witb ifaD lalcgnl | flx\ 4x And bh 

Jm 

the thflorem is applicftbJe wlw[n/(z) In defined only for vbIpim > m{m fijEsd), jffovidwi 

the ether oonditioiu sre eataafied- 

I if dx 

EmmpUjtv (i) The aaias 2^ — oonn^rgea lyr divetgep with I Thai iutiagml 

conmgM if p > 1 antj divro^ If j* < L Tlin nerwa thersfoTP hdut^^ (dlvergjea) 
when p> J tP C IL 
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(il) = — j ttwH f “ »loK ». 

n J, * 

Tfaud lim f I + i -J' 1 1 * * . + Jog h. J DidiUfl Iilud bail A tiHub y between 

^ / 

(k 1, Tbii y Ia okitoii Evler's CtmM^Hi+ ajui ita raliw ^ 0-£i77S 

($ (ij.) Tht: IbftOToni abowB blad tbftt 

■Z'MO «/i\ 9 

y = ^ f- j - log fit + 11 + ^ fo < < i) 

TaJang n = 4, we itnd tluit' 0'47 <y < 

1 _i 4 ._l_ 4 . 

nimn* - 1) H ^ Art -- I ■*■ On + 1 


fhlj £<1 mjw tbAt 


l>wi 0 l« ^i) by 5,; then Mnw jTjis.;- -5 + ST^ + nT^i 


riillrmn kJ-jjit f l + I ^ 


= 3 lofitOi* + 3) - I log(3« + 1) - iogISw 1) — I liig }| -|L ~ 3 


0 an H. 


* ift'ltiirra f- 
ftut 

3 Ir^lbr. + SJ — ^ 1ai;(3N- ■+■ 1) — Ld^2ii +■ 1) — J Jog n 3 Iq^j fi — | big 3 — l-offS 

anti thfl rauU foiloura. 

(iv) «ho«r th-lt {jj + J^,+ . . . + +J = V 

H>’ tlitt theorem, 

' 4 .-- 1 - r' ^ j./j/v'i 

mi »•■+ (+*•* + «* + (^» -- iji " J„ mi + i- + "V«i/ 

= i«„t4i.(~) + f>(^). 

-rhm.rom + I._?_ +... + — J 

= ^ (^) ^ 1 )}= 


/ J j*/#5fjrw( 3V^/fir «k tPosiiiije I'ct^jh.) A profif of 

14 Hikuilur type will ahow tbut if/(a?, j) i» flr p^lftttivo nofi-incr&tAing mono- 
fiiri<'tii>rL of Imtli VAtiAblea, the doqblD *0 ccin.yc:fg!Sf^ 

or fliveri^R with t:ho | J /{sc, y)(l£ily taken avet the lectaiigle 

(f < ^ < Aj 0 ^ y < 5| when /t, go^ Ody fimi3tip£LB/(2rj that 

T<Mid tu JcETo when x, jf—^ao nped be considei^. 

S^Btl»Lp!t, {stp fi^y, d> 0}. 

If HA nlbw for int«pi7biHig«i hbtwr^n »t, it betWfHn -Xp and d tbe cusaa 
<«Bntkally dlfepent Are 

d)i>U/f>l. {i±) Ip y< 1, (ibl 1, 1, 7< 1, d> L 

«.>.. -».> jT^%<rr^- “ {fsHr?}- 

Tbu liiTubb wiei tkwrtfortt tumverfft*, iincn fs-r ^ COOTOlgD. 










m 


AlWAXt'KU tmiJCULU 8 

mJ. 


(HI !*< ). j'< M*ndiinppn«'a > y)i j J | 


^ dt/ 




TIk flFjubJfi tfcricA tfanrcfarc 


rs 




(iii) a > 1. ^ < It I, A > J : liiim <1 = Oid — fiy > tl, Thi! ibJtmJijIit, linn 

^ainK (u, fi), (y^ d) lu & {liuuo il of tti(> ff^itl P; + ” 1| whi;ro p = (6 — fii/Jl, 
9 . (n — y)/A (fi, ? > 0}. 

[f X - jtV. y - *v. then 3<3f. S)/0(X. yj = A' * i' /J ond 

n dard y _ ifffjL-lLl 
+ tajff 3j j i + 

T*Imv JT + 1' = «. jHw) f = fiif jind this inicgni boniiniB 




i-1 


-1 \l — r)" * ^ 6 ^ 1 'i. 


Stiicp X * vn? hA¥ci 0 iC IK i f^xr Uip wHMigk c < jt < ^4+ c < jf c J?, 

uiil i^bnii A, H —+■ rtOp thEt EUtitPiiic v«L|]q» of n It^rull U*» Jf-ful 1. fa — fii/A i), 

tl-, 

( 1 JMJ thmt I (I — II) ^ eTi' ; mvi I thn 

Jo » 

•dutiblo integnJ (and ibn dciublo Beritw) LM:mvpr;^ca wb^*ii ji 'f ^ < t find dlYPn^ 
whm L 

SumnukriBinjc ^ If tba URgjDii hx — 11 / plani^ for whioll^f > I. t;f >- LTlEncitcfl 
by the daiiMo nriea uonTsrigiB if tbs line joininf^ (a^ i AJf bn^ 4 m D 
and nlJwuiH eUv^iii^bq (jee | 

Tor ft l-EBit: inviilvki^f tbs hms of a Huifd*’ llitq^ftl^ we EvumjdM Xf f. 

tlJH^ of in Oen^mt, When of 11 smim 

Xu^ jne not all of the BBsne tfign , the uoitipafi^n U!«t^ (iftiinot lie dkectly 
iippli«fl ia § 4.5illp 

The bMt^known tista for ctinver]| 5 eiice not neoesflarily (ilisolutet are 
called the Jifl .OiVfcAitrf Teste, wliirh may be blushed by osinj^ the 
following leammi: 

tL05^ dfieTjf/^HiJKi'i/ojLet (i JO ■^v„ < 1 .',, 1 (nil > 1). 

r f 

(ii) C?^^=Mrtx2X. = whenr r— I, 2, ft. pi then 


For 

i’a.r, = " ff,) + — »,) +, , . + #p-t{Pp -1 — »v) + Spiy 

t ^ 

where e^=£(t^ \ i.e. (!p\\ > L^Vy inoce t — *?, > (ttH 

/ Ij 06^ Dirichl^t'n Tr^ for OoKiff^^nor fjf Afew*. If (i) Xa^ OiSdllate^ 

finilehf (or ifl convergent}, (il) v* —► 0 Htcadily, then cisnvErgEa. 

Ijet- ifocmww Htondily to ssero. 
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IN T JP 

By thp 1^1 nma^ | < Kt% whore 

m. 

K Max !««» + .*.+ ,1 {r = u %Q p], 

T; 

Hut sinofi A'a** ir»^:illAt^ finifpeJy [tjr bi converijiciiy^ thft suius 

!«Prt + ^ • . 4“ |_^r: 

tniiflt have an upper bound M (IrLclopeDdezit of m, Abo mi m 

,***^*1 

siicJi that (all « > mj aiuoo ^ 0 * Thiw (all 

m 

;j > 0); Le. the series topvorgciSr I f irLcfeaBea staailily tAt r 42 JfOj it 
rulh>W{^ that Hi'( ^ t'ouvrrgeft aiiiiJ therefore also. 


**T 

HM, J6ri j TeJtf foF CimevfgL'Hi^ tkf jV^ra-at, If fi) J/hj, \h ixuivergiait^ 

(u) % m ai iKiuntlotl fitoiiotoiiep then ‘m sxmverfjBnt. 

For t43iiHfe i^A finite limit and th®refori> t in; aequoDcn — i 

teridfl BtcfuJily to sero, 

M n ft 

Uni = i'anW,,-j-(2 'q:^ anil theii’iort!' eonvoniefip for ipei.u. 

I I 1 

II 

canvcrgcH by Tfirinblet's Tesst jind k t'oiivorgEiit (given), 

t ,.L ^am »& ^cne«£l 

10 2. 

i I 

IF I? > J, bcith Ktaira aw iKFnvwT|^Mit„ olnue 

If ji < iK the Maim c^nmnaf iwnvorgo sinne tire nth Urmti iki tort ifinii le MTu. 
* iln ipif^ ^ 

Nnw l-iMn oJ? —r-'irt iin itat H J ■!<? s -- l 

L MU jy * I nn p 

luid UmivfcFTie Ihosa latt.Br mnm CMdilate Finitely {6 jii 

If P > 4 J. biith fonniir vmiverj^, by IHriphkft'* Tmt, whan ^ 

[f p > lip e =* thfl aine saint eunvcrrisw tq tits^h wMlat tlpe cowino mftim 
iwvcFl^ oniy when p> h 

(li) Mutp pcojiBimlly^ iho iefl^ l"af,i^H0p 2"n„ sin nU m i^ivn^mit by LHriflMtrt'i 

Teat {(i if —► (.t When ^ * ilfitT, lio oeiiond liorirs {?uiivRrgf« to EeTO, 

uimJ thL^ fimt ™.iiwj]geft if iJij, eoBvi^«i. 

(ill) Aihimating iHtrm; K ft, - 14 -f ^ * (p^ > fl), Bv Oiriehlrt*# 

TmL lliifl mmm i-onvene]^ If eteodlly to lefo. f^tdr^ | 4 mJ) 

ItM. Th -Ss^ ms nO, dn 7 i 0 {a^ > fl). It- k shown 

iiF Exnmplt (H) above that tlie^ series converge when 0 ate^^dily- 


„ eln j iiiO ,. ^ ^ 

^ ^ 3~t7r «» iiti -h 2WLJI) 





r 


m 


ADVAHGED CALCULUS 


The foUuwiug nil«^ hi iiHefu! in practice for ileteriuining whot.htir u *t 
aequcDco of thia kimi, If a„ > 0, and i ia expiMBibla in the form 

= l'j-- + — (7i>l, |ia^[ < A, kulcpeodebt of ft) 

«•+! ft 1»* 

then —K Q Bteadily if ^ > D, unil doca not tend to zofo if ^ < 0. 

{Brommefi.) 

Lot 3 


*»41 


1 + ftn T (umitting, if neu&jsaiiy, & finite number of 


tetnis) 


(i) if > Op m Ji f|iTprp[(jnt serieH of poHitiv^ terma, 

(ii) if f* <ilp w h rlivergotii eteriew uf rioptive U}Tim. 

1 

(iii) if ft ^ Op Sxji in lilisoitjtisly i-sEitivtirgctil^. 




(i) /i > 0; o,/i^ = 17{l + u,] > I H- y V 

* I 

(ac^ CEiuy l>e spumed < 1^ ainoe lim ix^ = U)^ 
Therefore iends steadily to zeru j is obvioaaJy < 


■-i 


(ii) < 0: a-i/n^ = /r{l - ^4 (whETE < 


[ n-l "1-1 


im<\ thcineforo n 
(iLi) — 0; 


^ -|_ qoj diverges. 

M < izV+Ki) < r'fz (1 - lot,!)] ’ (t«,i < j). 

1 pi L TP> J 

n- I 

Hut^ given £p im m for which {iilJ ™ sinc^e £-%f 

m 

i>t ab^lutely conveigEiit, 


Thus 
to isero. 




l^l j| j ^ ^ therefore % 


eiuinot tewd 


S 


3.4 


34^ 


I ^ jj si<« + IH^ + 2) 

Hbtd - 1 + (a ^)/*l -h ftl/ft*). 

The B^oi only if ■ > 


+ w 




lU, Uniform Convergenee of a Sequoace. A function ^(a;) 
may bo defined as limffa, 71 ) for those values of x for whidi the limit 

exists. Suppoeo that/TS^ ia »o ddinod for all # in the intervul a < f < b. 
Then for a fixed x in tim intcrvulp an integer exkti such that, for any 
given £ { > Ojp \F{x] ^f(x, »)j < e for all n > n*. 

ff. for <iofiniteneaSp we take n* to be the Iciwt integer having the 


1 
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required pinpcrtj, n, is a definite lunctioa of ad; but^^ if it ie posaible to 
find An intc^ iti, tndi^ndnt/ of x, for wbinb the inequality ia satialied, 
the conveigeoce of /{x, ») to f{x) in the interval o < « <; 6 ia said to 
be Thia of oonveigence ie lando clearer by drawing in 

the same figure the curves n) for n = 1, 2^ 3, < . » and also the 

curves y = F(x) d= The convergenoe is imifonn if uitinintcly off the 
corves n) lie between tlie curves y ^ f'(r) ± e fiot the whole 

interval (a, 6). For simplicity' in the following examples, we Haauiae 
that X >9, 

Smmplts. (i? /(*> a) <- ^ 

9en> Ffj!) = 0 (0 C » < J)! Ff 1) = i j F[ei - 0 (* > 1), 

It in obvious ftcni the figure that the oonveigeoce a nol unilcna In bu 




intCETiiL s * dwiiijr ta E.bEi> GiuUi dil^iCDtil^uitiy 'Plbus fcr X 

tn 0 < i <r ] ^Lktiugli f/l^, *)| < e for ^ >r w& itoh oiiiBr vaIum itf x 
(aedTGf IJ for vliioli ft)| > jfj. for ti > h*, ho^Tarar bo tokiiai. 

The Hiqtiisiiins ii imifcsuily Qoq¥or^t in saoh of tha wpimto intorriJM 

In the fiTTinef^ for oxamplo, UJw bo <^(1 — < 1)# 

bid it: in imipoaoilbla Lo anlriiir^ thia inoiiEulity if c => L 

tiO /f^ u) = 44(1 + S.) 

Hero F(ir) =^l(itstU vaJujco of jr* but x = i) mujit bo o^dmlod fittun bji mlarvAl 
of tmifoufm ; for x w /(jc^ h) = J (> |); thm ire 

iklwiftye rwLala x » - [o tba ictfirviJ < x < 0 for wMcb [#(*) n)J > | Ikw- 

BViff lar^ n tna.y ba cbown. Tbo Bdsquiioco oont^orgoa lutifonnly in the iniomiJ 
(I < it b^ing; an^oiont to obooBD to satlify the rnequollty 

1 
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ADVANCED CAl/TDLUS 


(Hi) /(■*, li) — (FifK i.) 

Hera F(i) « 0, ftJI flp But whan r ^ \ /(x, n) ^ ff/s t«FMia iv 

iiifliiiiy. Thus = ft must be ^Kebidod ^T*m\ nil iiitpn^nl of uiilibriii convotgenot, 
Itf ii uniriirildy cunvEiHEiit in ft -i Cj < X < tt Tiijty lie vfirifl«J that if ^ Eh tho 
Ktmipr root of tha equation |*<“t * < 4/ii^j.), Hn to tako > f/Cj + 

if £ > Hu li luffleitfEit-, 

(iv)/(*.») = 

Hera F(x) ■ ft fufr aft 7 ami Ibp outivet>^tiidr \n utiifbrtti in any finite int^irrnf. 
TJinft in ft < dr< it ie aufflcLeilt to tnko > l/2ri for/(jr, ft and 

I (M - n* i 

/(Xp ft) = 25 '■ 




//.//. Properft^a of Uni/ormtij Vmv<rr^Hf, 

1. if (i) /(«» «) ^(x) uniformly m rt < Ji < A 

and (ii) /(i* h) ifi a mtitknioiis funt!tmn nf z In ?! <;«< 

a fx^ntiDiioim function of h; in a < x: < A. 

By (i), wo can find «r> such that |F(je) —/(J, w)| < (uU n > >*•) tftid 
far all 35 tn (a^ 6)^ 

By (ii) wfi can find 5 ( > 0) auch that [/(a-, >Ti)J < £ for all 

X in \x — 3rj|| < A where a < 3 r» <6. 

TberefoTO | — F(^C3)| < |f(a?)—/(*■+ nJ|-(-|/(iPp —/(*i^ Ns3I 

i»c. h ixLiiitiDUftuji at any paint of {a, 6). 

In ( 1 ) above, F{x} ie not ciontinumia at r — 1 and there ia 

noo-iiiiifanii oonveigenoe there. In Examples {%%], (m*) Fix} is eon- 
tinuDua for all t > 0 althooph there k non-timform couveigenc* there, 

(i) Hw? litjcessary aiuI fluffleiant ccmiiiiiDii tli«t /{^Ei ft) iibuiiM eonvEri^t^ 
uniformly to F(i) li tbnl. given w enn find «*, imli^pendpiit nf £, luuh thiit 
\flx, h) - fix, <^,)[ < i fer ull ft > h,k 

(ii) ftbovd EiiftiiiiikiH Hbow that uiiiroru] ^mvi-rgerH^ m for ih^ 

wntinuity of F{xJ w1imi/(x, m) » flontinnniB^ ktl tlirtt it i» imt nmaiaiy. It 
howAver* nc«™ary and iulliFicttt in tbo pajtdoiilftr rjyns when f{x^ a] ia niutiuloflir. 
Let /(X* a) toad monotaiiltally to J^x) for ovfrrj^ Mtd z In [a, fib wjura /, F Btr 
ixiatEncmiii Thrn S(ip n) n) — F{z)| derroiiaoi elwlily to wm fur ^vney 
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hnfj *0 \a p) attiuiid ltd Upper bmwl i1„ fiir one ut mijw 

{mnts iPMip Xrta. . i . of Ibc hiti^rvul. mul lioco iTfa:, t^) u a rtmoUiM, 

k* iiw»rK>tonsPi djcetmistiii^ to a Uiuil J > 0. Thu nsftof* of the purvn = EiA w) Iseft 
In intcr^nJ <k < ^ fi^r pJ! in> n. Ji ia auflic-ienth Tor unitiMnt 

ixnivvivenm But if ^ wvrv mjt scesru, iind f wetro of the lliuitlni! 

I>oiiit* of the Mt i^Ip . * * fw = 1, th«i in tho noigiibcjiiHiiKMl of i, 

nmx i?(a!i ft) jfl Pta< limn 0 for ail p- Bui slime p)—*■ 0 foff oTciy ift, And 

Kix, n) ia doiiiinuDUSp iiLA£ p) eau bo miulu ue small m wo pleiofle in tbe tidgh^ 
bourbood of # tskinj^ « Inrgo enough. Wc tbui arrivo al a contradjclion &m\ 

tf tniiiii t# iM-ret?. Tbs (uAiprfi of the cwns ^ w) from nnd after iiomo vdmi 

of H, ileppndipg on 1:^ liotween iho linno y s* 0, y « And thwofoiB ^tx, ft) (i 
iinifomily, i 4 ^. /{x, ft) ^ unifoimly* 

(UJ) ll ftbimOil be notoit t-hat In iba pfCKsf of Douliiiuitir we ded isnly with ■ par- 
Lil^lnr IKiint of tho biU^al wvi tb*t wa may thculafoa^ wril* 

lim lini /(x» a) = Llm Lim/fa!, «) 

fi“+« ; r 

wtjrai the ixi-Tivefienoo Is uniform ord the fnimtkm is cfiuiEnuDU^ 


II, U' (i) /(jf* w>-+ udifontily in a *C* </i 
(uul (ii) /{fi ») i« a tmntiniioiui timctlub of k in « < ir < ^> tlieii 

J ‘/{j., n}dr ^ j ' '*'*1®'^ '* <*’< < '■( 

Bv I, -f’t-rj w (wntinnoiiB; alsit lilt iiit«grniii [ fix, bJ, 1 /{jjiir 

Jc, Jci 

exi&t (and MC cfiiitiiiiioiM|, 

Using (i)k we can find w„ (intlepeiidont of jt) sucb t-hat if 
fix, SI) ^ FU] + <^3r, n) 

tliiin rt)| <tt all II > N« and all-in the intefVtti 


lyi ' ^ I 

Tiiurt j£V(=*!. “ j ' < j Isf^' ^ ~ ®|}‘ ^1 ^ 

iLin r* 

j /(X, .>/4^- Wx, 

Jci Jei 


(ij bJ - "X (*> 0}, 

J lim/(x, »>& = 11 fe > U) J llni J /(«, n>tr = lim (I -(1 + i«)e-"') = I. 

The iKH^uenco u twi iiiuforniJy eOil in 0< x < e. 

Bowovur. f fljr, n'yli - - (J + + (1 + ^ 

jimi ibft flflqunntic \f\ uniftwmJy cuuvor^nt in 0 < Cj < x < Cj. 

(li^ t4Jt/(Xp ft) ^ I ^ ^ 


I 


/(a:, ft)dx = -Ims (1 + whioh 


- iu^ 2 >MH n - 


atRO 


j^lini/(X. 1i)il(* = 


sin™ f{3j)-• 0 {(X f < ^(I| = 4- 


l*js) = - (x> J). 

Thi' iwnuefice w oou-afiLfortPily cuiivetyent in 0 < sf < Si hut idko remilts of the 
intcfiiratloii lire not- nw™pirily iiiit*qiid. 
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ADVANCED C.ALCCLUS 


liiq 


fill) Ine^t/fsT* “ 2 + wV isnivt??p)eii tmi^rriniy in kwh, hKI jf. Jji tM» 

r EtJ cir I P 

0fT"V " ar* - 0 = J ii)iiiu 

1IJ2^ Unifamily Umimrg^ jS?ws; Tlie infimte Barioa is mid 

I 

to converge tinifornil^r to tho Sura Function A^jc) ra ail intervnl d < x < 6, 
if the sequence SJa?) ^ .Ttip^fx) tends unifomily to S^x) in tliftt interval. 

JJJB. TeMs f(ir Unifiifni Omim'genec of Series. 

I. Thr M-TrsL ( iVmirrdru^i.} If (i) < M„ (a < jc < fi), whi^rft 

Ha 

IB iiidfipendenfr of t nnd (iij b louverj^eiit, then !« 

1 1 

Tinjformly convergent in o <Ap 

N r if 

For, given itAwiitUintch thwf ® pnflitive 

intogCTB ; and therefore 

N * p Ji 


41 fjJ N * p 4-l -Ji 

\^m4\ 

Nil fi-^ I 


<fi 


and the vaJuo k obvioiwly indeiH^udent of x, 

AVj^. (i) The irriciiL hi mIah nlNuAfUdi^ etiaviTrgtinL in d < jt < 

(li) luny Iw ±t3|ll[ioDii by tf « a UrtT^mfy atJflPB of 

lermii. 

11. Thi^ DInMrl T^jd for tJnifi^rtfh Vmi^^^nce of « iSeries, {flardt^,] 
If (i) usciliatoB Unitnly in Kx <^b in Hiioh n wny tlikit 

K- ^ _ _ m 

liiu [2JrtX3;)| < A' (independent of x) or if XaJ,x) convergcja, 

1 1 
and (lij i?m(aE) is a nandncreasiiig raapotono (for every x in thu interval) 

teming unifonuly to s&eroj then is nnifonnly convorgeDt- ta 

ii <6. 

For, giA'un 15* we can BjiJ fi, (inibf>endenl. tif x) mvh tiiiil. < a 

n + T^ I 

for lilJ ft > 71a j and, by Abel’sLeraEoa, | ^art(g)^vW| < for all n > N,, 

n-l- i 

all X- ia the interval and p«^tive intei^ values of p. 

Thus !27a„(i)flp^(x) is uaifonnly caavergent. 

1 

Noiw. (i) If 2^{x) ocnmrgu in o < r <A, tliaq K obviiowly fixwts, 

(fl) If Is (KFntSntitriaii Ibt oli a, thou if «inTO;gwi4 (muiiDrtanfo&lly) to xtm, 
its conveirg6af» is uaifbrui (S IIJI fif)). 
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Jir. The Abd Teat /or Uwi/ornt Oimrgau^ Narw*. If 

(i) 2an(ai) IB uniformly (nmveigont io d <5, and (iij is n non- 
incroAHung maaotuno for every x in the interval such tb&t << K 
(independent of *), tIiGn2'd^{z)v„(x} is unifonnly convergent in d < x < fr. 

For, given e, we can find n» (indoiiaadeiit of »} such that 


£ fcir > ftft atid poaitiva inl^egor vaJuEi of p. 

Jly Abel’s 

■ ij-p 

} I 


I'lntB ran{ 3 !i)e,{z) tonvergefi unifeirndy In (a, h). 

1 


tfolei. (i) If, in AW‘6 Twl, vji) tctuii tmiforttaly to its limit iX«) t> 0) (wlUoh 
UiDf^or^ wntiTuiDLU wlieii ijt ccmtiiuumid)i, litM tmuXl rdtown {^m 
Teat by putti^ ^ ^nt*) ^ laltor. 

{ii) By writing — rjf) for iIh(^) va ubtaJu. torif^ajHHvikng rayllii for « nnn- 
djccMflini; znoookiiao Vffxj. 

(iii) Wbon X dDoa tu>t mppoir b it joffidetiL tii nlAte {a} in Atwl'p Taal, 

abould oonvpj'jse, (fc) iu I>iFicbJot.^a Tost, thsi> should (Hcillatc finilialy 
fiiiF Iw eouwwgmt), 

limmpta. (i) Pfrwtt S^rif^ If JS ia ihti nuliuj. cif iifmvvqffmiXt thfi 

D 

9 ee'iv» is tmijfmidy otiEiVeiifOiit wtvaq by the jW-Twt; fitr Wa can 

ioko .V* = 

Now nippnoe tbat St^/P*» omiveiiPiit* TImui r,(*j=(*/Kj" l« « nou^uMrauiiiig 

U 

mijiiutuiiE. Id 0 < x < J7 (iLHbriuj^li il u fi^ iiniformJy txunviix-gisEit In 

it< < B). Bv Abel's Test = a yidfnrimly cscmvci^nt iu 

U 0 

tl < * < A licMw cfHiTptgtsa {B:p* 0), 

Tliiw il boktigi to iJkB Interval of imirorm onaiveiijpnoti; luid aimllaiiy — R 

iKiLimj^n to [t if oq^vnrgca. A^^ain. ^^ ia a i‘gntinuoiu fqqeliigtn; and 

fj 

tlu!m^nrt^ it followfl ihftt F{x] = la in >ti intoviU j m paxtieiiliLr 

0 

tbu if bho Jaitar atiriM converge (4M"a ITAwniiH.) 

a u 

tii) The itria (b) ft) By the tlratio sefija a™ 

unifwuily (and aliKlately) otfnvefgi»it for all ^ when |i > 1. ('rake = ii“P0 
Now 2'iLa nx « " 2wt) *n4 is equftl ta waw whan 

X * -Wli 
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Wlwil * 7 ^ 2nuT* 2"iiiii ns itBcillUtw belWMCi — | tan Ji hkI | oftt i-f mid tihasn 

IlnijU rJfcn be mTidi!- ob Eoji^d mb w ple^wie by tAkiFki^ x aiiffirinntly nmr + a>i 
ftlld 4 jk Jtwptt'iiir filly. TlH?Frfbn&, iq >:kp|i|yiiig tko Birichbt Teat, tit^w ^nkiilK tniurT. 
Iw exduderl fmni ui iiitcn'ai of iinifiDirm I'tnivierguncw. ToJiinjyjj chfi»fffofe^ tlia 
intexvftU 2wjf + a < < 2(m + J)» — a (U < a c 3t)v ami applyit^ the l5irU’lilr'l 

Test** we iliducc Ihiit Ikfi Bcrtt* is Tinifornily if p > H, Siffllkrly 

* OOP fW 

^ —— (jJ > OJ it* imifuenilY ccinYcv^gc^t in ibjeee mEormb. 

1 w** i ' 

1 iKi + * +" *5+777 + 4^"^^)* 

If 0 < ihf < n. und Lhwrafop? > in |- IJl^. 

] u i 


'I'hiniHiore the wiiuptH-Yj ^ ^ ^ ^ ^ r ^ mnnidfinit rr4r pvery 

Ji ill 1* < Jf *-. I. Whmi X = d| Ibii liTiiiN i\ir' 4ill ix>m jltmI wki^d # 1 thu tiirinB 

axv All lu nnityp 


Ahn fnr i I < < 1» 


Hxf* 

I + X + - ■ . J** “ E 


1 


iK 


to" [ 

Txfc* * + * ,—4= ^ mid M|T[ily Ahr-r* Ttat. 

TbflQ penitivr, tHXi-ilkcnnjuiig and fa iitRiyn < | in it < Jfi < 

Thfl |E^Yeq aerie* hi tharefurv unifornily conYnrpniit bi il ^ < 1 (olLboilgh 
i'„ijfi) dues mat b«ns t<w1 uiiiftjttuly to & limitJi, Tho sme* rfivti^jtsi wJiL'n i > I, 


11.14. Pntpertiea oj UniJorml^j dents. 

■* 

L If (i) 4'if(x) ^ i7ti Jx) bi iinifoniily mrivergtiiil. in it <6, ami 

(ii) «^(x) la tioDtiniioiiis m < x <b fttlJ then *^(x) w i^niii.muuuji in 
rt <^s <6 (§ iJJJ). 

UniftoTn utmYerneiioe i# ft ^nifi>ient oonditkin of r>ontinuity uf 

It k mJbu ft aDCBSKory oondlMl^n whiitl Id of eundLuit {| iTJl {i^^. 

IL If [i) in lUiifomily mnvt^igml m a <b and 

(ii) u,{z) ill pontiniiou& in n < ^ < 6 (oJl ii), thftn 

whpn « <i!i <A {§ li Jtl 

UJ. Jf (i) SvnU') is uaifornjy {'onvorgnnt In < a? < A liud <iij ttjx) 
is ViOUtuiuouB ID er < 4 ; <6 (dII n}, this being implieij in (i), and (iii) 
ja Riiivetfrcnt in n <4^ tlien ~ for niiy 

I <*r I L 

vaJilif ill the iutervul. 
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I.S?. 


or 


('■or Jjy- II, f = {« <Ci <* <*), 

Jft 1 ‘ 

I ^ (‘“WH {«!)) 

^ if=fn*V). 

(J) Expuml k»g{I + V'O jimvir ihni 

IL l,A\ l.%J^ 


(II) log 2 

m 


2t2 ■'■ 2 * * 2Afl'0 ■'■ 


/l + V2\ II iS 1 , IJ.5 » 

2 }~^2 j'i-l ■*■ 2 j*'6'6 ■ ‘ * 

If IT = lop f( + vf(l _ j, ^>^x) * - i 

‘ 1 ^ I* ti i I. , . « * ^ 

i,e, u{^}^ — —_____ _ ^ ^ msrinft minfi uiilJcitmJy 

tiornvDii^iil. for |ff| < 1 < h 

Into^Rit.icm fdvoi lf(j} — — 


WiuTi it. « ], if Lhfi iB^BUBriil tfinn la Uien > 0 mhI 


^ L^.:® ^ 

S3 S.4 " 4 2,4.<S ■ g ' • * ^ ^I- 




'+2« 


1 


and thnmfunr iht A«rica ocHiTirrrgQa (} 

l-ll-Hi!! -f l:3i j». + J,- 

Wlii-n r mm — I, ihp w?ti« d^vcf^iH by iiTspbnkK'ji Hulet. 

imwtojitipj^ 2 y t' '' ‘3.4.8 . . . (2n +2)‘Sji + a‘ 




I, ^ .1 . L . ' , I i.3.s.7.a 1 , * * 

IV folli™. .U.. that ^ . jj + 3, jj +, , . = 1.^ (t + V2). 

jVi^r, An Infliiito Acriefl jiuy BDnitUnNA bn intf^gnktMJ term hfy lurin whsu It ii noi 
imifijmi}_v wiavor^pnt, The janat impoir+itnt filftwi of Jiuch mt%€6 art tboBo liwt btb 
flHlCEibMl u» imuud^idl^ mtiPcrgeiff^ A ifl MakI to bfa fcrfmtnleiiJy coaTcrg^t fcr 

tbfi LnUirviiJ n <;. jt < fc if it rc]nTi^rg«?« at lilli poinU of tllfr interval and if the iFWin of 
n torrnrf lioi a flnita uppfir bcikind iridefH^ndrflt 4if M ittul Lt U easy to 
ejtHiapbp liiut if ^ Ji) ounviif^« uiiiffiFiiily to AY^) * fiJiifce nmnber of poipto 

in 3i< ^ Ibrin tcrm-by-E^riib Intc^llrin ii if the i^onrergenc^ hi 

ri- -M 

0 fur id! m j4nott |^p,tJeJ| < ^lf)i 

llui I —> !> idnm A—►O 

J t- 


bouiukHl. Jjoi iipetn be one BEieli point 0 ill tlm interval- TliL’n 

OH d 


t—* 


‘^IllUfllimf )«lx rxitiap bein^r defin^ liin /P i 1 

A^U [J, Jff+i J 

But lim ^ J — I J*" +1" |s(cfe>^.. by iimform 


demvof- 


ginidd. Tilt eiprEsajcm on the ri^ht when il —^ 0 cMinffl J* siM* |^(^)| < 
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fCmmpSe. Let SJ^x] = ^ 

= 0, JTpm (?{*} = 0 0) uirJ S(i) = 


Thm not QiiiijCirmljir caoT^Qiigi^t JLfi 

ix = 0}. In Lliiii thBa ii 

boiujdodly tsun’ppr^gpnt. oiiwe < 1 itU ft mad ^(je) )* 'Huis ^{x)djr - 0 


And iLin I whlcil I# eqmA ikri 




WD id«3. 


llrlo. Un^i}tfn CffHTieri^rMac of of Com/rfec Nunvbtr^. A 

sequence Sfn, s) ia Raid to tend nmfomiJy to a. limit pS'(s) (wlierp 
z=x -\- iy)^ in a given domdn />* if, given e, wc can find an int^r 
indflpfiudent of z audh that 

|S{n^ z] 5(s)f < ^ for nil n > ftfl and all s in D, 


Nut4. (i J The liamfiin pmy ooTHinl nf tliD poinLA of A liuatiiiiioiui anrw C* in whiidl 
imau tlmo- ADi{ujiMM.v \a majd to onriveiig^e iiniffmyy aLuig 'Cl, 

{ii) Tba nDCBEBo^ smd sedVicient ootkditiiin tbat s} nhnnld tmd mtivnfiSy 
^4?) ia tluit, gir^m ^ w wi lirul (mdjdjnudimt of i jq i!>] snah tbat 

ti9(;», C) - £{«„ :)| <* 
for mil a > md aJJ s m Z>i 

(iii) Tbfl cmly fanctioriA nf the eomplDi torUbte that ww Blumll c^roklor hm, ttr& 
ojiuljtic funatdons; and It ia to bo taLp&i^/od that tbp proptartiioa rjf ajiiTpanily 
ooa-vTjr^jit Beqiienc^ of lusalytki fimctittaui will ho aimplfr tliaii ihe oontupoadiikg 
lauporciai of g^ntrd fimetiom of tLp twd Tumble. 


1 L 16 . Propeiiiat ^ Un^ormli/ Gtmvergmi^ Seyax^H^Kff of A »att/tio 
tionA^ Let (i) 5(ti, u) be analytic in D 

(ii) S{n, 2 ) -I- S(z) imifomily in ovnij region interior t^j />. 


I IH 


Tlicn (u) f z)d^^ \ S(z^, wlioh. tbi* faatli of integmtioii 
J^i Ja, 

Li aiinple Carve lying irithm fl. 

(if) SJe) id an nimlytiQ function witMa D. 

(c) m an annhiiits fimctian for all r itiid it« viikc in 

lini f z}dz 

1 *—J Ci. 

{«} Ch04Mii », sri that jiSin, a) >S(i]| < e for oil w > and all a 
within D. Thon 

j j \S{t)dx — J 'S{n, z)dz < j ' £) — (3(3)1^ ^ 

where ds ia the ^leoii&Tit of are of the path of integration. Blit 


r 


[S{«, s) — (S(e)|4^4 < d 


when f u tho lnngt>h of the path, 

Ttns f S(ii, *)(/?—»' f 

J #1. J ii 

(6) l^t 2 , be ft poiot wi(;liin D and C a eimple cloHefl carve withiii 
I) and contHiiiiiiig within it. 
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Tlifii =1 limXin, *n) — lim -“.f 


23!*Je= — s 


by (it), altlC^ A'(w, s)/(4 —i*) is Uiiifottnly conviei|ient to iVft) (s 
'I'hcreforc 

+ ^u) — ‘S’(if) _ J_ r I , _ 

i’TtJc “"hi* — bJ* (8 —f.)*(;— 

m 


tbit 


(= — — Za - 4l,) 


! id bcmnded on C ;; anil tht'Tvfort' >S'( 84 ) 


exintfi nnil is to 


Xf 

3jnJp(3 — s,)*' 


Jff JcC^-fpJ* 

Wh liftve proved therefore that S(ff) is analytic within O and hm tile 
value liin4Sf'(ii, s). lO*#^ 

\ly a ghmlHj proof, uain^ this methi^l of Vkapt^ X, § 104, for obtain¬ 
ing d(srivatives of tiii uua]3'iic fimotion in terms pf jnt-egralSp wo riia^' 
Jed nee that isxfets and Iiaa the value lim s). 


Nid^, {i) It 11117, Qf ciHjnM!, hr prftved ihAt Is ciuiitiiiiiutui in D if z) 
[s cijntinuoiup Thiii If Jl^z} Is iMjntluyuiii it loiuiL 

(li) Tho caqvvrgQnce wf s] to in eb^ iouit^" nnirnrm. 

{iii) It fH Umi abouE^I U^i^i uniformly to £'(£} ilong C lod cj 

ubuuld b« luilytiQ fidoni^ C ATid within it, its tiiivt %) ibanJd be oniljtic 

wilMn 0, 


t L17. Infinite of Oomplcit Vnritiliteti^ Fn>iii tbe pfevioub puni- 

m- 

gn^ph we ileiiiiro tliftt if the aerina h iniifamilv wnvergont in £>, 

i 

l.liw hulLu tS{z} }M CTpnMnuous wlien uj^z) coDtlntiuiia and anal^iae when 
T^^(3} ia nnaJjrtie. The iptegml of 8{z) nbng a simple path within />' 
niuy be ofFTOtoJ tertu-by-l'emi; and whEn is nnalytiej the deriva- 
iivra are obtaiwi by rliffisrenyating the aeries tcnn-hy-tErm* 

IL171. Tesisfor Uniform Com^r^fm^e of S&rm if Complex F^rioUef. 
The iitoet uaeful teat m proiMtiice ih the M-te^: 

4« 

If (i) ifl a convergent aeriea of poaitivc eonetonta, imd (ii) 

a 

^ points in D, then Xm„(s) ia imiformily (and abso¬ 
lutely) convergent in Dm 

The proof iu aimilar to that for the real variabb. 

Sm. Tuitd for oouyiiqjTinjcc (ciAliiuiTy or imifoirn) of the AM-Dinehiet t^'pA 
sulLable for oumplox txtfrns luivo been gi?Hi by Urumwirh [/i^crni/r^ Strits, EOj. 














m 
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11.18. PvKvf SSuriiw w tfir dtMnfifiv Vn-rif3l>tp, TJic hcttch iu 


umtbrmly (ami abscplatoty) iwivcri^iHl l'f>r |:[ 11. wlinpn ii? i« ttiu nuliusi 

of : anrl the region of liriiforin cxintains thoHe 

•D 

points thr which ctniverges when [r| -= H., proviilerfl Hit? iiiotla hi 


which s approvethe bnimJary is of an appiupriate type {J 16,4). 

//,/9, m Cirefe <p/ If R ^0, wc may 

without loss of genemlity assume that R ^ I, since the substitution 
f = z/R gives a power series in f a'litiifle raditis is unity. 

1* Let he real, and take x = mnO -h i siu ft. The requiting sertea 



(ext‘ept possibly when 0 ia a multiple of ^t). 

II. Let fxi eoiuplex; amee [fi^^ Upp+ J —► t, we tan imilU|dv £ by 
a suitable faetor of the form to onaure- that |J takca the foriii 

1 where 0. In many eases it will tie found that 

can be written 1 — witore |«j>p[ i# iMiuinieil and X > 1. 

Then (i) If R[;0 > 1^ we hnv*^ already shown that there is ahsottiie 
canverffetice. 

(ii) If R(/i) COp llie seriea cannot <M:jnverg<* y^infe the general tenii 

I Iocs not tend to {j U.OS^] 

(iii) If 0 < R(/i) < 1, it limy l>e Bhown that the aeries eunverges (not 
atk^dotely) e.'ceept fur t = I, {Wd^ntnm, fim. Wt^rkr\ /. t85.] 

iS^umfles. [i} Tii* Btittanial ^ 


Whm Rfinvergent, ii* value in (I — atid ifc» nidiu* of otinvergimRi? » t, It k 
eiinvergenl (5) for \t\ c K (ii) lt[ = L > 0* In ihin 



Tt HI nut i}tTiivi?r>*tiit finr |e[ — I, wLca — I, euiJ by ihu |itt^vkpildi pnriiniupli. 

iJic BBiiai cofiVerpcw {tua iibtvjlilU4y) frnr ] R(i'l < ll, ESri^pt whpfi : — I. 



ihe BDTtee dues nut ecnvcrrgci it any jioiut of the 
Let f = re« (Q ^ r < I, — ;r < ft < jf); tliBo 





Huso eqiiMtiund ntvi tnip fur tilJ H tuiiJ fur 0< jr| < K htil' it iM Ci;MlVDfitp'til to 


restrict r, & aA ubove. 
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Writing 0 + a fur 9 we obtain 
1 - rwg 
1 — 2r AM 9 -i- r* 


! ■]■ roMt? + r* bebJW 4 


i - fyi^ir+ r*“ + 


ShinjktQ (lediittiofis fmm tbne iltr 
t - f* - 


I - f* 


1 


LV «M 4 ' n:^ r+rt =' + - If ri. AM 


nBt 


imv4 — r 


1 -3- 

4MJII KlI^C^ 


p^r" ‘oWHSi 

] 


+ r 

I + Sr CM t H- ' 


>!■(_ if -i^-i wwBfl: 


£ 


U. i ^ 2r co« fl + f* ^ I _ C™ intagml, 0 < r < l}i UiE aoetibs bdng ttaUbfinJy 

for r < 1 uid nil by the 
f' ib 

(iii) Tht^ I,ogtm(hmbS^t^. J |-_^ ^ - Lrij^fl + fij, wh^rt^ tlw path nf mb^- 

ticHi !■ tho Unt ><inine O to i, ^ tl. 

lli* infimtfl flisrtcia for (1 H- e)-^ oonvdcjgci Aif JeJ < h Ifkn {jcjint 
thii cMot wo hftvo log^l + ?} « Ipg A^P + mms in tho point — 1 , and ^ 

(botw^v^ — urul + i:T) m tlii^ ttyit i4^F amkHi with OX. 



Tbiw I J< 99 (!t d- 3rocmGI + r*) + i ftte tAnfr-?——- 5 ) 

^ i + r dOfl Cl' 

^ i — ii’ -f J4» - , . 

= ^(- l}«-l!-amii0f<l< r < l)u 

1 " I ft 

By BLjrtiifhloL'fl ThbI^ Iwtb hsH« on iho j^t iiro oou^cqjiiit for r ^ 1 {ejKjept tho 
mtHdi for 0 = n). ahoro oc^ufttiofi, Apnit fram iho &]M»ptiQ(Dtl c&ae, k 
tnio for r = L 
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.\DVAKC?ED CAU[TtrLtT& 


Tima 


SH— 4 SJ'OOiO + 

1 ^ 


"tf = .n- t*l., 

i «JJ 0 A 


for 0 < r < 1 Mini 0 

floa nfi 


J lrrf(4 fmfl^ (— :t < & < irf: 


= iP(-,’r<» If -t 

i " 1 


0 (0=^ ±JrJ. 


The Aitic »(ri6a la nrprewilcKt for -- n < ^ Of fjy p&r^ of tlu lino ihrmi^h 
^.i)p (— jt« » |it) tkit Lies in libfi Lntisrvml. I i linitily diawntinuoua at thn andn 
and iln tuIpci fbr oOiar valuH of d ia nbUintid tniin itia ohviouA peniodk-Jty Ln 
Wnlipfi ^ for fi wb iiod 


W» "O =» — 1 Id^jI 1 — 3f^ ™ 0 -|- r") I 
I 

«/" I" sin ^ 

S— sin nfl = OTT tan -i--- ^ ^0 < r < i. flJI W] f 

|1 I ^ I* OhR- ff 

1 ™ 

_ |(j, _ (I) (l>< 0 < li:], 

^ - 5 V. 

2}oiBS. (1) Tho Bpriw =■ by Dmohlpt^n Tist, 

1 i ** 

nnlft^mly cruavuri^iit bi an intorvai ihut ojLoludcfl tho |>r^iLa Snir. 

(H) If It £aof 90010lji>t€niefll lo wilder ttw LiiuitiiiK forni of tlw 

1 ^ 

ourva y = ^(liy aD) aA n teinila to tnHiiIty and # t^nik to tvm. Tbi? ilonyi? Limit hoA 
diffciirBiit Talocfl utxotdin^ to tha vav in wtiluk Uio pcyatiR^inrs li, x ic^iid to Indnity 
fknd xTTo TBftpfy^li vdly i and wb hskva aliown oiioye tliAt in ];mnii^u liir I i ni IJ m x] 

= U wbU*t Ibn lim £] — l.y^ 


r - r 

\ {S1SXM rtf^jdQ = 1 

Jo i Jo 


ujhI m' bjivo idiown that Lim 


Hlni H- + | ^ iin^ 


f 


fiiDin iifi 


m = ^ i* -h 


p MlljH + I 

J,. 


m 


fint 


ijiHaaidt^ tkf fitnotldi] af) ^ | 

Jn 


Sulnld 
aiii(» -h iMi 


tit) - |,T faf^ <!]. 0 ij ^ fJl. 


If * 5^ 0» xj = 


Jo 


^ =. {n -I- iJfl, tf t» + iJiPi flinl fihcmftj'ft!! 


3^(11, x)—^ Jt/S (* 7^ OJ whibt Tin, *> tl [» — tPb 

Thtu S(«. Ji) - - |ji + T{n. af) + 


that r.f(iiv 




*£^« + i)0'| *7nrTii - fuui irp infer 
El for D < X < 2ff, a tvmAi that 


mny hn Toridod direetly by iiiti^grAtion by pnrt«. 
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Ntiw whm Oi thf' iiaAxlmuni viiiu4« nf fuf n Fcitiiti % iK^iri when 

ft *= (jft + i)# = ;f (fiiniw-i x= flui ijh. ihv: tuuitnum ValiiQ of T{n^ i} 1# 

f ^ puit 4 

J —rf4 (* I'ftS Thi> firmVfi^nnp nf x} to JXm in iwily fckjWTl 

\m iintfiiftii, 

ThuH Lbts limit oi tliit catw ^ a?j ifrjftgiAia i4 a mi> of wsmcnta thttni^ih jui 

n|UAl 4t1Hl |mni.llri 1o ibn lii^fiiicriit iolimig (<4 Jjlj to {t?F, — 4??) tPg^Eluir wi£L & Ast. of 
Wi^nirnln llmnuji^h (2it.T, 0) pamJleJ to tho of the}/-(»(»tielwcHi tf ^ Hh I’SS 

Mill y ■■ — l-fiS aifprui. pitnilIi-1 to itw jpi-iiaLa picojeoL Lholimi 

— |s (a4lii bcJiiW y mm ^ 4?i) by an amcmotO-:^ Bppros. {fh*' frit^ Ph^tmfnatuf 
It iihiiulil lie Oc^tod liiAt w-n hAvoprnvvd thAt the in Ocrtur^ent 

{ntKl IhAt IbDrtfcfrt? it lA log^tinuto to ijitegnit^ term hy term i>Vrrraliy interval in 
unier Ut olttnln I ha kLiegral nf the 

^ (llfll 

(iv| Tftt SerUt Tnltsfmitotti i'—. Inif^nlluti Ch^iuJ} lio :t atTw 

I " 

I . . 1 J 1 

4™* - -f ^■, 

TI..1* 

• - 1 - 1 - 1 - 1.1 


{ikmO + 1} + ^ (nmiSfl - IJ + . . 


»iK rt 4- 30 + L'CliSO + 


- (I - 2, + ^, 


iiTfieHii lid the r%ht beenii; converiEeilti [abwlutelj}. 

TIm* mvinii titi the left in unlformiy Kinvci:®d®t for all 0. 


l^iHin^Ci *• 0+ wi*: ;Eiiid tlmt 1 + gj + gi + * -^ + 


'— fri^m whirf?li we niwiufip thAt 


, 1 1 
1 + g, + ji + 


ond J 


i" 


BLllrl ihliNlflira 


} 


-t - 


1 


Jt* 

It: 


mmQ + . * * - < f)f< 2jr). 


Jfitetmtion of tho luflt result frons il to B ^iven 
iina + 2*jiin3^? + un M , ^ 

Aixl in pBith^nln-r (for a - t-m:) 1 H- 
A fkirther InTe^ttkin ipvoaa 

fj* Jiiia :i*Q* 
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S.’l) 

“aa' 


(II < a < 2rt} 


voGB 
£ V 


t ^ I 

• mu ' 




ISf 

I 


It 


+ J£p 1- 

. I|B 


I I 


n - .vgivw - ^ whh'h wetlnim.^ 1 p. ^ -j, 


4^ 

I- U * 

I 2 ^ 31 


m* 




! 


I 


- * I ^ it* o* + ^ ^ 


m 


AliMP fl ji/4 liyidft to Ebe rpailfct. 


I - 


1 1 * J. 

flt + 7i + - Ui ■ * ' 


I I v^ft* 
Shall' ’ 




;7^^- A?rrir#/or orcAin i. uv tan ^ = J f^i “ = ^ ^* + ^* * * * |s( < 1* 


Whvn jej I, lake euH0 + iRn#^ and tharofom 

4 oCAi2 a-f-lW ^ nlnfan-h ] la 
arol*ii(a«a + iime)*^- Jr ^„ ^ , ^ If 
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wiwii ■ i; JjK; miHl the DOQVFfgiiejt^ (Sf these wTiBa qf poeiinas whI minn ie 
unifnnn in — + ur < 0 < i?r — k (x > 0). 



rm- W 


Neir iirn lim z (^m iUn naif, 


e the poinli — i, ^ 

-1.- 

kigtttn^j 


wktifFf ij|t Pi P are the poinli — i, ^ > Up 

- fttn 
' -h wn i® 

ThiA ^VcA the rnAiJtia 

— I w JW + 1 . V , =- hT 

ifin A ^ ^ nin -|- un ■ . pi » 


Tile HiiJn uC t.lw nini* imnn Hi*y ulMt imtl«li 


!)) 


fl». 


,, /l 


<1T 1 1<111!(*« 0 + tun «J» 


WhMi 0 “► ± Tt/i, Uu) wMiiK wiriM iQiula to asm luuJ the mim (terrier |o ± (o. 
l*bttii]j{ 6 >~ji/2 fnr if in them atwin w ohtoin oIhd 


itin0 + ,Mn m = HiuriO Hhi.. 

3 £| 


I 


1 


4 ? 

(Cl < & < 


in the inkurriU 0 < « < p < iz ^ g 

CfW0-f^C4M3O4||yC<MSO.«, = ri-|.^ 
hat flLPfCfl thfl Hflnflft tm thi? left ia qni£wnily cmrof^iub at ^ U* ^ nlitAln 

i I I 41* V la ‘1 




cin(i + ^iiib3ft + .jPiriJS? , . >»-jH” - 0H<>< 0 < 










INFINITE PRODUCTS 


m 


AV«. (1) F»f the mtttfViJ 

(ut lDtci{nitja(n of tlin acriw for i liQigwtd/2 will give 


- a <; 


«n0 + 3,111113(1'+i Bin Be + . ., =. ifl(ogootp+ (0<; 0< Jtj, 

(iii) 'n*» viifioiia formulM in tbk exiunpte nmy of curaiw ho dednceil dirKtIy from 
Ihoen in th» piOT'iuiH pumplo. Time if we (Abe 


n jtjjl fiiB 

m) •' r -—, thou .. |(n - ej (d i .stoj .i> = iVja,,), 


i(.v-afl) (wce<j») 5 ^( 311 — 3 ^) fs^<e< 3 fc»} 


*'*((') — J ^ (d < e <; ;j), — ? (n < t( < 3 jr) 


1 “ 

riej <= ^. wn 3 hI) '^ 

nhrJ r(0) = = 3X4)1!) = 0 ; 

UulL 

w + i Bill iS& + ^ iiJi j(jO - . ^ = 

5 9 

iitJliJ tliu Hum in zjcro for U = t), n, 2.t. 

11.2. Infintt^ l^roduets, Jf ilw. !d*siaciii;!o 

P* = (I + uj(l + «,) , . , (1 H. u,) 

trritlK to H Ihuit P ( 5 ^ 0), whm «t^^ndu to iuliDity, w* write P = //(1 + 

anil i-alJ the oxproBtdon OH the r%ht an inJiiiite product!. If P*= y. tbe 
protluci in auid to divert (0 ssokj, thus prctfifvuig tho t^orrespondcncci 

liotwcon till) infinite product and the iofinite sertCH log || -)- 

_ iB 1 

Wntce log |jP„i = Xlo^j ]] + it is necessary (hut tiot siifiidfiiLt) for 

txjnvw^eiice thiit lim should he CoiuseiiiiiMitiy, in investigatitig 

(Nindltioiis for convergence it m sufEciout to assume that ftlJ the terin^ 
(1 + u„) ane posiiiDft^ Fordefinitenej^ also, we Hhall assume that [t#p] < | 
so that i < 1 «^ < |. In applications, however* thete may be h 

finite number of termB (when there in eonvcrg&ace) that do not lie l>etwe€>n 
these liTuits and there may Ijc a finite number of negative terms. It wil 
[kJwayi be aasuni^ also that no term fi,, ia — 1; if^ in an actual case, there 
4Jie u finite number of terms equal bo I, the piquet fe Mid tc> con- 
vof^iP to Mro, when the product of the remaining tenna cKmvorgea. 

By the mean valu^? theorem 


ThcretoTi^ 

Le, 


l<ig(l + 1K„) < (iill w, EfiiiDe 1 -J- > 1 _ |t^J) 

*■* < 2 ^ lof5( 1 + ii„} < 


Jr» ■ I 
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If then is the infinite piwluet 

t n^^ 

(i) wwvcfijrd#, wh<iji TOnvRTgcs' 

(ii) diverges to -f od, wheo £^iJ^ diveripea to + oO; 

1 

(iii} divtrffe^ to zero, when SJUn divorge? to — oo j 

(iv) ff^luttes, when oBcilliitea. 

1 

Agutin, aince I -^Ou^ <l + |ii„( <f, then — ]og(l + «„)> Jii;: 
m tbiiL if diverge, thf; infinite pri;iiliiE4 [iivingcH to when 

{i)Xwjj I'iOiivergisa or (ii) Z'u^ diverges to — 03 or |[iii) oflCillAteN in meh 

I 1 i 

ii wajr thjit its upper limit is + txi, 

>» 

Ho informniion lb given from llieflc itieqiidite when 2.V diverges mid 

■ , . . t 

diveigea to + op or lins h *50 aa itfl upper limit. In Bueh naacstthe 

iufinite pjiKluet may or may not <!onvetge. (Sep Emmpiejs (rt)i (i«) forfcjw'.) 

Thew rnupt, however^ be divergenre when in djvergfitit and n* is 
of L-onstout digu next paragraph). 

It tnfiry be seen from the above that in gencml a suJIicieiit (but iiiiiie(?o&- 

:A kA 

Airv) vonJition for eonvcrgenco ia the convergeotfl of both aiid 

1 1 

{!) (I jfStI - KMl + 1^) ^ ^ ^ 

I 1 u -a:* 


HoT^! 






iX 


wtt d" "E" + 


(XKtivrn^mIf — I < I; -Ci® ccmix^^ if jx| < 1^ 

'|*h<jr»furE- ihi? pf«luo(. Doavoi^PB when — I < jp < J - 
* ** 

Wkdii it it divcrgi^ Uj — * uiiJ iw’ irfinvwj^i^ri, Tlip divergiw 

I 1 " 

to zery. 

When \x\ > 1. *„ dom not tend! to and tho ^ntida^t J» net 


i“> '?(>+^)- 






Here Stift, Xv* divengE : but 

I 1 I 

firaiuci diT?!r^ to + 

<ui) (i+^j)(i+^ - ^y(i+j(i+i - ja) •' ► 

^ 111 
i-BL /7(l + By) wUriC Kyi J “to = ~ 

^11 1 I ^ 

Heffl £«tr " i + i + . . . +- i UUf « — -TT £sir; KJ thAl divon^f^ 
I S a ” 6 V!" + j) J1 a 


U> + (p. 
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“ *f\ a 2\ i “ *> 

Alw S¥^* - 2 ^ 1 ^ — + * j ' 2 ^ 11 ;.^= ^ + Zw,* i «0 Liul BibD 

diT«rigw to 4 - 

But 170+ *1,) -(> + ^ ^(1 +«r)-'Jjf(l + ^/i ■“ 

Ihilt thfl i.nfiiut 4 > pnidifct lincc S both cLmvBcgir. 

IlJlI. The Ctue when o/ Siffn. BuppoSfi > 0 ; tben 

if £7l^ ia i^'orivorgeiit, hq aho iis 2#^ for otj, < 1 (uU.itnately) aurl is 

J 1 

t.lit«ji test ^.hiiii flE„. 


'riip nanvcrjierMKi f>f 2a„ ijj libtiK*:fi>ii3 fur iliu crju%^«trgern5e uf tlit* 

'j> I 

isrutliiL-t II{\ + 

jVIflu micJi //(! + > 1 +2otrt, i^lie divergfSEroB of implies thp 

i 1 t 

d|iver|TC7icfs gf tht prwiupt. 

Tliufl tLe convergence of b for tbe convergence of tbo 

1 

[irMlneU 

H 

Aguin. (lc//(l “*8^) <1 rtiid tiberi^futv the gf 

le I 4 

//(i -|-fl^) Implte th&t of //(I—whilstt tlie ilivorgenoc of 

1 I 

/7(1 + Kpj) (tu + oo) iniplie& the clivergeDw of //{I — to Kero. 
Hitmmarinng .—A noe!®»ary aed suMcleut condition for tlieonnvergeiice 

* rci * 

of ff{l + fltrt) arid ftH — 9 tJ > 0, all m tbe cutvergieiice of Xk^. 

i 1 1 

It£^4 Ah^uie of m Injimie Produnt.. The product 

•rf. 

ff{i+u^] ia smd to Ine i(A>so{iiidif cmvergmt when tlie series 


XMogfl+u,,) \s nlii^lutelj cuDviecgeiit faHsnmmg aa before that 


(l+wj>0). 

IfO < qt < 1, I log (1 - «J| = log > ^*^8 <1 +«)• 

Tlienjfore, log (I + |«j,t) which equals jlngtl+Mjl when > U 
iit less tlian ]log (1 + «„)] when m, -C 0. 

i.c, llog {I + [u^D cuDVergefi when ^|kig(l -j- Wp)| ionvergea. 

In i 

Tf, then, 2’ log (1 d- is al>»dlute]y oonvergentp the infiiiito piDduct 
I/{i ]u^|} is <soiiverg«qt, a Dec^^saiy {and sulBcient) coDdidou fckr which 
]» the couvergence of ^Uk|. 
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Now uuppcHe tkat caavergiea j then and hotti 

1 Ik 1 1 

flinfse Lit, i 7 (l -h M^) teiidH to a liiait utid 

h\l + tenth to thf? ymit |ji|. Thus flbgCl + u^)l iu^ \P\ 
Summarising.^A necessaTy and auffioiciit onndition for the 
convergent^ of m the aimlutit cots vei;genc« of Al^, since 

^ I. *■ ^ + 

the sum of th<5 soriea Z'log (1 +w„), when fth&iintely convergent^ fe 

I 

independont of tihe order of the temiK. it fotluwH tluit the Viilue of his 
uhtioliitely convergent infinite prodiici iw uiuilteml ity a durjingeJnciit. of 
the factors, 

ft .S3. Uniform PoHiier^mioc </ an fnjtfhk^^ The .'W^nse^oe 

n.. 

/\(j:) =1 / 7(1 4 - h 8*11(1 to tervi l tmi/ormlfi i 4 i the fsinciion 


/'(j) = //(I + iff (riven c (> llh theiie rutifitj*an integer m, irsde^ 

1 

pendent of jt, for which 


■P- 


I l! <6 (all intefim /*)■ 

I Ppih W J 

Itfollowb from thia definition that if (i) is n iruiiVet^^eet serie^s of 

I ^ ^ 

positive constonts and (ii) C for all x m the inkwal a < b, 

then the product (Tmvergea unifoniJy In thifl intorvid^ For the proflucte 

•M 

/T(l i Af^) converge tind thciefure an Ltiteger m cxiate for which 

I NP I m 'Hp 

1 -# < n {I « MJ < IJ (I + jVJ < 1 +s. 

pwft 

iH —pj ri44 jip Pw + p 

But // (1 + lira l>etwecii // (I — jU^) ainl J 7 (1 -r 'Wfi) nmi thiire- 

m.^1 M-fl m + l 

- * < fiiT all integers p, the dioic^i of m (leing 




I 


obviously ^lldepen^leTll of x. 

If, in mldition, ujx) is continuoua iji a the prcscliict is also 

continuous in this interval: for the fioriea S log (1 -h is nnifofiDly 

i 

ccjiivetgent. 

11.34. Thr Li}garithmir DeriixdttHt t}f an InJiriitG Pmdtid. If 

■s 

Fix) = / 7{1 + u„(*)) ifl eontinnoup, w also ja Itig F(x) (i -f- w„{s) > 0 ). 

Tl)iH possesses a derivative jpvcn l>y 

nx) _i u„'(x) 

) “1+^) 

when the Eieries on the right is u unifonnly (.^Dvergent series of coutinuatls 





[NFJNITE PBOI»l'(?rS 


4:^7 


fiitusttuaB. for tliH itpfilipatrai this rciault, wi^ tiiuhi thm lusamiie at. 
Jcaat thjLt '< 1 ^( 2 ) possesses u euntimiotis dBrii^iltive. 

l^jDinji^cf, (i) /7(J + luj^jp 

Tbfl iftq^neiiw ks''— only whim |jj < K ^'^Ta^n Ja:| < S| ii abmlutdy 

oonTfETgBat. 

jC 

Tb«TrelnTfl /7(3 + M Ejon^ergtmt gabsaliilifily wid unifomiiy) in t.be intmul 
1 

' I ■'C -Scj ^ X ^ -jr^ "^C. li-f 

\STirn -i :t li DtinFivgcri io U Thn Bw^iipocH (^l + £**J—l txaiir 

M * « 

> Ip AlfiU Jr[i + Whifb LOIITHTjgEB 

1 1 

when > 1. Thna if Cj is-litiy numbGr > 1* we eon tako ilf^ = [c^* — IJ/fl + 

j*_i_ I 

wbnn* I’j k Jkny number > C^. Thm 0 < ^ < ^■ 

1 ■+ i^ji 

II 1 P jiTLKltKil. i?otivnfK« vrhpii j*[ > i, find it cunvorniii unMkpthdy Turf 

I < C, < y < Ca. 

Ai'LuaJly iiliAlily mm to bu ^ fniiu wlikli wfi di^Lii.v iha.1 S 

whnti [z\ > i ttTwi —► 1 whem ]*[ “ U wbiki Pp^fr) djvrr^ev to mmi w hen 

|j^| < 1» 

fiU) To allow tli»t /}(! + j(">&tl + ii*" ‘3 Wfl ***’■') - I if \4 < t- 'I'hK 

3 3 m rti 

|iirndus!<^ aiw nil flJjwJLittily rsrmvnrgont w ben |x| < U wiwms 24i*""^p aEb;*" art; alwo- 
tulely c>utivn>^l. Thb fiieton of the pitxhieL UAy bn inkno m Any ort:ii>r ^ Lh\t4 
/f(i + - iSti + ^1} //{I - ^""jiyo - - //(i - *") 

II 111 I 

i.p, /f(i + + iis» 1) /rn - I - i ) - u{i -**“}, 

I L 11 1 

■n 

lluv miull fiillLiwa atitiLx: //(I » ia ibot 

(Sv) Thn iiruJurt (1^+ |KL “ 4) ■ ' ^ ** ounvcTi^t abio- 

«. J Ml ) 

lutely) idncw r(— l)i*r ccrnvufgm (not ibi^lutfily) atm! k eemvergent. ItiJ 

2 -> » 3" 

v.|„0 (I ^ (II ■ ’ * StI) = 

A Aumii 4 ^nhiriJt **( itP( fftciorfl will in ^iietil allcr LLb viJun. fiW eKAiiipIn, 

fXHUudet (I + iXI + |«1 -- m + tJd + iKK “ 4) . . . 

If Ihn produiti af \e l.hnu 

lim P;|n+i ^ liiu /'difi i«liin » lim il ILni exiefH' 

■-iM- ^ - - - 


But 


Pu- 


k- lim 


'K' -.'..) 


. . ^ 
4 flJD- 




2 elEL 








438 ADVANCED CALCtlLUS 

(V) Loi = //(l + 


('h-3' 


- 1 J_, ~[| 

^ 2:fl ■'■ 


■ OJ, whi^iv 0 •» 0 


If Jr any dxkitt) TmniljL-f {> <l), wp cau phrrfae w., ^liftivdPuUy Ltruo iu pnsuir- 

(liflt [e| < 1 fpr irt > ii,,. 




ax> 


+ < 4h" ^ ^ ^ ^ Tlwn^ft:im, iftEifH; H 

4-^JtiVernon11 tbs icibll-Up id uniTcirmly mill nb^iliiloly otJtiTiTsrEont ffir dll 

HhJto JT, 

The writ* nljuiiirril by ili}T^iTpriiiatEim kl{ ^ *) urfEdti^iH 

ink'^vrl, nml »infe -\-n}^x whoii n—^lueui^P «x/(i 4-w) in 

tlmni^uut Iho inUflnrftlB — 1 <; jt < Jf •- —. ru -: i- .^:: gf C f < -- m + I 

(Fri hninfl st pwiitive Intf^crJ, Mm nx/{£ + n) in nltiinBtply of DoeiAiunt hjpoi (lJuiL 

' f I 

of jfji. Thwfl Ji I'cneUiLl JT [uii Iw found. Ru«h bhiLl ^ ihuwki^ that 

Che rtorica Sa uniformly (nnd nbhilnt^lj] ^XHivomerit m t hew intervjils. 

P'(ji =“/ 1 l\ 

We nidy tbenfoM wfito^=^y U -Ti i/ ^ flimikrly ohfaui i!ie ranlr 

rtf'® an J 

[jog \ = — iatorvik 


11.2S. Infimff PfiMlwii} tif Crimpltfx A'tiMifttTO. Wlnui is 
it will bi? faund Hufficient' for tho <^-aaea likely to orifle to apply the test of 

alisolut« eoiivt-rgcfice, viz. the TOnvorgenrie of 

3 

at 

.\Ji40. if //(I ’i- hiw the value P(*) for a givot^ donjaln of the 

wmplex vjtriable 5^ the eonvergeiiee b Hnififrm if \iij 2 ]\ : ;t/^ hi thut 

donmiD, lH>iiig a eouvcrgcDt s^rm of mil cionfftanta* 


+V(T#?, ft doctf mrt fofhrw. of tHmrw-, thml i'log (I + w^) = log/' whoii 

■£• 

«(1 "h U^] » II is Bfldy to nee- tllAl IL id OifiULb Jiowovpp, boeoh dntlniCie vaIup 

of JrfR /*. J^i ■ he thu firimiiiiNj vnluo of amp P imd a, tbR princi|iAl vaJoe 
amp Tbcin Eibicc P^/P —»- I. fctlim nnd Iiftflr Boom dEifinllO Vttluo of S tJiE? 
pnndjitil Vidop of P^ ulurE tend to a ; jpi thmt If thn ncnrJitijde^ of P_ U 2l;?f + lK^ 
\f>g Pf^ Ic^ P -h ifcr. 

11.3. EicpanHions of Anidyt^c li'uEictlotie, Tayfei*/# afid hdurefU"^. 
We Eihall now obtain oitc^ fit two of the more iiij|iotl-tiJ'it ejtptinBioDS of 
analylit- funotiomf. Two of t.b^^ liave abeodj rifltttbibhed—the 

TaifU>r and the I^umu expoiiEionsK the latter lieitig kinlujivci of the former 

m 10.13.10 
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Lanrenl'i If a is an isulntcd singylaritj' of/(t), an aiwlytia 

function, then 


/(s) 


- * - H- : 




tt)+ . , . ■ ■ > 


the expaiudnn bdng valid for all points within the eircle |z — <»| = R 
[nx(»pt at z = a), wbe^re R ia the distance ftotn a to the nearcat sinjiula.rtty'. 
The cutifheionte are given by 

“■ - - ^L<‘ - «'-«»)*• 

(■ Wm^ fetny citah |i — #i| iife (< Hh 

Whrn J{s] ifci 4UittlytJP at. «♦ tlie uni JMsru tnul wo Lstve 

rflyfv/js in which wc iiuiy write a» ^ — —j —. 

rtbtmik ihci expMUMirm fif r^-u/'H in pemvm nf dt. 

Kfrn "h iiSpS ■"* w1m3ii 

i» I 

Tiikr- U Ml lie the dido ]i| -* 1 imd wrilP ; =t ; tkiii 


I P 

*airf 


r 


^ j(as H- ain & — nfl iHffl te, ^ Jr-ui) 


I idii{f* + v) aiu — fiiO MB = U. (Pufc : 27 f — for flO 

J IP 

v^juiliiriy (or putUi^ — it for »J* wr ubtum 

(jya {fji + 1 ^) lin 0 4- 


- * r 

-2nJo 


In pnrtieuUr (Itv-lfe =. wJHsre (/*« Bwo! Fuminn iuegral 

A 

orfirr ii ipTon hy 




-T 


om (.1 ail] 0 » 


-T 


eon Bin ^ 


(mDfi ixm K Bin (2n — — "(la — S)} " e« (f iin & — 

AIb J—U) « ’ I QOa Kvia fl + flfljrfa - (- iTTJJif) • 

tainjM IH* am (Jt — ern- I*(a “ f) 1 « ir «!• {I sift <? — 

FViit x£ - |j/a = - l/l) if ^ - 2V(aqi^). < “ with ad apjiftjpdato 

of tMjtiikro roctA, 


i^. 

And 

ur 


— * 

« ia»{{v + ^) aln e - nflj Jl!) - 
oea uu 5 — «&)# = ^ J* 
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11.Al. Th^ Otifboitt. Srpufnit^. Let bo adaIj^o on Dtc KtTa^iitbt 
lino joEiutig a to a -J- A and let ^((J be u polytionual of Uoftrec n. 

Deuotflthe intogral f ^ ^*{0 + lh]dt hj where i = a + 

J 0 

iuiil t is real. 


IntegratioD by parts ^vee 

A/, - + A} - - /,_! 0 ^ 1 y,) 

A/, == ^<’‘^(0) {/(a ± hi —f{a] k atnt® = ranatant = 

Le. #">(0) (/(« + *)-/(«)} 

= i: (- •*—*(1 + A) - S "-<»>{{})} + ll„ 

m-l 

where ^ 1)“*"+’’'(« + tkyiL 

Hmmfle. Lot ^Kt) = {I - li*. 

Then = fDj = . , . - ^(-i){t) = U; = %l 


^(0) = (- ir: m -M- ll--!; 


tio blsAti 




i = r! 


at(/(u + A) -/(a)> = + (- (f - iH(a + tA>ft 

Of 

li jlh 

/(d + A} =/fa) + hf'(«] + fi/"!**) + ■ ■ * + + “jjj- j (I - fjyrt' <k(ri + tkidt 

—^Taylor a SfHim Wltb a Rasmimdiir. 


Laffraji^*^ E^jmTf^n. {Roudi^^ Tkeof^rm.) Li.^t bo 

analytic in a icgicc oncloeiDg tho iioini u ; then tlic fifiiintion 
Fiz) mz-u-UKzj^Q i4{a) ^0), 
may be c:tpcc:fced to have a root t which h a funcitbii of t tflodijig tv thn 
valn« fl wbf^Ji ^ tEtids to zeri'>. Ij^itnge'a Exjiamimi givi?s an expr^^ioii 
for/(f) aa a power aeries in L To ob^in the tepon of validity of this 
^ried, wfe shall use a lemma known as Hauchi'w Theofcoip 
i&HicArf’s lf/(®). fi(s) ara both analytic wdtlim and on a dcyei^l 

contour 0 and \h{z)\ < \J{z)\ on C% thcn/{?) aiid/(s) + }i{s} have the same 
mimbet of n^ros within 

Since |/(r)] > |A(E)j fwlikdi m > 0), it follows that/(s) and/tEj + 
ennnot vaniMn on C. 

Now let be any function that is analytic wdthln and on 0 liut doefs 


not vanbdi uii C/, and cM^nsider f — /. Fur isvcrv 3Scm of Mz) fof 

.... . ‘ ^ 
multjphcity i), the jatcgrariil haet a fJoJu of reEiilue A, nini there are uia 

other alngukTitics, Therefore I - iifwi where m k the JiumtK^r of jseroK 
within C, each Eero lining reckoned iictiarding to it* niultipljcii.y. But 
/ is ako etjual to the change in any part ictilar bmuch of hg w ms describe 
G, i»e- is equal to i 0 w here 6 k the incroiuie in amp w? whim z dMCciLies V* 
Therefore the increase in wrnp w k eqoul to Swjr whm trt k the mnnber of 
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KeinB ot HI witliin C, Couvefsely, infer tlmt if tlie increoBe of amp m 
ia tliew Aie m zeros within C. 

fjet w(s) = i + p(a); then ae a ftescribes Cf, tp(z) dowribea a cloved 
curve in the te-pilane, for whicll = 0 iu ah ext^or point of |/]| <l 1 on 
0. Thus the increaBe in amp w is zcni. 

ff the oiunber of zeros of f{z) + ^(?) withiu V is equal t*> m, then 




i„a„P /(,)(.+,W).n.«A(.)=^; 


= mcireaHe m amp /(eJ if |p| -< 1 
i.c. the iitmilict of tstQ& of /(is) withm O stLio m. 

Tfikf* /(*) =:^ — a itud then tie nmnbef of Mma of 

^'(=) —/(*) + M*) = 5 — a — is equal to tie number of jseroe of 
t — n, Li*. one, wLeii C ift a clcj3^ ocmtour giirrotiiidiii^ a antj 

m) 


|b — fl 


< 1 on C. 


Let C be the oiiele £ = a 4“ and OHntune that \t^s)\ < p on thin 
circle. 

r<et ftif) Iw any fonetion that is analytic within and on C. Then 
ir S(a)dz _ 5(f) 

i-riJoi - a - i^(a) I - 

where f is the zero of z — a — t^{s} within C, 

The integral on the left is 

(Z — »)" (S - «)''{S - rt - t^)j“ 

#» d* 


1 f 


+ * * - + , 


i d 




t" d" 




whoTtt 




^ «! da*^ 

^ J f Cs - «r '(s -«- 

Tjot jW|. jW, ha the upper Ikomide of j5(s)| autl on £?, respectively, 

df ‘ 


■rh.M t«J < , WhKl. 

p^p — M.) 


Thus 




tJ as M —*■ ( 10 , Hiuffl Af, < p, 
d** 




Now let j(t) = fl “o that /(f) is ako analytic ance 

I — U (at u siinpb jserq); ^ 

til" /(O =/(o)(l - W")) + -<#’(«)(*•))■) 

-/!») + £“aa^W'(«)W»»‘|. 
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Suppcifle, for pxaniplc, that is ii pqljDomiB) in z (or mi entire. 

fuzictiQn]^ finrl let — Max on C. Then the fonqnla h valid if 

Cfi/M{p), for then < p. 


in? Max f 
^^\p} 

k! < P- 


aa fi iJlcreaM\s; then th^ expan^ioo b valid when 


Now lini -f — tt ^(n) t' arirl litn ^ 0 (except in the 

Thiisi Tiuiat inrimse to some 

jW(p) 


trivial cage when ^±) ia Lmear), 
maximum lis p increaaeH from JKtro. 

Kxetmptf-M, (i) ]<ct r = I + iz* nnil HiiJ iha narlfS for whern x b ihn nml 
tliAt to 1 wh^n i tenda to £«ro. Tbe mnxijDum of |x|^ on Iz — l| = ^ ix 
(J + 1*1* wid th» maximum valtKj of p/(l + p)" Ia f Iwhea p '= I). Tlmii tbr radiizA 
of fcioYflfig&DOL" pf lha «en«ff in f Ja 
l^irmuliv givw 

" = "^ + fC - 1) 


. «(* + aj. *i» 

- I + w + <* + — 


*x* + fi) 


i* + 


2i ^ 3! 

Thifli pf TOUTW, is the wme ; and it ahiHiJii be tuoted that 

s — 0, thr only (pcndhitcl ilioKiilHrity uf i* jjt On th« cilvki |: — 1] * 1. 

(U) Ijdt Fit) -.*-«■ Jjji' - 1> = 0 (u>< I}, 
linn - 1 — if (whnfti f in ihi* THwf. ih*i —*■ o ■s’Iw^h I—► <t 

I . . d* J<n* - irl 
2* J* 


and 

Rut 


t: 


IC - I - - “ 2nl -hf") 

I e' d'* 


and tlHTcfol, _ a*, + <.,'* n- 

'flu? rotlliuleeil i>f t ia ihlM tuLpaiiflioi] b Lii9.llfid tItiT af ch^put? 

iind is usuiJIy writtod 

Tbiu fiftdiuS of nunvuT^nca lx in llilfl criiwi obvinmdy the dLs44Uloe Jtom <1 Us tlit> 
anresL itnauinrity of iho funatiofq rm %hv Jeft: i.Pr rho rndinA of oonYei^ni^v ia 
a " V(fl* — U f<* > Tt J< (ft -: J ) (ft riMl), umy Iw vmfird by cahuJitiii*; 


Miuc 


(Jt u > I: 

> vt"*- I) 




aA iti ihn pmriuiiA The Wldta uPti 

M{p) - J(o h p - + p -jr I jp /j = n — yjo^ ~ 1) wliHn 

»-f I - c» 


2V(t - «*)■ " “ ' 


Vli “ tt“)r 


IJ.33^ ExpanstOH o/" Mcrojiiatphic Funclions i# m Sew4 uf 
Funciiaiw. Let /(rj be analytic at nJ pointa in the 

finite part uf the plane except at a number of bulated Bimpb polea 
Aj. (r = 1] 2, 3 s . .) wliicli form a simple eeqnence. |/et the aiifRxpw fie- 
suTODged ao that j^rj <|ay_|_||- Buppuae also that it ia pgaaibk to diooBe 
a Rimple sequence i^my |ttj) fluch thul m as m—► m. 













BXPANaTONft 


m 


Ltit Max 1/(3) I UD thp circle j£[ =r be a bouniled 5iiie>tiim fm all m 
4ind as m —^ oo : J.e, let < M, 11 fiisite coiifttuiit for ull iwt and for till z 
on thcHe circIiM. 

Let IS l?e a point witbiti the circle [^j — which U fiot ft pole and 
let. ^ir fli, . * Ojt be t.he poles within this circle. 

-/(-) + T-^ 

— * 

w])«r« /i, ia tilt* FCfliduQ of /(z) J»t and is the tiirtile ];?[ = 

nm 

“ 8) 


Tbeti 


i^f fMi. 


Hm, Lr »= i f Jm+^ 

=/(0) + + 
V"- 


M ds Jl/|: 

i*li K- 


1^1 


{At L^ekii^ the elemeiat 


oi arc on 

i.c. fir—S'n jua HI -=*- OD ami thftTofore /(g) s= /fOj \ 

1 - Or «f/' 

(IJ tllijr ftll ^Hiinfji ijk tliD n^ioro Air wbich Jil < Ci 1?^ ^ jsj hm a IcFwer 

ifjrl 

Imumfc (■’ iJt l-l'jt'n m 4.'4VO ht- my l-imt jy~“-n ^ « in t-h« n^^km. 

1*1 

TI 1 W 4wmv<'q(pin^ tif the Bcrii'fi is tihrmfum uniffimi in llnite PPgitHi if the 
ure iiK<!|iiitf)ii rnnn ihip fci^ki^L by af siiisll piia^Ieiii wftlt potsa S 4 c^lrt^. 

Hi) ir th-fi ecndJiliiD [/(^jj < If be n.i|aljieod by the tvxviitkm J/i£)| < 

^p-> C) itn? rifrle l^l • wo Dijiy crbiikin by siinjlftr rroMjiitDK tlw expunsicpii 

/(.-) =m + + » . . + + ^ + ^« + ’ " + nZ+l}* 

KTiimjdrM, (ij LiNt /(3) i>fjiii0rs - * /(ii) - litn — i\ = iK 

' r—wA Z* 

'I'liin pnlc« uf_/^c) are ± ht {n - I* i - . ,) inJul the rtsskhie at Puf is (— 1 )"^ 

Ui It = (*i Hh i)?r. 

On |ff| =|sin£[^ = 2^ — POsSrl nil euftft fnneiintL of ;r+ If 

jr 3 It^ oui 0. y = hIti (i, It is *(ylfliTWiiil. to conaklnr ll < Kow 

^Iwn =j" = fx Jiinh 2y — dft > 0 since Sa£kh% > %* ain 5x < llnw 

|piJci3|* (ftinl Ibrnrcfe Isinsj) inor™* iNniriiJy m 0 Incnnises fioili W to Jtt, ltd 

Iwt vjtlue is unity tutil LbfSHiroiti: 


tins s\ 


< I -h < 1 -b I'lwrefcire 


■1 


stn x s 4 ^ \e — Pia ' aa/ 

The wieii is abselutcliy £Onv«i^Diit esccept at ^ ex ^ tiiiDe 

\(rhm +i)l = I - L{^ +^ 
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(ilmaping iha vnt find 

c«ii!cs. «i4.S:- 1 )f|—-—+ A} 4, |)"|—i—_ .i.l 

■ ' 7^ ' Lc - ^ toJ ^ ^ ' U + Ji?r n,^/ 






3* - 4?i* 5* eift* 


Hi) I (a i sm = 


Tho pokn Are SitPiit, azuI thb mklue At t *1 2ttp;i Id 

Ait ^awTi ^ ^ -|- i iin 

Thfl fiireloA nf the thMCciii ta^y d^brlaoiUir he irplacwl by a spqttcinicfK of nqnftrefl 
KivBd ly * = ± y - 4; 

In Ulifl cum tuke « jawi + l)n. 

Oil a — Il„. |/(i}| < whioh- 


0 JM £_ 


T.^ if < 1 ftiad - 


1 if El - I 


Oii 


*= — «*! |/l<)| < whiph ^(1 tttf «, 

Iff* 


OiiiT = ±A„,|/{*1) 


^ ocs if ft > 0 juui — br f 

If rt ^11. 

^ ^ «mip1e Ld nhow tliiii, UiIr fynelhJii 


lii^ boLwiMi 0 Aqd | for Jiil x iMx ct< i, 

,T?i - i + (»'-1) +_£ («»a™ + i 

1\ «iaroo*3eHBi — 4ii)tiifi&iifci *m aBBffil 


Now 




iHf - 9) (« < 9 c faj. imd l> (9 . It. Sit) {S lUB {:»)) M tl*«l 


V f4|i 

~ :r ^ 1 — (fl < A < l)^ 4Pii;| d (ft - 0, IJ. 


II 1 UM 


A£Ul 




- - J. T" 

^ ( s ^ T 


4 & ^ 4MJir Mill 2ait^ 


e* 1 I 


=» + 4i^-:i* 
^ ] 


£ 0 < El < I) 


I I 


2i 


I z* + _ 1 a "7 =< + 4ii^* 


Lhe laftt two hnnJle hohig n\m iphviuun ilMinctbtttft Ffitui eiu h tPifai^. thlitH" deEluc!- 
tkvrm An-< 


CJTJtU ; ^ 1 




I *41 
= 1+V 


S‘+Ii^' 


I utit 5 = i ™i,h is — - -J. If/—•— -[—i—} 

« 1 

KUfi eoseo* t = E ^ (fcy diffamiliBliuii). 

2L34. Analgtio Functiotu a:presmd o# Injiatie PruduiOa, Let /(f) Iw 
nnajjrtic for all finite v anfi ponuiesiJ Buople ieros at* — a,{r — 1,2,3, , , ,> 
whsie |aj < K^-tl itnd —*-iao aa r— aj. 

Then/'(*)//(?) is analytic for all finite c except at the pointa * = a^ 
which are aiinple pohn of midue unity. 


i 



















INFINITE INTEURALS 


m 


+—)(«. 
IV—“« ««/ 


If the conditiotui of the tllmtelii J^iven In the previouB pBTagiapb ore 
flatwBed hjthprt 

/'(*) _A0) 

/(*) /(*>) 

(Iwiag to the unifomi ooDvergeuce of the aedesm a regioD that excludes 
the p(}le8, we may uite|vate fmm 0 to t abng a simple path that doot not 
(tom through a singularity. 

Thus Log/(s) - W/IOJ - |(Log {^-£) + 1;) 

where the values of the Lctgaiitlimit depead m the path choeea. 
Takidi^ expoDuatials^ we have ^ 

aad the lafiaite product k ncce^rily coavergeat, 

Th1:i»/[c) = oflts — ^ which Jjita liwtti ihown n^liOife Id be eqintl to 

' - 


Inb^^tiEm ipvm 


wliiTine ^ * 


■m : 


= liin — = t, Thui bf 


ptLinng ihn we uhlxin das: = ;/ 7 ^| ^ "ti}- Sy fur £ we Gad 


ahm Lhat ~ a'*}'~ 

F LHirndfi. J 




111 ^rtHTEilar 


71 “ . 




11,4. The CoDvergenc^ of InJlnite lotegraLs (ilW). Au tatcgral 
ia ii^lled mijinilt if the Inte^rrEnd,becoiaea iafiidte withm the mage or 
if the; mage k lalimtie. It hm beca ahomi that these two ore aot 
thcorcdeaOj distiaet (Cfctp. V). To detetmiae whether Ji given integrai is 
rouvergeat or divergent* wo shciilct first consider a suitable approdma- 
tioii to/(3r) in the neighbotirhoodB of its infinities or (when the raage is 
lEkfiiutc) when a: is liirge. The eoaditioaB far ctonvergenee are simpUfiecI 
whoii the integrand m qf cjqajitffnt sign in a critical part of the range, 

11.41^ InJfniiiE InlegraU P^miive Integmifds. The coavorgsaee of 

many ]ntegnk.ls occurring in applieatzons may be determined by uniTij r the 
folEondng results obtnined in Ghajjti^r 

fi) J dz oi>nverg4JS for ot > 0* alljJ - a = 0^ /? < — 11 and 

otherwise diverges. 

(ii) J (logconverges for< — ], all«; ^ = — 1*» < — 1; 
aatl otherwise diverges. 




r 
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<m) 


J ^ oonvfiiges- far ^ > — 1 , a]l st; 

.« < — 1; and oliherwiBe divergicE 
(whcfe to avoid a poasiblo mfuiily 11 < e < 1 in f>his kat). 

At the upper limit, there le eaavnrfeQHcii ur (hvnir]|pHH» ^‘ith j* if*- "(tuK a)* lir 
vhioh wnTvrgefl otily i^facti Sfi > m + I. 


At c « Uw illt^gnvl awTei^ oc with £™(!eaj; ;i!)" i&r* whSdi «m- 

T*wgoa only if fti > — 1 - 

Thnfi t±bG givBD ccitLV«r|joi only whan «it > m H* I > ^- 

Natu- tU Tho thjrflc lutcj^iklji gtven aboTfl ftra ('kwic^ged into one itootlkeT hy 
abvicHiH oluji^iid of vjhfUbIfr; und the rusultii giTcn lire not iJirOOTOtlosllj dietiiwtr 

(ii) tend* to B. limit t wbrii so, tho int€^iik emnnot. 

be oonvarigont; for (takinj^ k > OJ, wiit'O ^ 1* kfge/iff) > whece ii mj 
numW > U iLcd < ThD Inl-c^l dj^ofpi iiiiuo i^ div«ff;o9. It it nett. 
3ie&KWy» hinraFur^ for uouvt^fMtaciL'e llint lil(li/{x) bJjOuI^I OX lilt fovrta wSu4l/(£]l it pf 
cofutiint sfgn); fix) tsmy otdllale iind whllBl f{x) (if > IM luu^ bnvo for ita 
lo^YT limiti ihi upper Uirnt niAy be Lldioitu. 

Smmpii. j 

Wbeuxil II midtjplpof^fttbB intograiid/{3:)iii^aiijltb0n!lotftif£i uppcfliiiilli b 

Howover if na < xC (» -h l)ii (h tNBing n poiJtlTe talc^r), 

^■l-i>:tiiii»af + K»*a; ^ x + sii* x' 


Alto 


Thfimfora 


r 


rfjT ft 

ji «•* s? + ^fsin* y Ml 


I)J. 


3«™^ 


1 




Thufl tho intograi HfiUTelgAH OT With ttn aeiriDH wliofi® jgEii£ffoJ tonu 1* 

(t gOEiniBtrie tntlefl of tlLio < 1). 

The intiogFiil CQii%>vfAfia. (Sfii Bramt^kh, InfiniU. Swkit, Ap^p. 423.) 

tl\42^ TheAhsobiteVmwrtputct ^/w/fwite Inteffmb.. Wlnm 

oemvergea^ tho integiol f{x)d^ muit id^ amd thn lattcu mtetgnd 

J n 

in then said to bn absolutety oonvei^Biit. 

rmnax , . rdte. 

iatbaolutoly ooflvisigoiitif a > l*«nw^ I — is cotivfefgcnt 

atkd [iiii ox] ^ 1 , 

1L43. Cimvergence of Infimte Ini^ah m (hnmd, THe best-known 
tests for integrala when the inte^and is pot of oonstaot sign near a 
critica] value aud when the convergence is not abaolute ar? analogmis to 














fNFlNlTE INTEORAI^S W7 

tilt Aliel und Dirtcbli$t Terta for BorilM. To eatabliBh them, we Ituo what is 
appropriately eallerl the Abd Lemim M 

1L44. T/if* AM LcfHiifafof Intcffrah. If (i)/(3c) > l\ ftuJ /(ji) 
iKmfiiaMH m as iniWitfiert in u < js C th (ii) J(t) is nontinuoiift jmd 
ti tiffrivttiivt? Jii rt<af<tp (iii) ^a?) y tiuiitiiiuqiiB in 

{iv) HJf jiTiR l.lif- und Itjwflr liEiiitzi ctf tfe intcgfal f ^(^)£e m f vjirieft 
Ikmi a t4i ft, 

t>'«« V(n) < f 

Jw 

la'it ^(if) — I ^x)i£r; then A, // are Quito (ajjict in coniimioiLi). 

h 

Wow J — j*/'(jr)^{a;)<fx nncc /'(f) eKlata, 

Hut /'(x] < II und /(A) > 0; tiheroCbre 

f>m - < I <Iim ~ 






yotM. fi) Tkn bmmu may BsLalilkfaod withaai ua^aniliig Lho &sia!t 4 !Tira af 
yi^), (Rp/. /jfnnlj/fc tff MalA^malw^ (|£i^).j| 

(ii) hHiico in nomtlmibua, thssro U ai leoal acw TflliM € in the Laternil for whifili 
ifl ^wjual tdi ftny fkumliffir between A, // ini['liuiTe. Thnrofijm 


i: 


=,/fa) i^x}dx 


£' 


Tor P4uiue ft m II < c:< 6. Thja it known aa Thgimn. 

Putllnb; /(J*) —/(i) for /(i) in K bit muli, Wto litbil 


/(a>£ 


ir/{^Ji It mi iiiL-mayaLiiij; jncmoUwi, iJjiC mmr, JteniU 1« ubLalii«i by writang 

Tbit idation it kiiunm m i>u Rtffmmd'M TAimt™ err Thn 3iirttfi4 if mu 
Vtdjtr Tiuxitnft [Cm IlltcpnJ*;, 

^ (iii) Thft Afcna Vtdut' Thfmwn^ (H «VF^iraAr} for inti^iilt it timpty ifmt 

J fi^)4a whtn /fa) ^ 0 and foUoHi immixliatiolj Imin the 

dtfiojilnn of the Lcitc^raJ^ if ^x) it oonLinuotu. Jbt tbo cempomUng WoiomtrawiAn 
Mftan VflJua Thuorab] in ictimplei: in^flgratioa^ Eoibniiaco may bci ini^ 

F* 15^ 

Jl.iS, TAff iHnchld Te^i for Vonver^enet. {Ilardtf.) If (i) J (^(x)d^ 
oBU’iLlutietf linitoly (or conveigea). 

^ (**)/(^) deiireaae^ Kt^dilv tiO s&kto or x inc.Tcnac^ to infinity, then 
J converged* 



r 
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fj JTe 


limit of 


j' 


b: rtd ^ varies from fu A^. Btit 


< HfiX^) where H is the upper 


i f 'i^Jelek 

JXi 


hJi3 flJi 


B ( > OJ, we can finti 
for which 


upper bDimd K Cut d\ A| such tluit « < A, < Xi» Alao given 
Xif !Uic'h that. f/{3^)( < ^ fd] T > Xq. Thus an 

^ fK [Xr. JT. > j.), 

Jx. 

i.e. j /(*;)^a;Jiiz conv^fj^. 

. r 

1J,46, ySr r«< /or Convergenoe, {Ilatdg.) If (i) I is 

.vmver^nt. ^ 

(n) /(®) is monotonic and iioumfed as »—► 50h then j" /(i$)^iE)(£r ts 
iionvergent. 

Por /{sr), being bounded and Tnouotonir, iiiiiet temi to a limit I as a- 
tends to infinity , Put /(*) — !■ for /(*) in thi* iJiriuhlct test if/{i) de- 
( THiBes and put t — f(a:] far f(r) if /(») incrraijww. Tlieh 

I f/(*) " 

must convefgn and thprefow also /fsi;)i^iir)d(r since i| is given 

tto be nonvciigcut, 

(i) dr i™vrfp5fts If H < p hy iJms I>tri^’h]ot Tnrtii h nni' 

J1 

abmjlvticiff wllH3 p > L 

y tlx cuavnrfccs nlrtoluhily if JJ < | *il OOftVWaPP utMuiely 


(ii) 

wln'tl j# < 1. 

(iii) 


■“■L 


itx 


> !)■ 


f Hr. f- <fe 1^=^ df. _ 

Ju(M« *)l/» " J„ (Sa^ “ ■ ■ ' 

Alert 4n-i/s I Mittf — tl niiii m of * similar ftam nctu 

*■ = fi, Sji, ♦ tho inlflgiml £ ^j^Ts wmverfw, aoii Lhr ioti^ £ (ainl^ 
oacilUtcfi fiiiit4!4y. 

AIjw (log —► 0 mtmotonliaJly if p > 0. 

'rbwfoTO iy ttic Birlchlei Test, thn giTBo ink^l oouTeTTgEH if p > 0. 
llJSs Uniform Convergence of Infinite lutegrala. Consider the 

inlimtc integral I /(*, «.}dx which involves a pammetei: *. given 

C e for .ill Xj, 


e { >- 0), we can Had Xg such that 


f )(x,et)^ 

JX, 
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t.ho intagrul converges. But if Jl* csm be found t)/ a lo the 

rai)ge < a < 0 ,, the cotivergerkue is said to be in SC| < ot < aj. 


^£uA*/j/e. Ift / < 


r 

Jo 


tf > 0, / — liiu ^jiTu Lon ^ « Jir; If a — u, 7 = u. Thift Jii mHitjijctiL io 

«bo^' duit iht) iMHiver^euee Is not tmiforMiiL D < a < aj. It id^ bowio^or^ uniforiuly 
iiLipivrf^nt irt 4* for we uin dhoote ^ ta dutiafy the iuetioality 

Jfn. > a^/ttan f j t« < Oj i then 

I an: t4»h(JL i/*) — are tan(X|/aJj < 3i/2 - ara UniXcfmi < 1 
for all K ill tJiM inlervi). 

C fi 

-SimilttHy J I ^ ’which is w|iEal lo 0 or — Jji aocuniiiig n* /^ > = or 
< KK is liMf iinJlijrinly wuvn^ttL in jlii itilfiTFiiJ LhaL hidiHlnfi (i ^= u. 

tlJit. Tfir Al-Tctii fnr ifw- Uuifortn Vorm^r^mcc fl/ 

If (i) J in convergent, where > {\ 

(ii} Qt}\ throiighniiit: thft infervMl a, V x ^ Sj.. fch^>n 

i# uniformly (Eind Bbuolutel}^) txjnveigeiit in ai <a <Kt% 


I 


< t for all Ajj A, > 

-J£, 

utiil A'd tH ctbvwHiisly indcippiKlffiil of ot. 

Tims, in thta interval of “i |J /(^i j <J <e, 'i'lift 

ivihivpr^VMtKi Ja thcrefoni uni/amt (and abaulutoj^ 

Tkf" IJineh!^, Test for Umforta Coaver^ieti eif Inttyftfin, 

If (i) J 9.)di! oHdUfltea between Unite Huiita U, L thiougliuuli the 

interval Ki <a <«! (U, L iDdependent of a}, 

(n) /(X| a) > 0 iuid tends stea^Ij and vmfonidj/ to zero in the inter- 

k'lit, then I /(*, 9.)^j;, «)(iir txjnrorgea unifocndy in the inton-al. For, 

< JV/(A'^|, «), where ff k the 


I f-''* 

by the Abel Lainzua, | f{x, a)rii£ 
IJas 


^trestter of |£7|, |LJ, and is independent of a, Also, given f, wtb (san fijid 
A* {independjent of a) sneh that /(Aj, a) < e for Ai > A^ 
r-Xi 

< c£f and the eonvergence is uniform. 


JT Jt I 

Tims 1 ^}dx 

I JjE, 


NoUa. (1) If afJ dues not involTo 4, it b stifUQiDtit tn smta that P 
i.-mrilliitos fiultcily (or is oonTergonl)^ 

(ii) HiEf thrarom ramajjifl tnw (obvioiiilyj if P^( 4 !k ajir h uniformly mu- 
visfgrtib in the intqmU, 






MlVANtUD CAU’ULOK 


4«) 

I1.5S. Thi Ahel Tert for Unifotm Cont;erffmce ef Intfgnd/s. 

if (i) j is iiniformly vmvi^rgmt in oci <s 

(n) /(^i a) > 0 md BtsadUy di^crcaseA m ac teddti to luimit; far ovt^ry 
a. in ihc intErval and hus im upper boimd K for nil a: m thn intnrvn.L 

Then J /{fir, a)rfx ciouvergcn LUiifonnly in the interval, 

^ k) < where fl i£ tbe upper 


For 


limit of 


1 /(atr, a>^;rp 

r 

JjTi 




M X van<^ fe>Hi to Xg. But aint'^ J v)d^j 


is uniformly oonYorpni, wo mn find iJidoporkdemt uf », mah timt- 

tl The number K hi hIkci iudependprit of Tbt; timvorn^nni^ w 

Iherefore tiiuform. 

(i) It ii uat nncminry tiini. In tlvEi Abel T€»U Llio fyiurLiun /{.r^ a) nhciiild 
lend tmifoMnly to m Umh. 

(ii) Tho fcrrmulii fF]tr nhonj^e of TAziabb in nii knllniU^ inle^^l mny ^{uuly Im 
^havn to bo nnalLcrcd, if tbn changp of ToriahJe ii appa^^priiLte pKiri' 

Mathttnaiior, VIII ); ihnxL iO iho twlH itia Ilhvo rcir tbo nonTot^EKioD (ordlnan' 
or unifbrni] of fir)dj: im applicnblo, 'nith i^mtAble Tnadidnlwifli to inktpnlfi 
in wbinfa the mlegtand boDomeh inflnito at k point of Ibo rjunj^n; if^ fcir ax^mple, 
x = a vefTc B-Tich n point, thn tnnsformatian — fl) ^ t timuiformB tbo intogml 
lft flx)dir into an integral of thn 


hxHHfplfJt. til 


i; 




e ~*e ^-1 Wi (KinvcTigw iiir 4ill linilo a: idfc> wiuoc 4 ; l* p I b b'r all ^ < k 


Lhe i.'rihVrf^H'ci ia uhirotttl for a < Ir Elttilo Ikainber). 


A^u I b imifornily otmveqpml in 0 < Oti ^ % fc* fpiisee 

Jo 

f 

Jo 


wbDn f b mnall and 




If a b oumplef luid 4 M|iia.I to h tho oonvorgimeD in atill nniforni 

if 0 < c < R(a)+ tflnco- [f«4"ir^t| = j||n-J, 


(il, 




By ibn M-T^, Lba Intc^jU b uliiforiidv convonffnL for aII fidlto wlbounvi^ 

f * dr ... 

I OOnvcfT^iiH^ j.n. wnuu p > u 

Jl * 

j, 

C tin s , 

I d£ ii doaviirgDib by tho Dirirhlfft Tmt of ordiiwy ‘llu? 

fnnQtdcm #-^ (a> U| b iwn-merwing nrKl b<}onAiad {< I) as z tedrtdH to irAnity. 
By tiho Ah(d TWt, the irtegrikl f!onvOTR(* ttniformly In H <; a < 
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i; 


Morft grocifslly, J inmyefHfli uniTtnuily in U<a<«|k when 


oacQTargm 

psiilna^dx 


1 


i: 


im aa: tlx »» ^«a ^ — &jm tu?}* wilElalta btAw™! -fa™ w — 11 uud 

1 ® ' 

(iKlMldL 4- 1) otidi thma uia bcrqjiHnil if ot «■ 0 umXtiluJjHl frpm the intesTiii. Alsa 

+ ^*} t^Dtia itwulily to vHehi :* > a m x — a» i iuid tibnivfam the given 
intngniJ la iiaifiTfiiily ootiyiuginil m woh of f.ho itHctynla < a < ct^ < 0; 

ii < «^ < « < 4;|i 

ILM, {‘Ontmuitif ^ fi UnijQrmlff Voni^eTgfitil itii^uL 

irt n ^'c^ntiDuoiiH fui^f^tian uf l^itli ViuHuhleft x, mm at < ge <qL| 

unit for fi < afj,iinsl (ii) | /(ar, 4)rfj^ Is nnifomily ts>iiTi'rpnt in Sj < a 

l liRii /{x^ Atjc/a" is ?i iv^nt^uoiis fiinciJon of a in <K <0t,. 

Irft CL, ** lieLuig to the interval; then 

j /{^» — I fi^, < j| (fix, «) ■ fix:, aB)>tr| 

+ |j^A»:>«W + 


ilWm r, we tan timl gnidi tljiil 


j| fix, ajdarj 


ir/i....)i.|. 


< M for Xi > Xf, and 


for all a£ in a, <a (because the int^gmL h uniformly convergent). 
Now II cDotinumis ftincttou of two vnrkblM m uni/ormiff CHODtinuau£ 
and thereforE we can find d { > 0 ) sucli that j/(!r, «) —/(iff, Ib)! < i far *11 
a that satiflfy Ja — a^l < d^ wLete x is any number in a < 3 ^ 

[X, had up; beuig fbced and is indepeodent of a), 


Thiu I j /(*, «)dar -- J /(j:. 


< — a) + fur M a in 


|a a^l <4 the integral ia a oontiniiotia function of fi- 


Siiwc 




«m Jf _ 

j ^ « r«il¥Hngsia, Ujm givm LulcgnJ mniTPlDes imilbrmiy, by Abd'e 

in ttw rnt^rmil D < a < ; fur ja i FiondEH^reuiDg moikdftciEifl fm erwy 

tt in 0 < a < mnd m boimd^ bw b4 

Tbewfurp lim 1 (■-«* dx = *‘5-?dtx > Q {| 

*—►0 Ju ^ J u* * 

Miire gpiienillVi lim I when the inlc^l ua the 






r 
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APVANCEI) 


onnrcTeea. Thi* cjuniplv iyt thd luse of the iiontijiiiity ihenrepi rosecoN^s Abefe'a. 
Tbeor^m ob tho eonUnuity of pcm^er 

Jvote. If Ip * l/tt nJiil p ■ 0 bciou^ la ihe interrsl of anifonn of 

ihid tj-imsfornicd intcgiui we imy §ay timt a «■ go ^tdoogi t« the Interral of rniifmm 
GonvsTigBfice of the ofii^iDAl ink'^rUr 

/^peflW /nf^TTaJ^. I. finite /ntermfe- If/(if, at) ii^ a ^’uutiii- 
mm fimcdoii of Inith variables in Ai < a < gt|^ a < os < k, then 

I |p/{=f, jj /{*, 

aintie e&dli r^peate^l integral k equal to tho double integral 

JJ/{il?, «)rfx(fet 

ovw the reotaiigle detennined by the Intorvidw. 

The repeated integraJa litilJ uiat and i%tv equal when J{jr^ d) m cjou- 
tinuouf) iu the icet^gle except at a fluite u umber of pointa or along a 
finite nmnbttt of diiiplo l:^l^vee^ provided f(‘X, at) Ih &f?«ndef. 

II. Oj-te Interval hijitute. If (i) f(x^ k) is a matinuaUB fuiuotion of 
Lkoth variabtefl a itt Si x <^ai and for 


(ii) j^/(ac, ajdi \n noiformly eonvergent, in <« <(ii, 

Ibon I 'll /(*i = I II t* <<fi < <ai)- 

Given e, wa cian finil j: i, indepetirlent of n 8nch tliAt 11 /[Xf ^)ds | e 
far nil sti > x» ^ nod theiefore also 11 /(*■, ci)rfe | < e {xi, > x*)* 
Now I'!!*'/(*' = I IJ '/{*• 0*y 1 ahove)i land 

thecefore || '||°'/(®^‘ is leas thnn e(C| — ej huwovor Iwgc sr, 

may be. i.e. | ||^*^^** at)if«|di8 exists nod its modolna is less than 

I 'll /(*. I < «(<5» - «i}- 

“’^h ■ *’*‘}*i 

= j I 'll /(*» ii.)di^da. - I* |J'V(*. - <t)- 

The required reflult followj?. 

iSmmiitt, I dx is uiiiftirmly Bonvei^nfc m wiy intervAl of * hy the 

Jti ^ ^ 


Alwi 
ThuJi 


M-TeftL. 
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Dy oubloiir HitognLticiii its volao 

f” wii M 


lnt<9^ati[Tii fn^n Oki« l> ujl gtvfM 


1^, *(l + 


— *'*J (*•> 


(imiJiiiTly 


jkbi^ tto ^ ^ S e’'— 1) (n < OJ. The cftie ds < U of ccuim foUawi 
jc^l + *■] Si 


obviciujily from tlui cxiaa he > IK 
^^0^. Tho mult ^11 holdi whim 


J /(jCp <i)dx (3«wa to bo imifurmly cojiTer]gent 

In tbe iieigWwiiriuxMi of & Unitfl anmlwr of pfoiided th& ini^gml \b bouiKlipd 

(ijo, bcmwiledJy cmitfijri^t). 

III. BofA /wleniofa Ifffiniie. We bavo alioady detefiiiined conditionB 

under which 

This tcHulti in»y uomctiineH Ite axtemlftl to the case when a, —* cc. Thus 

1. If {i)/(*i. Cf) IB a continuous function of both VHTmbliis in Sj, < « < «i, 
(f < I < frf whefii a„ h may be as kege its we plcmw ; 

(ii) f tinifornJr converi^nt in #| < a < at,; 

Jet U( 

{ill) I /(*, U unifnrmly wujvcrgent in d <:«: ; 

Jui 

(IV) 1 lionwgiw uoifotinly for nil a > «! including 

a =± OD, then J || /{i, = I IJ /(^' CW- 

Cakulu*, m). * 

F&t j-l J /(*' 11 /{#, st)iiE|(f* 

=5 lim I aWisjtlx fusing (i), ii)) 

— I lim I ! '/(*■ (usiiig (iii), (iv)> = J 

2, (i) fix, 9t) > 0, 

(ii) £ /(^. “ £"{1 *' ^"fBver 

large. 

(iii) j^|£'/t®' { *{1 *“* bowaver 

large. 

Then (fi =)j jj /(», *)«iaj<ts = | 

cithfif i| or /g txiaveripw, Iffij/". Titcfimaniki Thfsprtj of Functimu, JnSS.) 






464 ADVAifCfiD C^VLCULUS 

Suppose thAt /| ejrUts. 

Sini» 


iniio f{x, «) > 0. thou T‘f{x, «H* < f /(jf. «>£x (imi (iliEKfote 

J till 

J ■|J”/(*i wrhicb otjuals ^jT(hy (iU}) » 

< i-e- < A. 

Thun /, exists sad is < Hunilady /* < /„ i.e. = /|V 

fAWijutu. (ij Lerb/(«^a} t> 

Kck/(^, a)> 0 for jf> 0, m> 0. 

IJonato A Iff-‘lit by Pip)-, blwu thn for r(p) is uaiforuiiy rtm- 

THTgpnt in 0 < /r, < /»< whcrrti nmy ho ■« Bindl ui wo \4bobb nod u 
!!■ w 

£ /tx. jfP” Itf-W dr ^ /'(pM- Ifl-- if a > O .Wi ^ > fl i 

Htkd inbi^linn with mpeet to a of tlus inti«nd ii (t^timklf iby unirnnn ccn^ 
if f > 0 Atid HhR fntw’Al &f « » 0 < ttj < «< 

SimilHly /(*, «)rf« . /'(J» + TfbM 0 <• n < X < 4. Thus the 

«WHi«w tilK (ill) nf Tbsortm i. Above, iixa Ktiiitlod by iiniiorni nouvinsuira for 
the interrali 0<d< «< iV ami 0<v,< *< «, mpocUToly. 


But U n|iiia to IXp)P{ 4) (jt, 7 > l!J 


Anri thirafofo 


iWi^} = Pip . 


•^U) 

1*1 w 




By wrilinjf ftif X .vo And ],**' '(* - - )f-(p, 9 > II). 

(B) «)-• (a> 0. b > 0). 


m 


-i: 


r“^ iinodriMa^ 


4x 


■ 


■infa + a)yg + jfln(a — ^}x 


— rfu 




' « flt whjm it is banndiyity 


thA being imi/qrmiy AonTn^Mii nwpt ni«diji ^ 

ccinvDTgGi^tk 

Jq eaiirtA ud id eq^^l tci J* ~ 




f* •**! «3r ~ ft MS arj ■ 


■ 0 unifenaly irhfln 


iiJI J3, Mid 
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thcirvlLPFn 

GODmgM, 




it uniJbrmlj^ oonTwigant ni&M 


amw 
3e(ji* + 




. r'^xtmax, fsiinM n . , 

j, - j. 1— - i^ifTFir ■ 


nany iKiw 


be mu. 

(i) MwJi C3f tlij;» dMcmlty of oxpmiuog in ultuplft ftvm tlbc (K^DcJitlonn 
uujdfir vMob tka invcnkm of a doabla limit {in^Tiiig Liit<e^Kbl-km) ii lemoiirHi w}»qi 
Lebffl^o Inlig^rmlB are tiiud. It nuy bo ibow^p Tor mrnmtfbt, tbfit 
{1} if ea)| < K {oomiiAot) in a< ;£< 6 full tbon 


tini P ftfotiT = [ lim S{r, 


{ii> if 4)[ < ^jjJ (dl Ikon 

lim J” 4^(ac; «>!* = lim 8i^, ajetr if J* rodvcf^- 


In pm-tlcnvlN- J*| p »» {J* 

M jkS (il) In ThDOttm 2, t.be ramlt wfU Lnld for ftny funrtitkii /{x, a) if oup of Urn 
mpeaiwi (dnably tiifljiii<t]i li afcaulutdy ^^mvergfrnr^ Feir t.bp imiiwciigpncei. 


And 


My, cif J [/(r, impllEe tht^ indtc^liuo ^ jj" 

ti:» 3)dk^4£T wbsfv Fi ^ Alt’- Lbiii pandii'c ruftoUuDB d^fnnliie:il liy 

F -f ■» l/J, F — U =/, Tho Lhoomti^ k liim jipplixsabJa tci F, G euuI ho liw 
irault ia tmo for P *) I* eomplei JHvd vfimX to « + iWi then tiw 

hIjpoIllLo Goovar^noo impluB abidjliiLe GouvaJ^npa for I ho fnnirtiTPiiB v, TIh 
IbGorpm m truD tLoa for h* a and tbmoforo for u + 

JLS6. Diffc/mtiation of Ii^ite Inti^rtds. If (i) /,(», h) m a contin- 
uoUB fuDiCtiou of «e is tti <« < and for all * > a, 

(ii) I fjx, in usiforoJy caovtngent in *t <1 < «i, 

(til) I /{x, ct)dx converges, then 

Denote j* /,(*, xjds by /'(«) and /(x, *>iaf by G(a). Then 

j'>(a)*t = £|/(X, c.) -fix, ej|<ir (tt, <ei <«,) 

becaitK of the unifonn convergience in the interval 

— 6^(0 — 6*(ei) since ff(*) converge*. 

Thn* ^ = F(tt) or f J* /(*, A)di/; — | /*(«, aVisf. 


d 

da.) 


in tiiU interval. 








r 


m 


AtJVANtm CALCULUS 


Thn <unvcir]gsi3ce n TiDifcrm fu 0 < 4 ^ i^inoe 


(at > a, > 0). 


—r^—i—= w pqunded 
I '^- a* 

ajid <-«=* dfic=r«(w» itMulily Id aani, Alw a ^ ffl bckmga ki tha fukTraJ af unifoim 

dcmTarig^fiw, 

Integration J 
03, tih&n 


a-^i* — i-a 
z 


aiiLZifi = arg tan Sj — are (in U)^ 


i; 


_imz 


a^“** —^ iiz = ff/'t — iiTO Uai!Ei > Of* 
OTIIlfy CCJnVtlTf 

ini 

«te ^ jit. 

z “ 


But Liifl int(^gm{ mi Lliu kft u muforiiify ccjnvtuf^t fat aj > II hy AhaVi Teet, 
'nitsrefbfd (pqlting ■» 0) 


r 


(iij Let /p => J 

Ttf u[it«>|tiiJ cannot oonvBf^ (aL thE lo^rer limitj if Jl < i>. Lpf. 

J » J E-^-*/^a;Pd:i; aiwl = J 

•f < I i£j) wlibh ninTin^^ Ifp > ^ ], nml tlm DoiivefgpsrycHj ij tiiiifnrni lor 

J n 

0< A if |f > ^ Ip limse J* 

Aiw e^*^‘' w!bciii A > Aq > l> and tlimttifts >/ jfa unjfwifdy oqfi- 

Tflrgrot in A>Ap>U for all p, ultiiK J -s cwirnTftigwi, Alii> idiv: 4 « 

fl—^-*L/fc» 3 PP < if li umfoftiily ffljn-FDtgfmt for A > 0, ulL ji. 

Jc = ccnTiirieAuni^^ for A> 0 imd tbo int^grftJ olftaincd 

by dilTeiontiAitiiig 'witli ruiupoG-t to A* i S uniftimily EHunv^eigfint fcir 

jt r“ 

^ ^ ^ Jo ^ > Of 

fl“iV-^r*d^ {y » J/z) 


A> A,>0. 
Tbfireforft 


-i; 
i: 


-1, w'- 


— Ce“®V* I but /* ODn^of^ imiTcfinily for A > 0, and Tiberef<Jf8 

C - - 1-/=* (CS«p(«r f 
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Alap /-Bji = *■{— 1)^ I and hi jmTticol^^ 

/*" <*-*''*) ■= + iva {A > oj- 


(ifj* **/^'rfr - -^-«*» (o> 0. h > 0). 


A ^ Dud wri&iijg m fiv ^ fluii 

r-- 

/4 J 

C^* (iii) FmlinnP* Let (ij 

whjtfti V, Up 

(ii) ^n) bd j:ianifiiuout (hU 4 > 0)^ and jsostert it d«fi7ati¥e ? 


A whm « ® atiMi #i) —► 


tt^n 


I 


r 


rf, = (j4 ^ J5J lqel((F> rt > 0), 


*' 1 

theftifur* lilfl integral la imif[ii>iiily 

ftcuiveni^iit for A > a, uid ii tinjJcjrmly wmfvrgmt ftir it > A > a. 




nr ^ 


Tliiu 

For trxumplfr. 


£ 


A 3^ 
4{bz) - +fr«^) 


d^> 


|[*fc j _ u L 


I -«-- 

I* (W) EvaluBlD I ^{#* **(1 + (« + - ■- + (i + 


sjjr)ldbf. 


TliP io&egral dCHivorgeft al x ea* it'd. j| > 0^ Npitr x » O* (‘kws ini^grand [a 
f}{l) aTvd tlio integraJ cflUTerg®- 

rntr^rnilson by pjtrta givcA J K wbw 


^ f t—tl + <» -4 «)el - e n i + <^ + 




(e ■“ — n ^ ^ + l>(6 + flffl" 


*j[iiE 


:lu«i + t -«■ 


Fur Mample, J |*—»— = 1—2 li;^ 2. 

Jl,07. Tannery's Theorem for Isitegrak. If (i) /(*, n) jf(*) imifornily' 
in any fixed interval of ar wheii «—► oo, 

{ii) |/(«. ft)] < M[x], aU ft (do ttiat al«o < Aff*)), 

(iii) M{z)(£e couveT{^, 

Jtt *"■’ 

(iv) lim jHn) = eo. 


thou !iui P"V(!t, — [ g[x)dr. {Brmtxnek, Injimie Series, § 174.) 

<t—►♦J* J* 










r 


45S 


ADVANCED CALCULUS 


Given jT^ iTc tan chotwe ar* jsa that f Af{F)iiE < e for all a, > u]<! 

Jnpri 

n <sun bn clickiinii Buffiicinntily large to eueuic thafc p(aj > 5f|,. En kbe 
iutervui ct < Dir < 3!^^ cap be ehofiea suffijciently lirgn to aasuie that !, 
[/{^j ■< ” fl) ftsr all ti ^ {ftnd mdependent of 

as in the interval). 

Therefore | (/— fl|dx Cr for all n > Bq. 

II f{Xt J|)«L:| <1 <« anr) j| 5 (j;>£e| <,t, BUoilarl^. 

II, ~ I ^ J ' + I + I 

3c 

lim riK"> ^ 

I /{*, »)J* = I j7(*)lfE* 

Axamjih. Pnivw^Lim ^ j^ ^ ifa {R<«) > > - J). 

ud therefeve (v; f inemoAcs from |q x h), wd Itnm 

**■== -1{“'0 -;)"} < i-. 0 < I - ^(i - ^)‘‘< 


This glvfl* 0 < fl' 




in any CLu^ intcfTJil of ar, mad tiiLfrcfijra 
an in^rvftl. 


■ ; bnt — tmidM itidfonnly ta EofDad n - 


^1 — iinifbmijj (ri if-' in luuh 

Again I) < |fl — where « R(i) < nC h}, and | t~ 'j* 

pQiriwge* if > “ 1+ 

Tlie cociditiotid of TBJuuvj’-'rt mis aat4BJ|«l aimL tLi? r^nlt 

Taanwy's ThKifBni, of width tbo abo^e M wj nnidej^, irfera tci 

(atuJ prtxliinuh (-fte/. SttriUw 

hifrgrirlion of SerieJi vffu^n fnfnile InlN^rabi urn innotmd. Thp 

result 

Jn 1 Ijfli 

which hn^ been proved under certain conditiom^ of tuiiform convergence 
and continuity may no longer be tFLie wben 

(i) there in an iniinify of or Z'tif^(De) within the interval a < zr 6j, 
(li) the intorvn) u infinite^ 

(iii) the &enea ecasafi to t^e nmfomdy eonvergient at one or racuw pointa. 


If. however, (i) j = r| «„{x)iLr for all c <b. 
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(ii) Hn(^} ^ 0 (aU at, nl, tbeu 

I “ -i'l M 

if cither ot fHcmvergeji. 

Suppoflc, for Gumple, that /i converges to the vnine S ^; then 

i*| Uh(^)^ ~ 3 ^ ^ Si fox all 0, 

Therefore ^iico > Dj ft anH has n value St <Z St* By 

flimiljir reasoning St < 5 j. Therefore Si 8 t. 

The case of the inBnite intcrrol h olitoined by putting i» for b (ox 
— 00 for a). 

When there u itiore thmi one point of dificootuniity within ao interval^ 
the interval may be Babdlyidetl bo as to bring the point of cii^contijiiiifcy 
to the end point of a Bub-intervah 








- +-+ 

2 * ^ 2 * ^ 


th? wrtlikL the] InUtikEt bwg 


iinirormly (.•onveifgniL for j*l < t umi m foe ihs iTktrTVitl (0, 1). ISdinw x 0 ih tlin 
only dia^tinnity within tiw tntarvsJ, hn.v^ 


DJid tberefurD 


r 

Ji. 2 -* 


X 


Bui tunny Mitid of Uw InlB^mnd is > 0 emd 


iheauTrjn], 


applying tho thiKifoeii Wo iiivt 
Puttibg ^ faf I WB nlit^ 

S 


f' H 
Jos' 




dx ■ 


1 


(- 8 , fttiy). 


(foam 


Bnt 


f* ‘^3 f‘ 

J«-r^*-J.--V--'^rJ5‘J. o+**+N'+--- 


Thu ^crioi fdtf ^ ^ ii imif{irm!y rouvefaeol^ for the intccTal of intogratinn 
pjid I tekmgs to itic intcfvid of the InteaxAi^d p^»w 














ADVANCED CALCULUS 


4«) 




I.Ci 




V' 

- liia U + 

2J + 3* ■ 

‘ V| 




<ir 1 K 

■JT"_ _ M 

St* 

a 2 — js 

“,rai" 



3-i 


iw* 


- .V 


(«i f‘^ 

Jo 1 — 


-*© 


i^miLAFlv i# oquftJ td 


nt r( 

-j: 

Uii 


1 Epjr X tit .: 


"in" ff' 


JViateJ. (i) Tlw tbeorem » lip^k^kbtD Uifi UUiol 2'ti^i;jtJ wbiia la Hert 

iwciui»iily > 0| proTv)^ one of f.lie /^p /j lit at^nLoly aunvier^^lit;^ Far 

M w„[j) = 11 , 1 ( 5 !) wljiiji «„{*) > 0 Mill *» 0 wbcLij w„(st) < ii ; ami lr( 

r,{ 3 P) = — K*( 4 !} whfln Unfic) < 0 Mid M 0 wfaBU «^(x) > !>. Tb™ tha csm- 

dittofjA of tliij ttwcmsm m intititl&J hy tbi> KiHim ami uid tlijraiidhrp ilii^ 

process id fiaJiii fOT — 2Vn(f)r l.t. fof 


Eicamplf, I lir (d mal). 

Je ^ - A 


^ ^ I ■“«"■-!- e“^ + , (sf > d > ftjp ihc FHTieft iiaifiynnty cmivi^iii;cal 

in thn uitofTB] oxospL at ;f = 0i 

But Bti 5 ! = Op IJiB giTsn iat^yrnru^ h Otl) niml [i Ihcrofotti caninn^ ^hirrc. 

^ - j io ihiit tlio idvcji intrf^^Jil h abeiilul^Sy of^n- 

Tdrgflnt+ Tli(^ Jutl!^pvilrLi.W tc^rxil-by-tern] he Ic^tiiitittn fcr O 

difi. fli j ■f'-f* a rt (t 


H 


it irtay Iw prthfBd by cionUiur inicgntlrjn tiiat 

i 




Etui wc thiu uhtiiJia tbc THrideAtlofi 


_JT 

- f 


I 


.T i| U 

:!+(+«* ' 4 + ' ■ ■ 

*'*■ I “ / ~ a f*"-i- jia,i* ' If 

(ii) Tlue' Lhjcorcm too-y oldu ht* ccLsmlt'^ Lc eciopEeic for^UoiiH if ikni^ of ihv 
integi^ /|, /| lA ikbeolat«iLy iroovcEgcot. 

(iii) If iV.fjc) coovcTKod nniformly in a < 5: < l> ami r,(3f) m i^ojiljauaiiB lu t bia 
iniefraJp tbcu tfinn-by-term integration ie Icgitimhlc for iLe Bcnes 


vhm id ecmLinaotta u^icapi at anis point (say x = t) provided J* la 

fvbftolutflly oonrergent. (i^/. BramaiffA^ Fw, givru tp wt 

ini 4 jr 

CMi find m, imJiipL^mlont. of * suck that <e ftfr nil p > 0, ami Ikei^orc 


m 


L>‘,(ir)dl 3 :| < fIl whrtc K 


= 1 : 
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NON CONVKRflENT SERIES 

’rhuB £ I lUntBugRi to h vhIm S, 

1 J IF 

AIkj (« ™ I .. fS -"ir* r < tK. 

J i I 1 J a 

'riMRiCoM J alBD oosTWHua to A 

11.6. Asymptotic Expansions. Comodcr the oonveigent integral 
^ ~ I ^ integnuid is 

,1 at 41 (S5»)t 

' - - ^ ^ • • • (- ^1 + 

" h " T+i* * 

no tbflt if X ia fijied^ |JE^ | —► €t> when n —► m; fot the ewea dbviqtiBjy 
duefl out cQiiverge. 

However, if n is fixed, jl^,| < f ^t, i.o. < whicb 

Je ***+* 

tcmlH to jwo «ii X—*- ®. 

The oTPor in taking the siun of the fim (n + 1) tmua of the series 

(noii-convergeat) as the value of the integral is lees than 

the next term (whii-'h tends to *eto as ^ toj, A doee approximatiob 
to the value of the integral h therefore obtained when a is large. 

r» I 24 

+ ^ = 0 ‘U 9824 approximately^ 


AIad 




VoT ejcample | 


Jd ] + P 10 

this errur beiiig Je^ timn U' 000072 . 

Such nn taxpandoD colled A^ymptoUc, 

l]£l, IMJmManof Asifmptf^ E^pmman^ AeerieaX^ ia eaid to be 

an asymptotic expansion (whether convorgent or not) of a fimctiaD f(^) 
/ 1 \ 

a F(x) “ £ j = c>f 1 






r 


«2 ADVANCED CALCULUS 


U.6S, A^diticm. of Asympiiitic ^xpaiuiuns. If F(ifJ 
(?{i) then F£i) + G(*) for 

JPW + 9W - . (fm - ^) + (o(.) - - o(^), 

11.63. MuUipUcaiiott of Ait^ptotic Expaniwnit. If 


0(,)^£^tlienF(*)G(3!) 

{$+*-}{#! 


+ *^A-t + - ’ - + 


x" 


+*iA*-1 4* ■ ■ - + <*K(6i) 


+ 


i^) 


wlieD 



11.64. SiAtHiitUioi* of we AfymjAotic Expansion w another. If 
y = F(w}, tbcD = X, + fltjy -{- «,j* + , . . id tin tmymtttatic exponjuon 

if W(y) — } = 0(j"'*' *). If it IB required to fold ii(JP£j!;)) u an 

. ® . . . r . ^ 

Asymptotic o^qwuiion io negative fKiwers of it is tlieneforc neco8- 

saiy that JP{a!) ^ould be of the form — + ^ ^ * ► Suhstitoto for j 

a# 

in and let tbo sari® obtained hy teamiiigmg in powers of 
i bo wliem ^Hnr pi — siflit * * *i thou 

{Mr+-••+?)'-'$}=°(i^i> 

” (■^)+ 

4 {F) ~. 2 vP" 

The TCorraDged Hcti® is therefore the asymptotic exxNtnsuf>Ti of 
If, however, F(i) o* 4- — + ^ + - . . £a* ^0), Ffo?) —> Cj ns 


rince 

Also 

since 









NON-CONVERGENT SERIES m 

X —*- to and seriu) for powers of if mfrely aitymptotic 

(i.e* not couvefgeiit), wiil not pve a comst^ resiilt. 

m 

Suppow tlieu tlmt ban a finite mdiiu of convergeoca J!; then 

F{x) = a, "{- iPi{*) may be substituted for jf in £ 0 ^^' and learranged in 

0 

txJWETH of > 1 , provided J<i,| <.B~c <E (aince Jfifa:)-► 0as a:^ 00 ). 

We thus r^btiun ^f(a)) ^ -f 1 + (iaF »* “H • * where the seriee 
i« now uouvcrgcot and f Jai(]ge. f ,{x) \s expreffirble os aa wyiuptatic 
series and Its first term is Theretbie in this case, ^(F(z» is also 

ohtaibcd by reamaging in powers of l/x, 

11.65. Diiiitwn by nt» Aiymjitotic £xp»nififm. Suppose that 

F(r) ^ o, -f i ^ where a, 0. TJien 

tltt 

wifeie O^st) the series being convergent since <?(») “>0afl x-*- to. 

The constant term in 0(x) is zero and thenfore the above series can 
Iki rearranged id pownca of l/x to give the saymptotic eEpan^on of 
(ri'’{x). 

By applying the rule for multiplication, wo dednce that Il[x)/F{x) can 
be aiiuili^y expanded, when ll{x)t F{x) are expanded in asymptotie seiiea 
sQfl tlie consist term of ih not zero. 


11.66, Inifgtaliotnf AtytnptotkiExpanaims. Lctf{x}> 





» rt \ 

{thvf terms a*. Hi h^ing Theu >"( 1 ) = whertf 

|X^j < £ for aU Isrgs 


L«. 




+ 


(Jl ™ 1)35"* 


+ 


jE i 

whore [A, I <—^Le, the a&ymptoiir ejcpQruuQii of J F^^jdx is obtained 
by term^by-tezm mtegratbn. 

Aa asymptotio Bori^ osnisot howevei: be diff^rmtieU^d term by-tenn 
to give a coireet resiilt without further invMtigaUou. 


(1) 




{7 ml imtl poifii\*v). 


^ " I i-m ^ I ] “ ^ fn-i-a snd tbo iiitx^graJH 




tuaver^Dt. 






4&4 


ADVANCBD CALCULUS 


whtire 


TLu« 


TbErttort ^-*‘41 ,.. + (- ir--— 

*^ + A' 

j Jf I = y I j ei* s 

Alw uMitig LbA wmiU e“^ dt — i V^* ii ™ idb^ writ* 

Jc^ 

- •- "i+* ‘ ■)• 

r^ Bif] w- 

(Kl) I — (4 B pdtaitiva iiilt^f), 

J mat ^ 

f * Jiifi 9 

If * I "^T^ ^ oljlain by biUf^Uiig tiWkni lliui 

J Ktt 

[" Jr 

-^ifi ■* w(ifi -i- J)/ift+ji+ 


|/J < 






(twir 


llgiing |*M Jj| < 1), 


Thufl 


Aiiio 


f -h % 4- ■ - * + Upt + W whpft- 

Jwn * 

(im)l 






r iJul /r - r - 1)» I »{2illH + t). 


2((a«+^ 

l"l ^ f'^jib^VA 


1 • 


tfctiy jliikrtiralAr term bmog Imu thiui twiee ibfi «upewding Usrm. 


For fluinpd* 


i; 


r 


elar e [i^MTevt to 1^ deetni^lft) ibo tb^t 


’ lin tr r*” #111 a 

— ir = Jjit We bud I —“(iit »* 

* J 0 ^ 

(i) tf A fuEwtioii C?l*) i» 4»pre^h|i] Cn tb* ftjfm whatn 

Ffjc) ^ a, + V* + -f • - ■ 


then + V* + it^'x" . . faj nukj be oflJled im a^ympiutic ^ponomn nf 

(11) The th/QKxy ititnaina tbo nine wIwd the vadiftblo U complfix jmd ^dd (o 
Lofi^ty in 4 gWen directSidiL. It ehcHild bfl noted, hwevwt that 4 qcci-pimTBrgeQt 
BorlCfl nnnot nproMIlt the fADie ftiutytio fimQtioii of < aeyinplotiQiblly for 

eU dlTHt^Klfi. 
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(ill) tf /{a) poMMW- dwfntiTBii Ilf ■!! od&t x » Q* thm Alnolninln'f 

'.nnjortm (with a remi.iii4jBrj ahnwa ihmi 

Am) -/(O) + + ... + f8*)} 7 

wLi^ 0 < O' < uid tbjgri^ron for & fixed n 

/(*) =/(0) + V'OJ +.. * + + «{*•+'> 

Tf ■ 


/I \ /'(OJ /'■'(O) 

and it fdJivwfl ifcittt m iftoyinpicitk cixponfliQn ^/tO) + ’=-^— + 21 ^“ + - * * 

Ibr I lai^e. (iirjr™i5iTM, BrJttri | 


E^mplr, Let /(scj ■■ J + jlH“idjC (x> it). 'JTin iategnl for/(*) 

nnd aIkp nil th»M oblaiiHMl by rJifTctvntiaUtifi with mpecL to X are imifoTmly con- 
Tpq^pnt for nil ^ 0^. Wp tbmkiiti obtain/(fl) ^ J ^ ^ + 

Mti /£«M 0 ) “ + I) SJW- ^ 

p'Xi 


Th«rrfr«/Q) - 


L + 


1» J*3* I l'3».s* J 
4i;"'' 4.6 * a* 4.8.12 V 


# ■ 


1I.G7, Hfm-CoHvergeittSeriet. Definitions by vadoua WTiten (sucli as 
HvitVt Bifrti, Viitarrt. Rieat) have been given of the * suin' of q non- 
ri convergent fienefi. To be nsefoj eucb defiiutianB muat be cobBiEtetit, Le. 

maat be applicable to convergent series and give the actual sum. As an 
iUvutmtion we shall consider briefly the O^io metbod. 

^ 1T,€S, Serie* BummMe (C J). If S„ = B| + at + , , , -fordoes not 

converge but the sequence- ^ converges to a Hmit 

ft 

then the infinite series is said to be summable (C? 0 t® 

^ For conaiflteney it must be shown thnt if —► jS, then 

- (Si + S, + , . . 

must also tend to B. 

Denote {f, — S by ct„ then ^ 0, 

ft - V .n “I” -■ *■ “ “h 

Considct —-, 

fi 

Given wo can find m snot that \c^\ < f for all r > fti* 

Taking n > we have 

„ _ gj + tfi + ■ . ■ + ga - J , ®iii + *^ 4-1 + - ■ - + flu 


ft 










ADVANCED CAliCUDUS 
Keepinj; w fixed {fm tiw nuoment), the tBrm 


« 


1^ 


J't- I fli 


dince n 


>m-L AJ* h±^*±J.^L2m^ 


where k a 


thp ufiper bound of (^l r)j. aod n caii he chos&n stuSici^ntly IflTg? to 

eoaarc tlmt —-—k <Z £, Thus IB can bo oho^ii and then ». au that 
Is ^ 

\0^\ < & for siU n > Therofoco (t f) 


IaO. 


-i- ^ f -ir -I- ^■ 

n 


A'hAm. (I) Uamfii liiu ahtnm t]iii.t if^n, ia HutQie*b1e{<71), Uun ii eeavd^l 


if - 0(1,»), (Pr«:* L.M.8. 3, Fill, 


(Ii) A lariee is wjd lo tw ((7^ to Oki Titlue if 


▼bm 


lim r)/4{M, r}—t-Ji 

r) ■= % + wk-i + ''*^ 0 ^ 1 , * + •.., 

A(ik rj . PKT-JC,, 

Kxemjjle*. (i) If *, = 1 - 1 + I - J . , . + 1)»-1, = 4(1 ^ If j, 
■*l + ** + •*.+*»” Il» (w o™d}, 4(n + 1) (e add), Hiid tluvnfnKi tlici ««riu 
£ — T ^ 1 — 1 d* 1 - - ^ iA Hummablfi || to Jk 


I — CAB 

(p) sin U ma 30 + k e » + iiu [Sit — 1)& = ain 0 Iwui} iind 


fare tbo scriei £■ cHaUlnUaryk 


■ 


I " 

to l otKficid. 


ODH [ft + 1)11 till Nil? 

—^ tJaowirjfu iho sHrifft h ntimmiLhln [tfl) 


Examples XE 

1 - If iktrt “ “bci* -2^*. * *i where 6, »\ ' 
* ] 1 * w(* 4- » 


} Op mU ftp thaw th^l E’tdi, el, - < tSu^^, wbHR iSf,, ii CtOOVHl^Ilt 

w s ^ II 

(sod ure nut .uli iwo). 

0t]l4miinzi wbi^tihef tin Lufitiito twiM wlioasi ^oonJ terioi jiie gi veii in 
J-Jd auta cunTofgptit or nM. 

^■ , , ‘ .v- ,..-.N.„.r> 

(1 +-3 + ^ - - 


b.1 


7. 


f H ft « ™ I - 


lag n 


9. (kg ft) "I*** 

1 


ft'^ - I 

10. {kigftj hwl« " 


1U 


13. s'- » i - - {fl> D) 


13. 


(ftb* 


(Sgft + %)l 
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14, 




+ a) (Sn + 1)! 
lil . , . {8n + 4)' "J 

a<K + 1> , , . (tt + w)^ + 1) ■ 




+ IJ * . . (1^ + + 1) . . . (S + ») 


ii. Bhnw tlut if (fl sonTBrgent (n, > D]i, ■> iJk> ii £ ud tlwt 

tliD ixiovmw j4 trae if n„ 1 a nioiiotoiiic< 

f>i«nw the conTCTgenoe of tlie Hiriei vhot« Mucral tenju an gimu in A^wn^ijAt 
17-SO. 

L4J , , , {3b -f 1) {2n + 1)I«” 


1 ?, 


IB. 


Ifl, 


i.7J3 , , . {ijpi + I)i’2:j| . . , (9w + 3J|»1 

«(« + 1) » - . (« + 1) ■ , , + 

+ 1) . , , Jl* + i*)5{f + ij , , , (j + hj 
+ ajIPHi* + 4)ip,ai«a» 


(2b + 1 }](** +B)! I* 

■ tftH + ijiKfti + ijitj* 

Pram tlia rwulta gtyw in Kmmptei Sl-7, 

2n* 


21, Lim 


Si + »• 


: + - 


22 . 


a^p 


24. 


2* + »* 


+ . a . -h lug 




im] 

, n L »! J 


4 
' 4 


2S. Urn 




‘ ^ i_ 

;.>t7 P*+b) ^ v(»* + 2 b) 


f(4** - IXlfiB*11 “ 12^^ 

«, 1 7 10 

, _ _ 1 iio g 

■ XMin* - IHlflfl* - 1} 3 S ^ 

jW* If iha iwaltJve ftwotion/(jTt y) hjui m lawar Jiiiut p(£) ood an uprpBfr limit 
) when y —I £ 4! niiii x Ttaitm ffom 0 to f, anjd if ft(£) toiid to 

lSp^^J AH f —oSp ihi-^w tiwt the ifoTjblis isantM %} ctxkv^xm If th* btegml 

(NJtiViJjrgifti J tfUt tilfl aertaa dit^orgoH if thn intisgml py(f>f di di?QrBaj. 
fv^rti^iiKWwA.) 

KiiUihlvih thn c(itiv«i^tin«« at divBTgiBws of thn bstlch in E^ampltt 29-31. 
2^, "■ 3ft. IlE(m' + 

^(iB* + tm + 

I 

32, If JSli, y) - and Hk) => Gra {mt^ ah™ th^t tht dimbla 

pdiwav »t?frte* Ia ttbdolntdy sEHiFengF^^i within tha ingkini bnutidHl by 
ljflA<jy|/|jf|j = 1. 

H > (rn^ 4- nU 

' ii ilwIqtBiy 

« min] ^ 

fur 1^] + 1^1 < 1 tbp ffum (S — sr — yj“^ 


4'tl 

cAuTisrgHnt 





















r 


m 


advjU^ced calculus 


Id d.bwlttldy 


Khow tbmt Uw djcmLb 

oa 1 ntlnE . 

for |z|l iy|l <1 miillhntitisitiiEiiBf] — 2# — 2^ + x* — + (Dtmiea.) 

M. ■; • * * ' i..^....^.. 

Inol ilui 1(- 1, .notoidj 

pbauM ttwi ron?ai^tnM» of tho w^hr«« j$anm( tefniH ore j^ivou it Kmmjtifrj 

JS— 




f- ijf 

\Dgn 

1 


47, 


I 


ni\ 11^*) 

(n"2-" 40, f 

, *<15 + I) , - . (st + Hj 


M. iJ-n- 


* 1 . 


^ J) , . . (j-+ i»J 

j I * ■ » (2n- 3].2.S.9 * - -* (3n — 4] 

f"'- ijii-iaa .. .“[flit iT) 

1 t — 1 <■ i “*+ * * * (= logZj » dwoiljlnl lido u» BOtiH 

wiuiD O groap of tiTiiu of ono sign oontttitui twjoe u tnoi^ menitm « tbe prerkius 
l^p^of tho oppmtto ligii. Shaw thol ths nuti mcOlota lx>t.v«ua | logS ond 

Dotonniiiii the limit* of tfao fiMictlwa giTim in fimn/V#* 4S-S9 whim m Kwht. to 
CD uq. 0^ Biui obtiftlD tbc jotorviJi rif pniiorin 

4 -f tKf ^ r-f 

1 


4^. 


1 -f W 


40. 




49. 


ditl - m 

w ik 


K«r ihB fDOk-^tioti* girpn in 57-4, find ihn valum tjf 


SO, tan-lfms) 


itjifi: wkI j" 


Dii 

04-A2. 


Iini J /(^, itjifi: uid 

w»x X 

I -f I 4- hV 


tiiti /(af, ii)«& ftf > 0), 


ihi uemfn; 54. jwm -w* 
rntmote thfl unlfom noiiTvtrginfloa irith raipoct te z of tin mim giTwi b Stampifj 


1 *r 


56, 


4 

57, 


£ tmnz 


^ T^~V M - 

1 It' 4- JtV* 

«» w —U 

bi. r*-- 
1 


59. 

□ 


E ttir 


50. 

0 


63, J?/_ jjji-i-- 

1, * nP 


63. Sbenr tbat lim » 

j lafl 4-a?-| 


iioga. 















EXAMl’LES XI 


4€9 


M. tiHfVD libat ^ + • • ■ (1*1 < 1) w*d drfsjco 


V(l-s^) 

tlmt, ji) (mntain *)» = i (2^)“ (|*| < ^V 

(“) g - * + 0 a + B. 103 ‘*’ ' ■ ■ 

(lii) p =1 + 0 + oJq + 0 . 10.14 + - • * 

Ph>Tv> PMulu m ExamjjU* ^S^T2. 

r ,r* fH 

~ ) ” + 2,4i* ■ » 


0 

■i;‘ 


lc^(l + - 


12 


67 


6fl. Tr 


SaocHix -|- fli*)dtr ■= (|ii| < Ijis 22i \o^ |^| (jn] > 1) 


g («Jl + 1)^0W + 2) * . a {ftfl + m H- 

69. 1 - + iH7^) 1 ^ I -I- 

23; mi« tan X 4 1(^1 4 




to — ^ 4 Ifio S 


70, 


1 + *» 


2{ier,^ — 1 . . .5 (!*J < in. where $t - Tfl/sJ 

71 , Kitfis Un a:)k)(!tl + **] - tP + i)e* - H» + * + * + i)s*+ ■ - -(|*J IJ 
73 . i,logS-Kl+*>_J,(H. J + | + i) + ... , „ 

rHimuM Lfa« i! 4 mvnt|g)iuice of the iIlfil]Jb^ protluol* girDn In £»Mn|X«f 7 ^,w. 


73, 


77, /7 coih ' 7fl. /ff 1 + (- 1)** wnh ’) 

il a I ' 


n s 

76 . a mm - 

] i 2 

91. Show that if ^ ^ | = ^ My, 


1 

ft/l 


" -* bbe mrim 
r 1 


in* jifip 4iTcii:gc9ib biiE iho iiroduot /7(l + n^i io i:cnTi?Tg?)fnt, 
I t 


S3. JfWfc j + + 


* fl* - 6 fl* — Sad + 6 , 

- ^ - t9i- -► 


Lhb wrifit £jrgp tiivci^ if ft < j. ^tal tlu& product /l[l H- manvm^m ff 
tf > 1/4* 

S3. Frovu tlwi 77(7 + = 4 if |zt < J. 

g 1 r 

tVovfr the Mbltd ipTcn in Si^7. 

«4- - K* - (ft > ^); - ie (ft < #} i i n - 39) (ft " ! 

1 n 

(U <fl, f <flf 


















r 


m 


ADVANCED CALCULUS 


V nnl ftfl 

85. £{- 1)*-J —— - 0. (0 < fl < JnK {0 =■ a). (Jw < 0 < Sbl); *B. 
= In}! iw. (}a < fl < n)J — i». (a <# < i.i>. 

fi 7 « p« + *») _ jiifi + ar + 41J _ -I- 

1 " 

BccoEdln^ H ^ or ^ ^ whena P < 0* ^ 

&H- If/(J3 = mttti a {* f# » pdijil on ihn cin:iie |zj =. r < /if wlitro H 

ia tbp radiui of nnnTpri^tidei of thf- power Berlin 


r 


r*r 


ttiU r/jjl =* _-ir«R(flt,ll i 1 R5/(i)^£i ^ amd 

Jo 

R{/ie)}ii6 = 2 und dirdi^Qe t\mt 

I 


ft) |m/ft))trtP(« >0) 

fti) MM(4JUki 11^=)), 0) - Sa(/|H)1 

84. lf/(«) !■ AiuilytiD on hnd within the oittle [i| < R, ihow tliiiL for k point 
(» «*) withiR thn dfcta 


- 2^1^ ij, _ + ft Rt/ftS>^ 


wbem &(»• IB ^ point Od. iSuO C'iFole j*! « 

Obtain Llio 1,pAgniiigiBii Ei|M&tiAioti0 |pv«n in 

«., if - 1 + -M., , - . + 4 - »V 4 , . 




4*1* 

41. If Iuk: - tl( *‘=‘+f+2r+-«- + •- * ^ 

8 0.10 lS.n.U 

93. If zfH- z)» = (; * , f - -^* + --<*-- ft + . 

43. If «" - (! «*=!+(- * !■ + ®V» . . . {|lj < l/a«| 


(l»! c 3* 4*) 


44. Ifztl - z3 - f; (1 . zr ^ . - nr + . . . 

4s. If ^=iv < I + -); » = < + ^' + i (“ +!■(-11" -I' ^ 2 ; V ■ 7^-^" 
(l*i <«1 

(thttUn llt« ^xpuuiaiiii givnn in EtampltJi ffd-JOJ. 

/I S & \ 

46. «»! =. - a^i rfi ^- - 4,. ‘ * ’} 

1 „/ _l_ (_ \ 

= a j. „i .« 7 4 j,i + ii 4 . ft,» ■ ■ V 


97* ocHeolj; 
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98i Kcbx — ii%\ 




* .W 


' + -fa* ftn* + 4i* ^ 2Sn* + 42* ■ * ') 

"19. BJtli r = i + a*('r^ + jt ^ + . - .) 

too. JPOCH.’H ■ 1 &*£•- - ^ , 

— ft* 

10J. Nbow thal tcHK A 

INkum Lhfl cfHiTflr^nco ijf tb* ^rnm ib KmfnfieA ^00^2^. 


I US 


107 


109 


r)i 4di 
Viji + x^) 


r 


I log *}</* 




*1<1 

f" xtfe 
'***• (iii«j!>i7ifS' + a») 


•3. >rH 

•r 

JpilinxJVfi * 

'**' lis 

f" j?* qiM fa tto r'joHtl—f' itlOB Jiite 

■ Jo i + sff' Jo Va - X) J 0 (1+*1* 


108, [ 

Jl> 

j it 

112. I ^ 




113, 

116 

118. 

120. 

122. 

123. 


■ J„ 


^tdnyx 


dr 


Li7. ™3— 

Jo 


’hhx)dx 


Bm(x^)iiz 

11,. 

Jo ^ 

i»>-1 

r^tDoahoi 

doiix 


°**+*» 

, i + x* 

f * ^ ^ 

Jo ~mmhx 


f*" tUcLZ^^idx 

m. i«. r 


. r ii* 

12*- 

J 1 + *• fin*! 


138. + *1^ 

(39. (f/(x) a l»CKloi«lii: diimOMitig and tniil. to .etc wluili X UwU to iofintlj 


“I 


oiui if I /(r)dr prova ilutt Uiu » iX tbut 


LUiivcqjOi AO aJk» i1no» Ij 


r 


if j /(a)d* 























r 


*72 ADV.4NCED CALCULUS 

130^ lff{xi £i an fanctlofi of x mhm 




if both oonTtri^ 

PlWff UU3 TWUlU IpTffi] in 131 ^. 




Lin4I: 


jqE(2H)l 


132. f Eog(ixjB"a)^^4lx = ^ jilthgSS 
Jo ^ 


133. If /(x) ii mu (Wusi frniotfcpQ <rf x, sfanw tlut 


f ■ ciX f jTi: 


if tbs int«gnli coarntga. 

PkOTB rho reiuitd giwn m Exatrijiies 134 - 47 , 


‘■i, 


134. I «-n 


tsa. (kiR(ooi*9!))0iief>intx}}^-SntSlagS-I) 

Jo * 

136. Ing{t + ^)idE* .. 137. | = „ jng i 


138 

134 

J4D 

lit 

143 




-f 

' J. i 


d!x « 4ii Id^ ^ 


uxtonbaitin^ 


dx » |.^ (n > b -|- fi) t 


i7i(2*c + 2w + 2 bA — — fr' ^ C») (fl < 6 + a), (« > 6 > o > <}) 

linojiiinx, 

—= C0<; ac IJ; J4n{q>]) 


•r 

I iin ox Bin* J 

Ju 1^ 

siiiAxain*^ . . n 

dx= ^ {9 -o') (a< d< l)i 1te« + 27n - 3) 


^df -= |mi{ 4 - a) (0 <£ 0 < 3) r (0 > 2) 


r' 


**-24 


"3 '“• r 

-“<'-r-+ii-p+--0 


i«. I 


‘fj 


^(1 --») 


. 43 . f 

Jol +* 


ia" 


146. + 


147 , 


44 

f ^ a* - I _ „ 
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I4{t« By MoouB Elf th« 4bu)B6 of ^utimblD X s> I IS ^v'iitbibit TA > 0], 


prove ibat 


(t) r /(»- + AVsi^J* - I /fl* + 2A>« 
Jo Jo 

I, (** - S)/ (**+“ £ 'vt'*+ 


if the mtegrmli hjh ounimsAttt- 

149* IMiicie feom ^aafltirfi! that (A > OJ 


nu 


e-'"-*VT‘4£i, = * (iJ) J 

[iiU j ^ 

150. SlMJfw ihftt \ I riot?:" — flc*)ifi m omformly «o¥iT«fg;ttnt for iny finita 
Jo 


iaiemki of s. 

RtOro the rMolte giTOn in ^joamjafei 


r** 1 

- I ^-F *(a + A)} ~ t fc(l + *<i + j!)}>fc - ^ a) .-t- A Ju «2 

‘ I))'' 

153. J*" + (b — i}*} — •“^'TdSi — i — a — f*« 5 > OJ 


151 

(». ft > 0) 


«* - 4») - 'fl + (t -- a)* T](ix t)l4 « + I - * 

(x > 0) 

“ 14 . J ^ ((ti - + {it - fctlt-e'Jii* 

= (*i — +f*i - +(*>1 — («. 5* 0 > OJ 

155. + »> + A^xi + r + tx) + 

+ e “(Cfl ^ fitj + C,i)|d* ^ - M - Bb-Oe- k)g(a^A*ie^‘0 
wiwf# A fc- ^ + €f =■ i4| + i(| + fJj — 0 (itt fr, 0 > 0) 

155. ^((6 — t)e "+(0 —«>!! ■*'+{a ii>*-f*idx » 

(«, « > 0) 

r" I 

l-S?* J ‘ tf +■ = U- (a, 6, c > U> 

***■ Jo *" ~ * ^ ^ 

• 59* ^ 1(5 — c)«- “ + (« ~ + (a - 6j»-«*Tdb( 

« — cfiog w + |t(e — a)l43g t + c(a — ^fejlijgii (Op b, f > OJ 

100. ^ fa-M ^ lis M 4 lo§ a -[■ 6 log 0 — (o + ^ ^ j 

ioy b>0} 





r 
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r i “ *adnli^ iiwr 

l*'- - ^ " iJogfU +a)'M fjaf < 

f* I 

162 , J ^ ^ + atj + i,) I 1 

- «- **fl + Kfr + Aj) + + «^ + 

= i(&» - «*) + fcil6 - (I) + t, log j (a. A > Of 

f* I 

t«. + ««- &)* 4- Kb - 6)*^*} -1 

* ft* - n^a — 3 A> + 14 ,* log^ fa, h > 0 ) 

f* 1 

IM. ^ fo *t2r' + fti:+ »)-8« I*)*:-4 log 3 

f ” 1 

165* J — [t 0(2 - *•) - + 4* 4- 3ji*))ebe = 0 

/a-o _ ^-frf a — if ^-**4 -A 

J, 1- ^ ^ i I - 

K 6 > OJ 

I r ni 

167* If JJEJ —- eui(f iki prni-e that * 1 /JaiJiin a -U eqmt to 

^ J 0 J & ^ 

|.T ^ 0 < I < 1 qaid aqusd to wu iln (1/C) If O ip 

1If /^(fj J r c^(r _ f Hia jmiTG th^t f - /|(^Jiin x clx b BquuJ 
to j (I - v'tl - J*J1 If 0 < (< t and ftiMi to l/( if r > 1. 


EttaLliflh U» asrymptcUci uxjUiOfloiifl in I&9-7S. 


n 

l S! 3J \ 

ibt*. ( '-‘-'l; 

I* ‘ * V 

i7fl r 

r ] 1 . 3 ^ i.apGi.T.9 

J, V( v* 

lai ” f2x)* + (to)* ■ * 


^^(1 - 
v*v 


1.3 j.aj5.7 

f2„i+ 


•••} 


tTl 

aisidf 

tiMX\ 

fl 

t7J * 

Jo Vt 


1 (2*i* 



e’^ , 

1 i.3 

172. 

loV'*'" 


2a + i^* 

173* 

r e-tji 

Jn + 

^4- 


12*1^ 


■*■ Isx far)* (a*i» * ‘ ■; 


l,34t.7 V 

+ S*a* • ■ ■/ 

Ftod Uw miQ of thie hvuh giren io Example* 174-li, shewing that Uusy tn 
eununablo (Cl). 

174* l + 040-(,._1-0 — 1+0 + 0 + ., , + [i + J+ 0 + 0 + ... 

+ 0—1+0+11.,,, wliQK + I ia fatlnwed by p aonio and — 1 ly g son*. 
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Mulibni 

u 


+ 




" +1 


-* wbflTB 


i, (tf, B, ,,. n,)V- =^—~([ij 3Wi... iSmTHfitB Ji < e6„ 


(l + <*tr 

J. /> 4. t) 

7. 

I0.i»(«.>i) 


i l^p n). 


€ 


(«- 


11, /i 


1^^ D except wlion ri ^ t 


13. O iit^/v^-\. 1 —> 4) 14. D IS- C wbeo y 4-^ > Ip 

16. 2(0, a«4i)i< a, + fl«.|-T i Sfi + i < fl*l-HIl^ sf flm-i < 

I?. -C? when f* 

IS. C when * 


25. TiJte 


< 3/3. 

< 1 s X « 1, p -h 5 — a ^ > 11 

— lpp+f-4-^>0 

19. C when |x| < S, 20- O wjicfn |;e| < 4. 

21, AW - + o(rTw) “• - 3* 

J.1. Un fjunn^ife SS, 

Z4, line Tanntry'B Thearein/or StriB*. htfituiit Stwiea, 

f " dx ^ 

J iVf"* + "»J 

It,, i- - - is„ + J«„ - ,'A + iV +1 j^ai-+ ij - psVi)f '* 

22. i . - M. + a. + A + j + .ii/, 

2S. BrimrirtiA^ 29. C 30. lE? (p> ]) ; B LI 

31. G(2> 1) 

33. Lemaint, BuU. HeL i/tilft.. im. m 

33. Uu tBfft af 

34. l^Mk Emntplt ^ I for iLlir elitn, icXpftrirtJ | L — 24: H(- in paw^ri of h, 

whoTO fi ^ 4 : ^ s = {4 — ^)f and dh LaSbnii'a ThEorEni for t.Lie *iiii dnrivi- 

yvf! Of fx- tf(s + iP- 

36. <7 

.3?. Abu. nnd unlf. C the iotervaia < 0 < ^ < 0 < «. < c-< 

3». <? 39.6^ 40. a 

41. U wbtn tf ■■ trur. 42. V witem a < p, 43* D 

44. If Tf Ift tbs iutti of F tjornae, — |^hi*« cherts 

irt • 2*" • i ^ 1, % - *(3>-+a ^ 1>. rti, ic. |f2*ft - I) i J, = i^V ” 

whoftj 2» - I iwifl - 1 + J + J + , 4 p -b ^ f Jin T„ > ^r> whnSl 
m> r> m\ Tim 

45. 0 fj! =. OJI 1 (:r > 0)! imlL (7 an 0 < f < jp* 

46. 0 > 0) I noifn (? fw 0 C ■ < x 

47. l}| d 3 f* =* III [UiiL C7 ill W intWTikl IkM ocMrtaimjig j «* 1. 











4T6 


ADVANCED OAU^ULDS 


4S. U { unif. ill U < Jfi- 

49. 0 (3? «i: 0); 0 0) i; rtnif U tor D < i < X. 

50. 0(3: = «) I UBif. 0for 0 <#< I. 

51. Op ^ 5:2. 0. 0 1, 0 54. |. 0 

55. Jf>t+*:>1 S^, "l+JB<3r 

57. Anv intorvjkl thiit mTr- 5S. Anj Anite intwnd of 

59. Whon [e| < 1, ttlE 3L M. 1*1 < 1 - i < I 

0 <f < x» ^1 jrt £ 0 < ji > E 53^. 0 < e < *^ ftit pt i>< *1 p> ii 

04. tf^ liu'Ji (1 — — ay = = jl - js*)'*. 

X* 00 a* it* OtJBf* 0 

65^ j - —^- p. 

Ot, Ixili^gnLki the poww Mries for * bgtl H- arju 

07. loUtf^mle Lhu for lo^l — 2« 0« * + in powers of b, wbon |ft[ < 1; 
wbiau |a| > ^ ^/<i- 

08. Xaic* llao pcrwor seriM for {1 — ^}~K when J*| < l^. [l| < I i intc^^tci 
uxul usii Abel's Thetiitim for X -■ L or — 1. 

09, TjSq ptevioiii cXAfflpla w\ih m « 5, ^ 3. 

73. U wbiHi iH » 1 ia kuni&r *ero (a 74^ f) sxespt whim a — 

75. C All finite jf. 70. €? wU t 77. O aIE 75. G x. 

79 . C (|x| > Ih m 4 < IJ V whan * = ± l- 

55. Take tin* ^ f aili nO — | eiu 

58. Sm Ti^cAnuxrskf TlE«0rv 

59. ffMiTiiafi C&ur^ d^Analf^, III, 693. 103- C iiitl «- i04. ■C*a>| 

105. <7* X > — Ip y > - 1 and fl) 0 or (ii) ji - 0^ ^ + I 

100. C7 tDirijuhlefB T«ti 107. £7 JM. D I09. Cp p> 0 

IIO. C, p>U I11. 6 "pP>0 IU. C'pP>0 

JI5. ii> — h y > a 114-17. € 115* £7, 1 — m < p < 1 + i» 

119. I?pa>(l 120. C, a>—t 131. €^|d|<l 121. € 

i2^. C?p y\ < 1 124. £7, la[ 4' |^[ < I ^25. (7, )ei| < I 

126. C7 117, B 125. a 

i39* |*/{*)dac > C*i ^ thmfdcn tlw integral ii 

not ^Mjnvergeut. 

130- Birldn the intend *t jt* |?rp . , - and chouge lim Toru^blB in e^h 
kDter?al te obtein Q, ab the bnLite of ititef^ratioii in tAPh. Use the iflAticm 

, 1 . _J+1, 4- _!_) 

Hiu * ii? I Vsr — kwr * + ikt^' 

]3Ax Jm4 UK Ui# reliiptkin 

J__!_ . _L..’i 

Bin" * X* i \{* — + nsf jV 

t* a fl£* ^ 

13b. liit^gtitKi J > *'*■ 

r -fT 

137. J |i„t *ith lO a, then 


wdih rej^snl to 5 nod pttl a ^ » L 


155. Integrate 
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f*j 

. I - i[niqxcfMfigi:Mi9<xctE = |7t(a>£4^c) and (a < 6 -h e)* Inte- 

J - 


gmle GMt wllh regard to ^ and tben mth ii^ani to ^ 
lif i[ii;g ^ 


r; 


|!1 (0 < n < 1) And U (ff> IJ, with 


reepert to a- 


141. 


tmnx ■in** , . 

-i£a: = — q) (<l < a 2) JUtd U (« ;> £] (W £aitHipfe 


140). InUgnttp with rmpeot to a. 

«■* - ft 

t'OSeUiAII*^ ^ A- 

dar-^(3-<1< l)t ^3 ~ifj*(l < a < 2)t 


J42. ttu 


«« 

r t'fi 

Jo 


U > 3) fTnitt pfvfiqiii cxjimplih 

143. Intf^tgratm ihn Kdoi fur ~ tan lx| ■ubotitlllirjn of Xestan. giv^ 

( <3 

^ by piLfta qf tlis latter give*! Jlo^cM*& 

144. U«e tbe iwilt — aU* - io«(l " *)JJ » [lag(l — xJM* ^ "*• 

145. tiiUgrftt4on of log x lurm by tcnu id vmiid nnm 

Jjh!*l(i-r7)^ ootiwirijjBa. 

145 . £* « ^> U md it* —► 1 wbtiri -p—►<!+, Alio 

D fl! 

|j£ lug i;| < CbrillxlniJ<jP< L 

I4t* I = (tt i- l)-t for 4> - J -S- J > — L JntegTAte frem SJ to 

Jg ^ 

ISW, Uw Out mult + ^)«>*(*' *- ■*)} = - W) 

161. Hid int^gnuml i> ~ «“*i^ ~ Jrt-X-J 


U»4. TO* f =1 + It. 

176. Q 177. tt 


174. (jp 4- lV(n -h tf + 
176. 0 


1754 i 






CEAPTER XII 




BERNOULLIAN POLYNOMIALS. GAMMA AND BETA 

FUNCTIONS. 

12. Th-e Bernauliian Numbers Emd Polyiioiiiials. The fimotion 
-j-^ expanded in & Bcriea of ratiDiifll ftmctiQnfl fts follows: 

the only infinltiiw being poles at t 2fMn, i = 0. 

II |t[ <. 2;rieiich of the tcnDainthe sciioson the dghtcoti be expanded 
in powets of t nJid the double series is ubeolutely Donv«gent since 

^ * convergent Berios fof poeitiwo terms). Thu* wo nuiy 

write 

?-i 

where'Bi, Bt, B, 


] I , „ ^ » <* 4. B ** 


tKI < 

4 ^ , ^ - are onllml the BenicffMiati Numbf^Fi^. 


Since 

th-fin 


1 


+ 4»%r* 

Jt® } «* 


1 

(2n»]® 


i* t* , 

^ rJ- ■ * fl — 


[ij Wo uiky vertfy (.hiiE. 


w 

f 


1 


I 


4- Jl w ikti nvft fiiufiinn of i by nptifi^ 


that — 






^^S 


(fci) Mare tlum me- nulAtiaii li^ beer> ufu^l t'fw Tlup 

Bumc^uji Number w wmettirm lakeii l4i 1 «e tlio auefliorait iif in thn 
Axpazulon of l/(e* — IK If be dflnoial bj wq Iwt& 

« I, =■ ^ ]|r ^ = fliiii = iX ■■ I +1 

B 3}^“*^ihi i*ajei-Hi = 0 (wi>0)k 
It hu ftjM be^n token m tli« numorlcieJ ooeflidcqiien of f/(>i -F 1)1 tii exp«wUM:i of 
(i* — 1. tMd if tJiiH hw dflooteii by 3’, wo ^ jB'i « 0. 

iC - B„ B; - 0. . . = &.. 4, = 0, 

(ill) The V9bim of Use lonw BeniQnlltan NvnibfirE may found direotly from 
tbe detinitioop !*«. froia tbe identity 


/ # I" I* \/ £ i* t* ^ \ 

+ ^ + ^ + jj + - - -)(l “ s ^ " V 


L 
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^rhufl it Will be fbtihd thnl 

-A’®‘ 


I 


I, ^ n-^ fl ^ 

t ih = - 2730 ' “ IJ 

[Ml 


438flT 17M1I 

fai ^ ^15 


(i) Rxpaiid l^cKib |£ in puVB» of £» 

* * 3 flte — 1 “ 2V + ■*« - J/ ^ 2\i* +1 ^ {2^)1 

= 1 “ , (ji| < ^}. 

Ulbur earpatifliDiu ol n similar ijjm will be fouiuJ in ^mmpUjf Xll^ J-^p 

4f 

Hhirw iljrfit Mr ^ 

■i, atn 3i + I 1 

Uy <x>nt«ur ifliosration J ^ i*" S 

Hid iittcgnl ubUkiaed bf diffirmiljstiiid the inte^iwid {iQ tha reft a flaite numher 




of timf^ it^Bjd to u In Ulllfutmiy coni'K^gwit for all a sinDo thn intogral J 
is notiifergEiiE jr > Of* EqmLtjng QfKifSdent* of oKf* tua both Ktim, w? fiild tLai 

izJZr^r^^'di 

^-l 

in the co«fUt'ii?iil of l in 4^ —-— ^ —) 

3 \ f!™ — 1 o n/ 

4r f1*^-3 ^ 

”{^Je “?^r 

4r r^f Joffi 1/li^-i 

B, im iJ» e<|miJ to ~ j _ ^ (wdOng 1 for 

Tbes^ fonuultie may alAO be obtaicLedi by tUTmndiog (e^ — 1}-^ in poKtm oTf-^ 
auij naio^ ibe theoreme of J 

I Ip 1*"^ dl 

It fcrjkFWl!l frOJ31 ttlfl limt i ■ — - — I —r- 7 . 

e*^ — 1 

B^rnouilMH Pd^twHjiiaij* The function i— —j- 

limy also be expAuded inpoweeta of f in the intervAl |{| < 2ji. The co¬ 
efficient of f ” is obvionflly a pvfymmiaJ m s of degree fi, and we may writ# 

— 1 * 1" 

^5— -«-<4 

where hi called the Bcrnotdlian Potyrumud of degree n. 
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^ ^ + -CjffiC" * = "CiBjS*-* f . The 

laff^wniJ ia (— — l)Bi« if «. is even (> 2) aoct ia 

(— if n is (Hid {> 1)* 

+ sT + U ^ ®4 “ *4 ■*■''■* 

and the leault fnllDWJS by equatinj! the tiooffioieots of f". 
find 

1^, - r* - 2s> + ?i = - 1)* ^ 

1^, = S4 - |t« + = x(z ™ i){r - 1) {z(= - 1) - J _ i); 

- 3ja + |i* - Jji ^ i*(s - 1)* {8(s _ 1} _ t) = _ I). 

Cordlary, ^{0) ^ 0 for all valtioa of n. 

tVo^Sn The gnnRnI BonDuULiu ftityimminl of ordu'm nntl drtow a u< 

P f"e-* 

defiitn] to be ihe coeffiogent of —in the expansioa of ^ TIimh if we denote 

the pulytUMiiiul {»f tbn linL onlix by we have 

=* w ^ #hi 

U /y:)-l! /f,(i)-^W-4{ JBdl?) - w*) +/«t; ...t 

if . i' ^ 3. AJz 4- la ^ iiz^~^. TMa diffjerence reluticjii ia ob- 
fc^JiiSTTy eiqiiAtIugHife (Miefficiente of jii thf^ identity 






e* - 1 


- (e^'. 


^„(j} = (- l)"^(l z) in > X). ITor 

7 "’■ ft] = ^ -1 = ^“ '■ 

Caroilartf : - ^^(0) i= l>j all w > 1: ^„(i) ^U, H odd {> 1). 

Hiua ooataina tine factor i{s— 1) (fi>' 1) and the factor 

s(s — I )(s — ^), rt (> J). 
ifC 

I L - + 1) t-Aaev + { - ! («i > H 

f (<C=' — 1 f* 


F.. 


e*-J ■*■«<- i 


f^ iSnS+11 

- if^}+if -1'-'®” (Sgr}+<‘ - *|‘‘+' 

Le. ^i(*) = 11 — 3^ — 1; = 3(^j + Sj); = 4 ^,; . . . 

Oorollarif !• contaukA the factor z*{x — 1)* when A is cyea (> 2). 

For = 2™;^s„_i(0) == 0; ^;jl) = 2iw^s„.,(1) ^ 0, 

CoTollars 2. of tho form 8’P„-uW and ia of the form 

1{5} where 19 is ^ 1) and P^ Qr “ra polynaouais of Jogne r in 6. 
We have already eecn that it ia true for 
Assume that it is true for ^sr^i. 









BERNOUJJ^IAN POLYNOMIALS 4Si 

Then + {- l )^-J 

= Even poiynoDoi&l m 6 ' nince = 40 + ] 
i.o. ^£,^11 = polynoiiual in 0' since 0" = 2, and 0' is 
= i(0) aiiice dO' must be n factor. 

i.e. fliii'Ce S* iDiuft be & factor. 

Thw ^ - \0B\6\- S + i); -^ + 1), 

Cmilary if we f^aimdcx real vidu^ f>f doea not vanish be- 
tweet] 0,1, and di>ea tiot v anish between Op ^ end between L The 
roault is true for Assutno that it is true up to 

Now = i^nx^nhi-i whit^h vsniflhes cuniy ut 0, j, 1 ■ thus ^3^ has 
HUB mEhjrimiim (or om mtnimuin) botw^ri Op 1 imd we know tliid to be at 
z = 4- But = ^i 3 *(l) = 0 therefa™ cftnnot vftfifeh be- 

twpf*n 0( 1. 

It follows that the eqaatiou + (— = 0 hHfl ode roqt at 

most between 0^ 4» moat between 4 wd 1; i^e. 4. ] has oue 

maximum (or minimum) ut most between 0, 4 aod one at moat between 
I and L But ^^_^j(0) =0- and f:berf>fore 



1 1 tnuiimuiii (or TtiimmuEo) ut least within t:bese intdirvai^, 

Thm does not vankh within (Op |) and (4. 1 )p 

The graphs of for n = 2, 3, *, 5* 6 are shown m Fiif. L 

hiifi thfl Sams ai IJ« In (0, Ij, 


& 


1" + + a- +... + f- - , (f +1) (« > 0). 

This follows from the aiuatiodS: 

+ 1) ~ ^n4lW) = (» 4- flild ^^4i(l) = 0. 

1 1 

Thus, for eximiple, 

1< + + S* +. , , + r*^ j3jr(r , l)(2f + l^dr* + 3r - IJ ^ 

i*+2*+3^ + . . .+f^ = ^r*(r + inar*+2r-1}. 

JijiJff^ The EuleT’Madawrin Summafion Formula (for a Pottfmnaal}, 
We have proTcd in the lush pazagraph that 
!• + S'- +. , . + (r - !)• 

^+1 1 

-- - r 




n + 1 2' ' 2! ■ 4! 

where the last term invotves r* (when n ia odd) aad r (when n is even). 
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If /(z) la any pplynomiAl -f . . * + tkm 

jr-r-l f - I r J f-1 

*/(*) = flo J"** + 0, JT*--' + . * - + o„_I V* + B^{r - 1) 


/ I n£f, 


I 


J 




4! 




+ 




2t 

(n - l)(n - 3K« - 3) 
4! 


+ 


...) 

•••) 


+ 


= |V(r)d* - lifir) +/tO>} + I l/'M -/'(O)} 

-f*{r'w-r'(o)] + ... 


tbo iiDii^tnnt l}«jng adjuatod eo tUat (r -- 1) U n factor. 

r- i 

nml - Sr* + IJ. 

M* ^ 

'nii> sum ia (if* - r* -h r) - t{2F* - Mr") + 11(11^ - Or) + O 

3r" + Jr — 1, (making (r — 1) ft foctorlc 

12.1. Ihe General Euler-Msclaurlfi SummatJon Formuta^ In 
g wc have abown tint 

w--_^ 

+ AJ -/(o)) = Ti- + A) 

- ^^. (_ i)"A"+iJ + (A)di 

where ^4} id a iwlynoioual of iie|;reti tt and f(t) ij aiwlytil; on the luie join' 
iag j — 0 to i. 

If ^t) Ib taken to be ^.(1} (the BemonlliaD Polynomial of degree 2n), 
we have 
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THcrufore. 

= {2n}!i 4^-m = - 

... ^c- . ■ - 

= (- 1)"-* Jjj B„ .1 ; - 0; - <>. 

AUo, siace =* ^Jn{l “ *)> '*f*' 

^(1) = 0: ^;^{l) = 0; (1) = 0: . . .; ^ «; 

' ‘>(1) = ^ i ('* = 1 ■ 

Thus {writing 2n fot H in iWbouxV ftnTniilft). 

ji! I, HI, 

/(«+ h} - ir-'f4y! 

The eerier of 2» tenna on the right is 

I {/'(<*+^) +/»} - in <^+-/'»} 


+ ^*{/’n« + A)-/'‘'"{^)) 


+ ...-(- ir-^ ^2^ + A)-/r<»)} 

|,!£n -d 

+ ...-(- ir-\-2^2j[ 5-1+ A) 
i.e. /(rt ri* A) —/(ft) = itA{/’(a + A) +/'(*)) 

_ V(_ -i-A) -/<M«)} 

^ (2wi)I 

Denote /'(#) by #'{*) »inl take A = 1. 

Then #'(j:)(k = + 1) + 










r 
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ADVANCED OALCULCS 


0 

a 


BimiliurJy we m&y obtab foiTmula« by puttiDg « + »• ftir ; and if we 
add tbo above equation to those for r = 1, 2, . . — 1 we find 

j" *F[x)dx = 1 ff'(d + <)-{- F{a }} + ftd + i) + F(a 33 + . . . 

t f ah _I 

#l ™ I 

wheife 
1 ft 

or 

J'Ctt} + JP(4 + 13 +, * . + F((H-j) 

- £ * l'(x)ifo + f {F(a + ,J + f(a) } 

+ 4 ^)t + •) - m} - 

The above foimula may be iiaed either to deietiiijne an appronmato 
vaJcp of J* F{zyir or to detemiitie an approximate value of the series 

h{a + r). 

0 

Biqipoee that have a (constant Kigs in (o, n + *) 

and that these signs are the same. 

But ^4, have conatant sagM in (0, 1) nod these signs are oppo¬ 
site; BO that Rfa have oppoahe eigES. 


But /f, - S„4i 


l-C- 


{-n 

(an)] 
B, 




Tbfl Benw giving £^(0 + r) ia thersfoifB asymptotic, 
ft 

Wntiag ar for a + 9^ w« may fcak® the simmiAtioiL fqEmula as 
F(a) 4 - F(fl +1) 4-, _ + f{,) ^ 4. j 


where G is bdapendeut of 
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BxamiUt, {0 Le» ft*} * - ■**'1 ^ — 1. Trise ir =■ »| Uimi 


I + ’ + J+. log» + ^-^+^-^. + * . . + y 


y = liiQ ^1 + 2'^3 n~ * ifi^^r> Coiup^tjaI^. 

msm. 

005; 


Lb& PI»10; io» 10 - %'wmsm, 

fi _ _ ^ 1 

I 


r— 2 S 2 flOCB 2 S . - ir- 
r 2n 


B, 


B, iL 

^ = 0 0008303 a , , . = = OKWODOOftI 


< 10 l.«. y Kll'5'^7^lnT jmrwKt Us 7 


(ir) l^et =■ Jj fttid w(i Ikwi BuniUrly ihmL 

1^ i ^ . 1_^ . A ^ 

at ^ a* 

wki.r. a - f (- ^) 


< + 2, + a, +.. - + ^, — tr “ - + + 


Takti>^ H — 10* wp fiinl th4t ^ ^ 1 - 0140 ^ * « ^ 
{iii) Find -■ 

^ + 3 i + ^ ^ + wi ^ 2fti + 2tt* + f 


ID [ 


3 ^i ■ j,i 

= M0753I0S5S7 


in* 


= 0-iXKh?0000000 


I 


2m* 


p* fpO«ociooo(i 5 = 


S 333 




2^»000CKI 

80 


(VW050008333 


I S02a53&86A(l 

(It) Knd i + ^ + ,4, + 


C= 1 -S 0205 €W> 3 S 


51 gj T I j, 

Tftldiiit A 0, 

i + u ^ i + A + 1-c^—^ 

fi» ^ 0" ^ 131 + 17* ^ ai* ^ 2^?1 “ 4 X Sfi ^ 3 X 2fi* “ 2S» 


64 Bi 

the wfOf bning leu Ih&n Vi*- < J0-«, 


as* 


■ 0 ociNSdoew Hid find c * ci-QT4sa;i.,. 


{v) [FIflii on BpimixiiiUildjaii to- n! wbein n ii Inr]^. 


(-!) « i. + i tog .t + 

0 - Um (logfaf) 4* « - (H + JJ lagH). 


4S& 


whw 
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Tbfi vaIuc of tku iimli mitj Iw deduoad tom tbo iiDiP prodiKiii 

lim (1 - xW , . . (1 

^ - 


i . 3T ,, s. 2 . 44 . 0.0 * . * snjsn »- . r s 

If *» j. - (iriJM. 

= ^(ai + iJ[W 

Ncrw ^ = lim = 15 ^ ®** **^' 

SflTiftring iIm> finit forni cf thif timil fcrr ifi Jinii diTidifi^ by ttw pflcand, wd dud 

.0 ^..- 


2nJtn 


I Urn 




Thas ^ Utt ^l!ft 4 u - 4- Tb™ - 23 Midi C =• i Jog (*nj. ix*. 

ft Mm 

IfjH (ftl) .^ (« -1- i) Ic^ w — H + J log^ {a^t■) + |-“ — i i 

Sincp tlm wrii^ la ccmvca^j^dtit, w qblAin aji aaymptotiR B^riod r«Mr 

I M 

h! hy eipoDctuiig ptnmn or-nfluwe $ = I]i^~l 

bo found tiu4p 

/bV / 1,1 131> , \ 

\«/ ^{Esn*)^! 'H Y2n "*" 2»8ii’ iillt40»' ' ' V' 

*Vo(e. Siivco •“ U {ft > If, Hw BcrilOuHfitn rumbot* jwd from 

ibo oquoUcma 

oCjfli — . -H 4» — £ {loot ttirni on lie left ioirolvea "ti'o-j « 

Thun 3/f, = t; lOJJ, - Sfit -|! 31B, - 3fiBi + 7J», =J i ... 

*"+ir,B, - +.,. + (- + !>», = W23 “ 

It foTIcTBx thut. B„ wboti expreemdin ito lowwt term* oanoot tuvve ft dHnuniiimt,<jf 
Kreiiter than 2.3^7 . . . (Sft + 1}. A moeo Mcwt roroU b«». howerw, bemi giToo 
by Smudt (wd Clauiteii) by vhieb it u Bhovn thAt 

- Integer + f~ l)"(~ + r 

ntbutv the soninuktimi oilrtid# U> BTuty v»lui> ut m T^’bich fa a (mUft m {inaliidinij 
I aM ft) mvd ia siicih tbat (£m + 1) k prima Jeum- 2^ p, A5.) 

Hiui £f*“ — i + t-hi + Ai — (i + l+ %\} i * , I , . I I a 

Bg — — 1 Hh (I + i i f + ’A^" 

Thu thoorem may bo uLiliml U> dBttnriniiui biglior vaJufia of 

lliua M, 




+ iL + gli + ■■*)■ 


fiod that = 629 11 (onw < C W), 


Uftlng Sthrliug'fl ^rtea 

Al«il+^ + ^+ ...cl+^ rinee tbo iiun 1 * < 1 + fiF^* ^ ^ 
intfgnU part of Bm w 5S0. 

But B,, = Int^® + (i + S 1 + ri) = 
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13*3. G«mnia Functlona, Eutt^r's DtflnitJon* The intogTst 

I ti f^onveigent when ^ is real and positive? and therafotp 

defines a fuiLodqn of z for oU x in the internal 0 < f ar < dr. It is 
called the GaTAifid Funditm and is written i’(^}p This lh known ae Euler*! 
dehnttion and it is in this form that the function frequently occtim in 
appUcationa. 

The above integral is also convergent when x iis domplei, provided 
R(x) > Oj 80 that tha fimctfon h al»3 defined hy the integral far the 
rcj^iou ! < tt(r) < G* In a stibaequent paragntph we sliall give another 
dchnition {Weionitmss's) of the Ganmui Function whJah is eonai^Pt 
with the above hut which esrists over a larger domain. 

tS.Sl. The iWu^fbn r(l + x) = xr{x) {x > 0). Int^ratjDn by parts 

givwi r(l + r) ^ + *^3:3 

= xrijc} [x> OJ. 

Thus if n m a positive integer 

rin+l\^n\r^ *di^nl 

J e 

m that /*(! 3i)i la an extension of the meaning of i^! to all values of 
n > ~ L In paTticular /"(I) = Ip m that 0! may be interpretod os L 
Thlfl fomrnls enables ns to mepmaa PiX) when Jl > 1 as a multiple of 
r{/) where / is the fractional part of A (aasuined not integral}^ 

/If^, The Bela Fuiye^im. The int^igrnl B{p, ?) — J * dir 

m (iODvergCnt if p > 0^ j > 0. It tlnorefor^ defines a function for the 
region p > c> 0, j > e" > 0^ the function being called a JJrfa Funct-hn, 
For complex p, j the integral h defined for 

R(p) > ^ > Ri^q) > £'' > 0. 

By writing 1 — z for z we see that Bip, p). 

iVaie^ Tbo indefimfK be detcrmillHi LlmonstiomKIy 

ill Iririnil of cdimkflntacy fnjintqufifl whan 

(i) p (or 11 ui (ii) p + ; ii pui iDitiger and p, f isiknuJ. 

Cub (i) i« For du* (m) taka ¥ = I/{1 4- fh c " p — r/i. Tbs 

iUpTtite iqtsgnkl from 0 tq 1 ahmH of wucat^ be olnayi evd lilted in tcmid qf Cmmii 
fucetiooa. (i^ae J ftafowO 

1S.23. Eektiio^is conn^iitff Beta Fundions of DiffcreM J r^wntetiis. By 
integratioa by parts or otherwise we tnsy find varioua relations eonneet- 
ing Beta Funetjons of di^erent arguments. 

EiampUt. fi) Lategmiioii by parti gi™ 

J»fp. 9) = {^1 - *)« *}^ + + 1» V - 1) (f. > (I. 5 > 1} 

lA pstp, = (5 - i)a[p +1, ? -1), 
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Thnl vfam M ii ui integof ( > UJ 


i 


fl(p, ft) - 

j* 

(^41 dbo $ JEM, Hnle.) 


Blp + J, B ^ 1) - 


fft - Ul 




{p + B - 1) 


(ii) fll(p + 1, 




tf-lll 1 + - *)«-’ 1), 

B«P.ff+ D) 


(iti) Uciiig (i) mad (ti) «□ Sod 

p8{p, f + 1) = jJ9(p 4 1. f) - g iB{p, f) 

9 


(It) Ptci™ Bfp, 1 ~ ji) — 


iId pR 


(fl <p < IJ, 


fifp. f). 


Pnt J =» iii/(I + Hi) iia f.hB- intrgnil fw imti w finri 

^ J ^ i u “ tin p 

{rpmq) r 



(by oootuur Juljugratioiii (j <p < 1)- 


J^p+q) ^ r 

f = af (writing 3 c:* = l)* 

Jo Jo 

Thwrefoie /T[p}/T(j) — 4 liin ff a (igdy whffrf^ D 

a—^JJn 


lA 


the Aqaare detOTniB^jd by fi <x <Jt, 0 <^ < JS. The first quadTant 
of the circle ir* + = ffi* liea between the square of side R ajud the 

square of side The Lritegimnd is pn^tive and the daoble integml 
e^dsta when R (sod therofore iR} tentJa to lEflnity, Therefore the limit 
of the double inte^gnd over the first quadrant of the circle ako ejasts 
when R —>■ <o and ita value is the same m that for the square when 
ft —► CO, 

he. r(p)I\q) = 4 lim f f ^0 ^^dfdrdO 

fi—iMsJJjp!^ 

where D' is the quadrant and j^rcoafl, j = rdniifp 

' fi 

i-e, /T{p)r(j) — fXp H" j) 11® *(1 — du (faking n i= 

=' rip + q)Bip. r). 

(i) ilCpJJll - p) = mp, 1 - p) - it/{«hip7l)r {§ I£J^ 

Thil htm beep piuvod onfy Ibr 0 < p < 1. It Wol ^ shown tiekrw tbo 
formula w true for tho ffnaotal Gamms FtmoUtMi (iucj»pt whsn p ui an IntB^ po«i- 
tiiTO or nogmtive). 

{ 11 } T(i) - v^si, sinDB (ill})" « Jt and rfi) > 0^ It my ha thal 


f. 


€-*i-i tk - 3 


dk= va 


ThUH 
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JS.2& , 2 ^- + 1 ) = Vjd\Sa>l iRtdupliotliim Formvh). 

,j_f’ . 

rF+ii 

Ill tho latter integnU put u = 2( — 1 j then (fl — #) = — O- 

TliUfl 

^ j'^ d» K ” 

*) 


,.e. 'or 3**-'/l(*)n* -hi) - Vft/1(3*), 


Aas)’ 2»*-'A» + i) 

(I) Esprit /^(}) in berau of qj). 

2-'mini) = V«ni)i tat /KiJ/'ti) - 2)1/V3< 

Thonrura /T(|) = 2-la*;i-t l/l(J) }*. 


(il) Uit / 


i; 


ih (fl > 0* > 0* > -'IK 


T-k« t = «-.:hea / -^sr^wj* ~ 

BlimiUliy (t^ Uking l 

J^ ?dl* = - IJM* (a >(t. u> 0.;»> n. 

In portiGuIikt 

= (JJ> ^ l,<*>0), 

Jfl 2»^-l fftfaw+if 

«■•*■**“♦ ‘ s<* = (0 > U}. 

{m ilk bii«i iMt two Lnt«eriiJp bmug vssq or n phMtv inlcgw], 

f (« > ®. “ > 0). 

0 f Ir 

(iii) If / “ J {*** —ltfi> — ll^wvflml by tahingd = 0-^, that 

■/1(« + 1). 


ffimliivrfy I (b^ fte = JK* + 1 ) fu > — I, ? > 11 , 


i: 
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(if) J*(ir - ^ ar5¥-1 dx^(b— a)T ^*^i£ip. g]i, ^TjiJgb ti = j-^') 

i: ‘ 




Q 

(V) 


- i- *( l + tj - mp> S) 1* > OJ. (T.l6r 

^ nte±wm±ii) 


i-ffc ^ 


ar(to» + j + a)} 

Thu fpll^nwi at Kmfm by t\m lubiLllutEddi I n B, 
In particnUr, 


iFi §> - lb 


i: 






flH < 


(tJ) f'*^» 


3P^V^ ■ 


‘’■JI 

,'’(^H+>i 


j* fl/S ^ 




{« > 






lr> pATticnUr 


(by the H« 4 ltiplkitktlDU FDiniiiilji)^ 






v». 





JoVU“i 


c 3» 


(«>0J, 


itrf'i 


J^© 

(ni) -1 («> (if » = (twi«) Vfi] 


\(0 <«+ ) <^. 


In p«itkiulttr 


p dx :t 

I + »™ ^ ^ (n/3H) t** ^ 4)’ 


12.3. Tbe Gamma Function. Wclerstrasa'a Defimtion. Tlio 
iotinite piroduct /J^l + ptovfid unifrimly And abso¬ 

lutely convergeiit for all finite ^ (nwl or comfilex) (§ 11 ^ («)). Ito valiw 
IS xero when is is a negative integer (i,e. it eanverges to zero). 

The Ounnia function may be de^ed by the relation 




|e“’^ 


wb^re y lim ^1 ^ + 1 4 -, , ^ 4 . i „ log ij Enjer'ii Catutantr; 

Tbia equation therefore defines aa an analytiQ ftmetaon of s for all 
finite Yakea of s except ? — 0, — li — 2, — 3^ . . where there are simple 

pulee. 
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It will b« Bhown in 1 12M tlfint. i« «qniT«If!nt to Batter's definition 
when R(2] > 0. 

I2,3h Pfaduel. From the above definition 


/X<3 

i.e> n*) ^ ^ 

Abo 7X*) ^ 


^B) w I \ / 


■V" 


nln* 


3(8 + 1)(* + 3) . . . (3 + n)' 
(n ^ l)fn’ 


jS(* + 1) ■ . . (8 + « — 1) 

ftmi llierafore r(l + t) — lim 


amco 




(* + lKr +2), . . [z + ny 
The limit on the ri^^t ii'nn denoted by J7(8) in Ganaa’s notatian, m 
that n(z)= r{l + 1 ). 

R^aiitm + s) IE From theluat result in § 12.31, 

we have = * so that IXs + 1) «= s/lfa) when = is not sun) nor 

/T(s) 

e tte|$itt.ive integer. 

T^ub ni d-a) = 77(2) = (*J1 when 8 is a positiTe integer. 

IS.i-'t, The Rdaiinn /T(s)/1(7 — z) = 7t/m% ste. 
nln* 


Therefore 


z{z + l)... (z + «)'*“” (I ^ *){2 - *) „ . (n + 1 - 8)’ 


n 


S} -(! :)rn 


Kin?^2 


Jf 

Ocirvlbij^. ]jm lim being a 

Hi swi*! 'Sin iaZf nif 

pH^itiVG ititegeF or 


JE 


i,<?. (— 1)""—Y is fclifi rKsiciui! of /1(5) at s = — 

w! 

12M. Tks Eqi4ivakn€e the of Etiler and Wekrsirms. Let 

/^](s}, F«{:2} be lespe^ctivelj the Euier atid the WeiG^Btraaauui Qaiunia 
Funetiei]. 

f'(l - dt ^ Bin +1. *) {R(£) > 0, n > ^ 1) 

Jo 

= ^!|, 1) ^ poaitiTc int^j 

nl 


»(z + l) * - * (* + n)' 
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Therefore F^z) = lim M*f (J — rff = lim f (1 — M/n)" ii*-‘ rftf, 

U > i 0 J fl 

(taking; t = «/») 

= du (|j IIM7) =A(*)- 

J V 

* 

12,3S^ The lnfimt6 Product i7J2(»}p JZ(nJ in Raliomi, It is nec^- 

i 

mrtf for coovergence that should tmd to 1 when n tetute to mlmityp 

Aaaume therefore that ^ + flam? 

the and 6"a, whikt not neoesaarily disfmpt. are not □agaiive integers, 
Aldo no a is eqn^t to a b. When n ia largn 

attd therefore it is rMUMMry lUid jiulEdoot that 2c( = Sf*. 

1 


f-JW 

r(l +a,} 


/I //(l + —]e *i 
1 trwA "/ 

= n e 4'^' "7 

„_i ,_i\ i» / 


SinuUrlvX > 7 r^£i 

r-l/(l+D>) „,j 

""^^(A “ X nwO’ 

(i> tbftl 


^ e» ^ ^ J3‘ 

i ..±T„ _L , _ --- 

6' 10' ' J4* 


3vX 




Ti- predu.t b + _ j^. M!L±1>!_ 

T «4« + fi)' - A H*» + /(■ + + t) 


3v'2 


mam ” 


immi) 
miiv 

*«W, ntJf (J) - ^V2 : /!(*) » VJ*- 

(ilj Fioij Hus T^lofl of thfl dcnngotutmL of iJio pnxlma 

^ , (1 + m - iMi H m - i) * ^ . 

(which equili ]) obtaliued. by in ctdor thnw tfiriiii > I folbvroil by two 

terms < ]. 

Benote the pniducc of the Unit « faeton of the domuf^ prottw^t bj P«, Thia 
Jcfan^m^Dt oonrergeft tq i4ie Binrntr TifcJiiri iH hm Psu whi^q n t^tnda t® Imnity, 

Jfow P*. - ^(1 + + ^-^(1 + l)(l - ^-^)(l 

_ A J" r V3 

1(1* - «» - !)(»- iH« + *) “ i'nDmsml “ vs ; 

iiDc,riiif(i) = WV3, r(t>fT(j) = w*s nt>m> = K 
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13 . 4 . Binet's Formulae and the Asymptotic Expansion of 
loft r(2). Firat foTronIft far Jogr {») » 

loR rw - (* - ^) + ^ 7 

when R( 3 ) > 0 . 

FrullanPft I ntegm] (| 11.58, (m)) givijtH 

C“^) ^ 1” ^ ^ *■ ‘ ■ ^ 


Tliuu tog 


{ 


p* ^-i - 

( 


tog n = f ' , di In > t>K 

h[ 


F»>} 


(» + !)(«+8) . , . (!+ii)J 


siiMNj e“' +e“^ + , . . ("** = 

Thus 


1 — e-"* 

«f-l ' 


. - j; (=.- - -jslL' 


«f-i ft 

Wlien 0 < ( < 2 ;r, ^ ^ expandefi in a power serEea 

m t which (otitis til j|{f + ?*} when t tenth! to sseiw; for 

** = (s ^ 4j“t + 0(t»)>{1 ^ iJ +««*)»-*- i(2 + *•}( + 


e* - 1 


Tliuft si 
1^ 


^ has iin upper houud (all z) for I < I {at least). 

When t > 1. [*“**1 = 0--^' < e* (when x = R(s) > — 1). 

Tb.«f.te ||(.. ‘-•■^')|<1.|+'-^; 

“ 11/ ■'(* “ ^r)*l ■= ^ 

where A" in the upper huiiiml of j-^^s — iDtcrral (0^ oo) 

of I, jinti has been nhowu tc^iiaik! for all finite r (for wtueb R(e) '> — 1), 


33 
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ADVANCED CALCULUS 


NilW 


-1 


<1*1:#. 


So that 


NqW; Jog r{l + z) = F{z) + Q{z) whfitE 

“■j:(-'-»ii-(ri>-l? 

-falls'* ..1 pwi<i(.>0. 

It foDoWK therBfoiie tli6tt litn flog/'fJ + «) — = The lute- 

jjtal obtfiitted by difTerentiftting /'”(?) with respect to s erndear tie mtegml 
Hign JB 

K' ^ (1 - i<)e--} ^ * + £ 1--*' * 

= Iagz+l. 


It La unifoTialj convergDat for R(s) > e > 0. 

iDtcgratLog, we obtain F{s) = tlog 2 — zH-ilogs + jl, whete A la 
a oonstant. 

Thus log /1[1 + a) = (s +1) Jogs — * + + (?{*) {R{f) > OJ 

n*) = >og^(l + ?) — logt 

= (a — log e — a + J + 0(a) 
where 0(r) —+ 0 when R(s) —^ co^ 

From the reduplication fonnula, we liAVe 
log />&) - log r{z) - log rcs + i) = (‘is -1) log 2 - i log JI 
i.«. (22 — i) log 2fi — (a — j)) log* — *Ipg (a + i) + i — 4 

-(- 0(2a) - 0(s) - 0(c + i) = (2s - 1) log 2 - 4 log ji 

or ^ ^ 4 tog (3») — * log i 

Let R(:) ao aod we find that ^ ^ 4 log (2 ji). 

We have tbciefisre proved the tecjoiied result 
log n*) = (a — 4)loga — a + 1 log (3?*) 

12M. Gaim’t Formvh firr y(a) =• /"(ij/Zlle), In the laet paiagrapli 
we have shown that 

1 — 
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The integral ghtsioul by tlifforentiatioD with reepect to x in 

and is imifutmly convergent for R(«) > e > — 1. 


Thus 


r(l + z) 


AH'*) JA' *>*-1/ 

»tl»t ™ (*(.) > 0). 

CoroUtiry. Biuce = —? (Euler'A CooHtant), it follows tW 

12.43* Thi^ AsympUfdG E^pan^n of log /*(«)» CoMider 

ni. 4 l -7 + l)T "<“«>»*• 

h a T*’" 

The integiand Biz) is ^ 

+ (4n^»J* *•' + (" ^J'(2«3T)*r+ 

H- 1 

where fi, = (—!)'’ 

mm 

Al^j 


llrf^ 

L ^ ........ ... 

(atur)*^l» + 


I J. f_ lif 

1,2.* a.4.i« +*•■ + ( 


where 


i+& 


-h iK^ + 2 ) *^*^ ^ ^ > 

^t+ 1 


(3r + 3)(2f + 4)j»^+s- 


fl. 

1 ,2.* 3.i.*» ■ 6,fi,*» 

{ji(triiny*$ Strict) the eene$ being asymptotio. 


Thiw log/l(*)~(*-i)logt-s+l)og <2n)+T4* “ 
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By ticking the exponontbl of this aeriefi wo find tliat 
Ln pnrtiuulftc, when M is a positive integOT 

^ =»rc). ~ + ...} 

a refiiiJt that liiui Akmdy bo&A o^hi^rwifie, 

If n = » 2422783 h 10^^ ODmol Ui dix d^nlil^ant 

figure, Tho fint {tnxTBoticHi 10^005 x 10^*; Lho ncCijiiMl 21 x tO** frnd th^ 
thini — O-H H Thus ^ S4321RI x 10^^ conwl ixi djL iigniiloAnl Mguree, 

ttB Acbuiil TttliM li 24329U'2008lT6ti4 x 10’*. 


Stsmnd Formula for log /T(s)i (R(i) > 0.) UifTarentia- 

tion of the itkfioite product for /*(?) giv«a ^ - (log n(t)} « _j! 

z id Aot a negative integer. 

Now coiimder the cootoor Lotegml 


f 



where « — p + if and p > 0, and 
C ifl the rectangle of oamera 
± «p d= H + {w + |K indented by 
the qpper half of the circle 
(|ij n bdog a positive in¬ 
teger. (Fiff. 2.) 

The pole« inaiflft are 2i^ 

The pole — odi ia outaide aince p >^0- 
Along the aide * = w + i varies 
from 0 to A + i and the correapond- 
ing part of the integral ia 
whcrii 


J« (» + l( + P» - g)l(e««l» *<" - 1)' 

Th,« 1/^,1 < „ h,*. 


(a» + i) 


which 


0 Eka 11 ^ ffl. 


2(1* ^ |a[) V"" “ 1) 

Along CD where r = — n -p ^ i varies from w +1 to 0, we have 


fn + fc 

I 


dt 


2n + I 


(n - - e-*'"') ^ - |«]>^l-fl-*^) 


which 


U as It —*■ CQ, 
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Atong BC whflire « = 4 -j- t(ti + J) anti ( varies froin rt to — », we have 

/ „ f" _IL _ 

4J/ _ 3n 


fl<} that 




which —*■ 0 OB 


(2» + 1 + + 1) (4» + 1 + 

00 . 


lf/(s} denotes the integrand, ^(j) ie continnonfl *t s = 0 and tends to the 
value ,,, M *—►O, 




r 

J_B> ) 




.TT-L when e ^ 


0 . 


A i . . ^ 

^ exists suuliAi^iid to — lim ZR^ 


^ J (f + - 1 ) 2«* 

if tho latter limit exists^ where id the reddue of /(£) at t = si, 

N„wifi,=f .ifch I.„d. •» 

'■'■ II {((+M}* <*^ ■*■ (« - M)> »- « - I }* ” &•“ 

Th«a [log n.) {(iHa).- (,-L|- } ."t.l ~'jI (<^i? 


-J-+i+f 

2i»^a ^ Ji 


it/l 


iU. 


a (i* + i 

or ehtuigiiif:' a to Zi we have 

ji rv ti 1.1, r 

dz* ^ ^ J c 

Co&ddei; the iD&iite I in thid dt^uatioii; 


< jiji <li^here R(i) =p >d>0 


C df 

and therefore ainue ——- mavergea, / convergos uniformly in 

J q fl “I 

0 < d < R[z) }ind tend! to zero when |£| 

Into^n-tttion gives 


00, 




tdl 


Denote the infinite integral in thia last eqqntiDn by /, Since 


1 




+ s* 

J k iiniforraly convorgent in 0 < < R{3) and converges to z«ro when 

jrj 00 in this domain. 
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A furthor iDtcgrAtiou gives 
l0fi/T{*) = (» ^ +^C - 1)* + (r + 

where arc tan f in defined to he f —^— t 

Jol + 


, and path Qf integratioD (for 


d-afiiiiteaesia) is tlie airoight line joiiuzig 0 to fi 

Suppose tiftt X (= f} is real (> 0) ; tben D < arc tan {t/^) < (f/ac) 
when 0 < r < QO, 


i.e. 


arc tan (/a: , ip 

J. 


, I 

1 ^ 4i 


no that I log r(*) — (r — J) Ic^n - (C — — (T\ < 


But 

Therefore 


log ni +»} = log X +log f%xi 

0 ' 


{x + 1) bg{n+ IJ + (C - !)(» + 1) + cr + 


12(®+ IJ 


= logn + (n-i) Jog*+ ((7-1)^ 4- O'4-j™ 

where B, O' thus -certfiln titunherB {runetioas of x) that entisfy the ineaunlities 

Ifl'l < 1. \9\ < 1. 

i.e, C — 1 = — 1 -f 0(1/*) wheo X ifl large or 0=0. 

Also by (iBing the nduphcation formula an to the first Binet fanniik, we 
may obtain 0* = | log {2 r}. 

ThtiB 

log /1(f) = (f - i) log * — * -!- pog an + 2 j (Rk) >0), 

Cm’cBtiftf. By taking x = 1 in the forniulii for r'{x)//lE?) we find 
y = 14. ap_ 

JiTcrfw, fi) By comparing thti iwa fuiiiiiiilA£ for log /'(s) wt drduMi ihAt 
f ”~*V ^ 1 , l\jj rtf" 




idi 


Tbe« multn nim be proved by (hu integrid* BBwdat 4 B:l 

with tbs tWIlitvIy «3n¥e£:^nt dqablo 


rr 


#- *■ jdn f.Ti 

H~[ didii {ffr&mwick, 
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(li) By ExpAmUufi MV Im {(/*) in tltE form 
/i\ t ti* , 

Mre*Mi|’; = j-gp+ . . .+ jft,-i + + 

r" It'-ldi B, . . 

■fid lining tbs reanlt | ji-if_j“ ^ ^n* ** Bl*y obtain Btifliug* Sorna^ 

J 9 

(TKAiibUcfl’ itntt Foiipa, Modmt A^ffria, XII.) Simllariy 
12^, Gauss'^ MultIpUcatioD Formula. 

where Tjt ia A positive utteger. 


’(^3 + — Um 

\ m— 


(m - 


Tltetefore 

• -I 


■£ 4+3 


Urn 


*(»+ 1) . . . (*+ - + 


{(j»» — l)t 5 

■(•+ 3 -('+^H” 4 +^ 


But 


Le. 


... (fi3+nm—i)' 
(nm—l}I{«my“ 


r(tis) =1 lim 


, ,.. {uE+nm—1) 

“"^4+3 • •4+”-^) _ 


nnz) 


m 


(ipd^penilent of *). ^ 

UsQg the aHymptotac formuifl for /l(s), w© find that the left-hand 
skte is 

—+"(r)}' 


Rni when j 


m- I 
QD, // 
t 




i,e. 

















r 
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Noti. F[flJ m Bqu&l Uf - ‘ * n 


Ami tlwirBfbrB F* 


mV*- 


. J* , ^ 

BID - BID — , , * KQ 
n n 


fit-1^1 = '"’““'^“* 


1 ^. F = iim^ #’ > 0. 

Kmmtii. Shtiw that /1 [t<vi) = + IJ*- 

n M^Wt) = ! nT*t)/T(i*ijAti = 3«-iw'a) 

/K*)/T[l> = ( 3 ii)* 2 ir{i). 


TKercfore 


lAAH'—= (!Lil*2i3l/'(j:J/Ti) 
12 


i.a. 


© Bin T Bin - 

(m)}'UT(*n'(v '3 + i) 

n L, **^5* +. 

“ 3 tfl* 

12.6. Dirlcblet's IntegraL 


"ui™ > <'1 


/ -jj... j/S[f= 


..dt^ 




fi +{, + .., c«, lit, 

_ ■ ■ n*-! fniM- 

when >0, the integniHoR extCDds dv^ eJI poaitivn and zero vabca of 
ii, 4 i » * ‘it, that aatiafy 0 < (j -4* f, + . * . 'f tj, < !» and the Intcgrat 
on the ripht convei]|;«i. 

Tlie method of proof ht imfliciently indicaied by taking n = 3 . For 
elmpHcity alee let ue anaamc that fi 9 ) in cojitimious in 0 < 0 < 1. 

Lot I, +1, + <„ = ; fi + f, = Mj; = mfi,< «> that ; 

f, = ^ 9|); (j = fl^l — ffj) aad the ttanBformBtian is. I — 1. Tlie 

given region which ia bDiindod by t, = 0 , /, = 0 , L = 0 , (i + r, H- L » I 
eorrespondfl to the unit cube 0 = 0 , 1; l}| m 0, ] ^ 0, =a (3, 1. The only 
diecontinuity of the integraTid, if any, (KCiiis when li a 0,1, = 0 or U = 0, 
i.e. on 0 = 0; 0i = 0,1; (?, n= 0, i. The given integral is the limit (if it 
cxiste) of the integral throughout the region deteriiitned by li ^ c 1 
r, = c; (» = e; + 4 -|- ^, = 1 (e > 0) where «—►(>. Let h bo any 
pnnasflignei] pndtive number, however sniall. Then e can be chosen 
auffidcntly ainall to ensure thdt at every point of the surfoce ^ c 
(within the cube), one of the variables fl, ff,, U < d* Similarly on the 
surface Mi(l — 0 ,J = « either fl < d or Oj < d or Oj I — d; and on 
0(1 — B,) < d or 0 i > 1 — d; i.e, e can bo chosen so that the 

boundary of the tranaforniod rt^un lies Irntween the surface of the unit 
cube and the rectangular space detenuined by 0 =;S, 1 j d|=il —d; 

B* = d, 01 = 1 — < 3 . The coDvergonce of the tmnsroimedmteg^ there¬ 
fore implies that of the or jgiital and the two integrals have the aamo value. 


I 
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If Xi = 0 = ^ ti j Xg ^ O&i = t| 'j-j =i OOfOg = l£, thon 


1 S((rM.)| 

nXgXgXg] 

1 , 

SiXgXA) 

IstWifl,)! “ 

■j 3(*kiJ.) 



1 

ni 0 0 


111] 

i 

“ 1 

fl* & 0 


no 

~6 

;1 

l$figWg w, 


iodIJ 

1' 


Th uB / 

= tiO J9i d&i 

=I'o,'- '(I (M,1^0,“•+"'-‘{1- &<)*•“' 

J'rfjiflf, (I) For n vm-iuhtei^ wilih lito Eiarcaspondrog r!ihiuig& t.\f viumtilea 

li ft "f ♦ , -fc-=> fl i fi ’f fi + 1 * - + fn- ( *• E , » *t U = 

”I 45 ,'. •; i.'’ii -""’"f' •; f-t't 

(ii) it., . iA‘>t*T' + 'Vi * + •: • + i*ii*?"> 

whctt tbo IdlcBimtlan ralcddri trtfnf oJJ fuMitwe «ivij umt of ^ ^ 

11 

frir whieh fl < EAfS^.'r<, ] ift D(|Udi Id 


wIlOTIJ 




1*1, 

(ij ^+£}^(<;SfEb for r^on iloUinuijaiHl % 


D < )]’ ^ < I is Ij ^ Icnj fl iJC! « — 

Tbn vultuna F in tlw Elml ttotAfll dt^tmnincd by the rarfbc^ 
Hi" *f »* + ^ (n > 0) 

Biici tbfl oo-mnlinatr [iliLiiiifi is fj^thc ofy dr for 0 < + 3^ Hk < s". 

T^cX = (i): y = ( j)".z = (^)‘. 

d“ -- ^ 

Thnii r - dXdY for ii X 4 F 4 ^ < I 

'.{'■Qrr ., H>^i)}‘. 


** 

n* 


■ '<’) J*' 


"(’+1) 


J 3 . 7 . Th 1 ^ 4 -^nt^**"**^- 


|*j < JjT tioth intc^mk con vctgo wltisn i > 0 ; if [a] = i the 

£ 




















M2 


advakcbd calculus 



Integral converges for 0 < A < I and 
mn « integml for \k\ < L To 
deiormm^ their vslura, assume that 
0 < ot < and * > 0. Consider the 
cDotonr integral 


-L 




whore C i« the boundary of the 
sect^iT OAB of the circle r — ife* 
dcfotminecl by 9 = ft, fl = a indented 
(when k < 1} by the arc CD of the 
small cimb jr| = £, (7^. 3.) 


Along the arc ABj ? = and =? i J* 
Therefore K 4 J 1 I < 


aince 009 0 ^ ror 0 <19 <5 ie, 0 wh«ii a < J-Tj all 

,an(i when « ~ Js, ^<1, 

Along th« small Bic (7/7 where * = «®,/yn — ij 

But HI 1 4- £ where ff —*- 0 uaifatmly when a—► 0 an that abce 
<J 4*(1 + ZcB “*■ 0 when t > 0, Thus, unclorthe wmdjIiioiMi 


etated 


lira 


L 


Pflsl «—l^JcJiS 

Hmcfl the mtegmnd is analytia within and on (\ On 0/1 take s — ft and 
on Oi? t^ke s = te*'; then 

ie. £ «»•f*-! ^ (s Bin«)* = Hi) ^(i»J (aU A > 0.0 < « < in) 

By chuLging the adgn of a, wc see that the Sist two resulta ara tnift also for 
— J?r < ft (all A). 

The integral [ eosi!// innot, convergent for A = D but the integcal 
Jtt 
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J fft-i sb f ^ ui coDvergent for — I < ft < 1 and thefannqU b correct 

fur tihis Lncreaijed iDterrn). 

For let ft = — 1 + ft' wtei® 0 < ft' < 1 , 

Tlien f I* uin f sin A — J. f i'f -1 pas r df = — ooh^* 

sine# (*sin (—>-0 when and t^ whom — 1 < ft < 0, 

^ — (los 3(1 + ft) = r(ft) BtO . 

Tlw? formtilti LBaLsD tnje whon ft — 0 Kinoe? — [ dt = Jim /’(ft) sb 

2 J11 t 

(ufling iJie relation /'(ft)jr(l — ft) ■=■ s cosoo jift). 

Writififf t = JkT {^ > 0), we obtoin 


^Iidh the uitq^fLk cQ<nv^Fgc uad |ffi| < ?, 


Cweilary* J ' ^ (At;)di(! 

nk) eoa /. 6\, , 

= ata (* i 

j:* • I cos far (ir = «* y < * < 1^’ * > CJ) 

J sin bxdx =i ein “(fft| < 1, ft > 0) 

(ft>0, 0</j <1) 


CQB&r 


' Ain l)x 


a ^ 


An 


Ac 






3^1Bin 

d 


(ij > 0, 0 < ^1 < 2) 


E^mpltL Fiwl f iin uid [ ocit{j^)d!r (n > 

Jit Jtl 


laf^l jE = 


ibpJl f Mio = i f 
Ju 


liiniJIrirly 


r 




X" min X dx - 






Hnd 


wiir 
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In pnitirukr I mn (x^) fh ■ 




J «n(x*)i£E = J 




mu = 1 (r£ilj CM (**Jdx 


J# 


iin 


i^)dx -miPTv^a)!. 


12J. Soim Pri)pertii^ of fJte FuiuUion 

1 . By ililferetiti^tiiig the LEUmii^e product fc^r r(ii} we obbun 

*/ I 1 \ 

Ami th^Jfefofe ^ 2 :) -- — JTf-~ ~ 1 , 

^\n + u^ n+z/ 

2. By HifforontintiEig thn 

r{i -h s) — j r(2), /'(j)r(t — t) ji 

w« find thni 

V(1 + s) — v{cj ^ - ! ^ ~ ^ ^ 

3. By diiTeTentiating Oniiw’d Miiliiiplication fornnuluT we obtain 

ip(s) + + < ‘ ‘ + + ~i~) “ ~ »log ", 

In paiticulftr ^ 1 ( 2 ) -f- y{s -f- J} d ^yi(2j() — 3 log 2* 

4. It lias been shown that 

=Ht - >”>■>'-£ (r^^- - T> 

(§ 12 

Thcrefemo ^a} + y = f -=-(where m = *“*), 

J o 1 “ J I, 1 “ 1 # 

6, From the results ifi(l -f- b) — ■^e) = -; ^1) ^ —y obtain 

3 

v;£2) = i-yi v(3)^l“yi v{4) = v-}^; —-i 

V<n) = i+g + 5 + . - 


n-1 


where II IB a poaiMve iotagur. 

/l\ r’ 1 — 

6 . Sincewgj +y = l ^ ^ Jn (fiam 4 abovu) 

= -‘irT-.= 

we have 

= —r-2log2; v<i) = -y-21og2 +2; . . .; 

v(" + i)--r-3ioga+2fgjij 

(ifluig the rclatinn yf(I h s) — ^s) = - (» lieing a positiTe integer). 
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SinmpUM. (1) null y^i)- 

¥li} — rtil = JT wwl Ibmfpfp ^t3 -^y=-Z\t^2^^ 


(li) 'Fhn integnii nbUinod b^ diff^rectiMlniE I 

Jtl 


V3» j[>L 
5 n» + l) 



* Icjgfflin sjfcy whicb » tmifcirinlj oanvorgent for a > % > 0 wiioe 


- Lm bcHiiulfui uicl near j = -|- 0| | fnr we may apply the bwt 

lakitig if{^) » 


Till:. £^lijl2-!llps «n* J* = - »(« + *)]. 

S^mikrly, by » Furtbcr diBwEbtiasifui ^ 


j*" liate^i^kg .in *)« y,-fr +1)3. 

f*" 

(Ui) FimL I ilii^ xlog dn x 

‘ 

Fiuti a « I ill (ai) ebn-ve and obtain 

£ «bi4 vlt^nn ar da » ” *(!>}• 

Nn« y<i> + v(I) = ayKjt)-21o(!^ 

v(^)-vti)“3, ;;^3- 

Ai«o iKl) + r<|) -)«=- -3>f-aiQg3. 

I^nm Ihfiw wfi miiy ikUrtniBe i^|) and vftt Bnd tbat 


f*'" f X 1 


(Ir) FIihJ J (Jtie^iia)‘dbr. 
li^ll a «* I in tbe mcond formuJa of SutirApfr. (h') abure j Lhno 


t' 




(log iiD x)*dx - -^/TDHrti) - Wi}* + ¥m - 


Now 


Ako 

ThfifwfoTO 


f, 


v'i-) " •^rafeM yf'G) = in* 

• J ® 1 5¥* 

y-’HogZi vftj= -r- 


V(i>’ 


(log lin «}« i£e => 1 ;t|(Io|; t)* + I'jJt*}. 
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ADVANCED CALCULUS 


CxMinplefl Xll 

Bitobliih tho «^puuianA giFcii in /-J. 

1 I (2f3^ 

1, jj - 1 - -,,» - -... 

^ 12 2‘*{a** — 11 ^ 

a. t»n * « J + |Z" + + . . , + +. . . 

(a»» - 2}i'» 


». * OMee * = 1 + g?* + + * 

4. V oath I = J -I- 4 - , , 

5. z*™«n = l+^*i + j"^. + , 

6. — j « JJ,(2* — 1)^1 + . 


(WJI 

’ (■ 

2*(2I( - IJs** 


E jt 4*' 




m)i 


-4 I 


4. {- - ij 




7.1gg(»eo«ot)=^ 

, /cofihz — QOflz 
' : 


{atjr'®* ■ * 


^ 3fc,(3t)r 


a 


’>-S 


21*4 1 




If thn iiambHia Er wa ikfU3«d by tht ^K^UAthm 

*' ■*’ (Sir"*' 

pnvd Hi*t 

(i) £, ~ 1, JS; ^ 6. £, - Gl, ^ J3e£ ; 

(li) J, - ■^A-i 4 ■"C*if^ ,-... + <- iy-‘ + (- IJ" - 0 


, fi’.I* 

I + '2,- + -4j- + ■ 


W*.-^"(.-3^+JTr-...) 

Fh>TB tba r»ult4 given in fjcnm^u 10-33, 






- u 


I I 

"■ i-3* + gE- = 

**• J"*+^+• * *" I 

fi* 

1 ** 2!^' '*’ £t,0!^ + . . . = i — ^ 

Ifi. + t . . . + H 1>—‘ ^ I 

ifc. 

+ (-ir-'tJS»«+ l)fim = * 

17. + * * . + (“ 1)“-! **+l£.’A 

-(-.f-m 

3*it, 


*"■ {*n)( (2» - SJJ33 (2ii - i)JB 


!-+<’•)"■ 

= t- *r-*i3 


2n 


(S&» + 1)1 




















KXJVMPUES XU 


5(yr 


(4i«)t31 {4ii - 4)16! +***+' 4!f4ft _ a)t ^ {4 m + Sjt 

' . i«-,. JA.. + Air -0 

(4m - 2)12! {4i» ^ «)ia’ a!(*n - S)I + 2|4ii - J jl 

31. (3*“ - t)B, = t2»»-* - irC’^ t _ {a«-i _ + . , . 

+ + -!)•+» 

23. t2M - HE^-i - ^-*C^ + (- ir-‘ 


2M{2*» _ Ij 


i2^ = 


jirt+fj3M n _ i) 

{**"+ 2)r 


2n 


•fl. 


B. 


W+l 


I4< Show thill 

I I I 

’ + ai + 61 + '' ■ + (jhi + ijt' 


■*■ 2j (3m - &)!{& + 2)! ^*+1®"-* 

i-Q 


C ^ 4. ^ 

^ 4{Sh + li* ■*" ^(iN + 


iu>iJ d«Uiifi« (Ukiiic tt *« S) tJmt 
I 1 

' + 31 + P+ 

25. Sli£iw tluL 

11 

Jl + jt + ■ ■' + ( 4 ^ “ ij^ 


I ^ {1{M + 1)^"+* 

(cHirroat Ui six dedjnEJ plimf) 


A- ..c^_A._ + _!_ 

-1), ^ i}(4ii -1)» ^ mi* - !)• 

_h- 

' (4it-iys**<* 

xnd daduuo (tnking n « 4|[ %\mt 

(0 i+^+,Tt+**- = '>'>‘1427 
(li) * - §. + p - + ■ ■ . - l> U08WG (J« BjwtMjrfi i*4j 

26.. ^Qtw ihml 


1 


I 




ir 1 * + 


1 


+ 1)* 


a - 


1(H4« -f I)' '*' 2(411 + 1)» 3(4it + !)• 

witli all emyrtesa tlian 10 if« > ± HflUctt ibmf Ibxt ^ ^ ■ - » i>0QC®41 

apjucixjisuMiiiy^ 

27, Ebow likxt 


.f . . 

3*^ 7*^ “ 


1 _ I . _i _ _ ^ ® 


lituui lu 4 If It > 3. H^itipa ihcifw tivat ^ ^ -i- # i OtKWlM 


wvUi on fliTuf ]i 
A|]|xmx£iiiJih]l/. 

Dtitjuue lk>ia BSt S7 tluit ilie i-xliue ^ 

(i) 1 + ^ + + ^ + - . . I« 100MS4 

(ii) t - g, + + * . . “ IMiMJaS. 
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608 AJ>VANCED CAM1ULIIS 


By UJHng tbt!' vuJDTiLaUnn fonQnla ^blain the Ln 

+ Ji + ^ + ■ * - - 1017^ 

3*. 3 , + ■/, 4- i|i + . . . “ 0 IBftSffT 
3^- ^ + ^ + iji + ♦ * ^ = op 1211117 

32. I - A + i _ ^ + . . . = OtllfiW 

33. 1 - 3 -, + ^ + . . . - n 

34 ., ^^hciw U»i 

?r^. ~|rh>+““>"•©- iiTfiPj+«-1 9 ~ 

* 1 1 

whjbTf touCP » - und dedw?? ihaX . _■ ■* I^iTOT- 

n 1 i + 

35. Sbuw that 



wboJPt |»| — ^ « 3, _ (libs jirims tiombciElt > L). 

3bp P9m« tbjiL int^gTfil poijt of iii ^ nnJ doduL ‘43 L^iati li^ ^ 43867/7$^. 

37. Piwo tbftl Lf/(*) i» * polyiMHnial ^ 

- 

+ (" = (- +^W(s) +. • -j+c 

Seduea cxprnKloDfl for (i) 1* — 2' + 3* — t— l)^' *** 

(il) I* - 2* +»»-... + (- 
Prwe tlis IWiltB ^Ttm in ExaittfiM* 3S-I00. 

3B. 8 wni) “ 3‘ 1^1)}* 3^- sif'tj) intir = 

M. 2iWi*r(,v) - (® + 31. ai/iftjni) - - ijr(jll 

♦3. /T[^,)r(j|) = shmnii +3.+ ‘t> 

44. sM/KVay •> ^H3i + 

45. - StfSf - t)lnir(l) 

46. “ 2*31(31 - 

47. StrfHJnjKl*) - *<(3f + l)ljrl 

48. = 


nAm*> - IK ^H* 

^ 2i3i ■ 

51 p Thif mmunu^n t?»Iehi uf F(af) b 


4Jo;wet 

“■ 3’JG sa 63 ' 
. wbtia £ ^ 1^ 


53 . 


(‘-^)(-iX'-.y--- 

(■-i)(>-,y(>-'jii)--- 


imii! 

i&f* 

















EXAMPLES Xri 


S09 







('-iX‘-i^X--.i)--- 


2V«* 


56. (1 JKI + iMl + ixi - ixi + iXX + iXi - i). .. - va 

57. (1 ■ i)(i + IHI + iXi -I- ki -- ixi + m + ,VK1 + I'sJfi - \i 




V 3 


I 


tin^n — J) H- 2 


}K+2j»((ti*-lJ4+} ■ * * 

(l + - V** («* poBlUvft [nb^df) 


„ - aXfl* + 1) 

’ ■ , «4d{2« - l){2* 4 Ij 


Mt. //’ 


,(it - «)(»• + 1 —ff - yh 


TLP-yH 

I (It - ^Kti - y) V 


1+' _ ’) 


=3E — iy 

M 


njii ^ /“(I - jS!^i — y) 

31 ‘ 

Ik-t 


62 I)* 3 '' 2 <.t 

■ \ 27i»(4»t' - ») - rni))* 

«• '?(■+^)(> - i.) (- -s^) - 

jLiui equnid V2 (2i£ -tt |), 

Mi ‘ 

■ij ' 


M. If 

U 


I 4 


a + Stc) 


1 


lo ta-fS . 


« WS)1» 

r{t] 


6s. nli 4 \ =_ 

„ I t* 4 ni*/ /V + tfflfni* ^ iy) 


66, |/X1 4 »#}] = V(jnnjii9ajL aej (d rao]). 

67, 4 le} a v'(n wwliine} (d iralj, 

6H. =>/1(—4a)r(—<i|i) s n B^b whcr* at, tu* ofn tbs 


ittiMgicitiify Lubp iwtH tif umlj. 

M lJ,a a(rt4 1M-4 3J .^(a4&-t) 

■ L3.r» . , , (211 _ l)3a<2D 4i)'. , . (ii 4 & -’Sj 


.a--i 


7D. L(m 




tl. u« 

ln!)*.l*.5* . . , t-tn - 


= ^^ifi b pudillvc 

31 

3)13* =* 


mn* 


71 . 


1.&J - 6 * (i£ft + 1) 






34 
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510 ADVANCED CALCULUS 

?3. li{^ ji + H Spi 

74. JStp. p).b(|> + ^, P + ^ = 

7*. + ?. 0 — -Bit* + t, p} 

7** fl(p, 4- 7i rJ.Btp + ^ + f-, jJ ^ B{,p, f )0[p + r, + r + t, g) 

77, J»jp, p + IJ aiP. P + II ~ ip),m^p. Sp) = 1t*>B(p, ap}.J3CBp. 4p) 

- 3i3j.flfp, flp} 

78. (8p + p).B(p + 1, p + i).Bip + 1, p + I) = aJnJKSp, |) 


77. 


NO 


dx~> «"> > l> 


qoflh *™ X 


0 

4- 

J, (I + xpff “ n 

fl • ix 

^2 f _^ _- = '4-(ni)i' 

■t 
■L 


{■n - It/XSfit; 


/>T^) [*>/*> 


imu* 


J 0 V'f" *»»* + i "in* flj “ IlSjib ^ 

ri^ 


(™ + ilTl 0)1 ( 2 S = 


sr(i)s> 




-5 f ,. 

J-1 n + 

f' x"* Jt 1.4.7 (Jn - aj , . .^n J 

86. - —-,Vi7i = -SS~7-- when n ih itn > 0 Mid 

J — !r">V* 4/3 3".iif 


A 


eqnoiA ^ if H 


0 . 


87 




"■ 1„ VII +■*■■•> ” 


89 


90 


**■ ^dac 


jiea-l 


! + ^Xl — *1“ f I + "*** ^ 


(0 <« < 1+ O OJ 


j ‘Jd—ss)'* 


(|A| <n 


r*fill* -1 tf 3 *-i (ni «n*,. ^ 


”■£» 

J (« + 2)^ 


may (rfpi* 


+ w»iJ — 3 oofl* 0 — ecu* 

" 3« r(n-h6) 
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- (v' J» 


46, 


4K, 


aniKiu’ 


uf’ 


-»’*) “ aft/iav* J„(i 

J_f _ 1 f‘ dJ: i fl d 

- v'6 - tJ«Cl 

f' . 

xi>4'^ = 

J 11 

■i: 


dx 




"in jH ^ ^ 

^ ^ fff Hr ‘— 

JT g 


101 . gh>.» Iluit - V) “ 1i 

tiun lucU-nctii lo nCI |PCMitiv« and vidoM of a:^, df^ fqr whioli 

yC V + V + «*■< U 

IQ2* l^how tbuL k,b» totjLl perfiiiet!*r of tho nnuTfl = b* con 40 in rj 


IW. J^vo thmt tbe porimptijr of thcr i 3 iit>vc is Srn, 


imiv 

2*/^ 


104+ Fiivl thn atTO of a. lotpp of thu- oqrvit ** ^ 0 con 0+ 

10S» ShtkW Lhat ifiamimsng a, ^ e, 114 ^ > 0} tbe oprro * 07 ^ 

liua a Jofip ifi tin? fltHt 4|cii&di:^t M ^ -\- und. i^t thfl mwn pf f4w loop ill 

r\X]I\/i} §~^y-S 

(« + + ^ ^ M = - 


^ -- a¥ 

Provt" the- lulluiritig rmilta for tlii^ iubm of tha loops in ihe fimt qmuljmiil detor- 
iiiin«J hy llao (JutTBs given in P^Jb'iMptea 


IDb. a* ^ ^ E 


,. Hr'4’ 


U7^ -|- ^ = 


' - 2p/ 


lOSr ; Jo* 

104. a»*+i + yS»+J = (Zm + l)tte*y" j (Im + lj| 

110 , ^ ; J^l• 

. 11 ...+ ,..^.; 

tl2. iibaw Uul (Mniiuint! a, b, t, 9 , y > 0) if <ai > y, Ibo arm in the a»t 
«|iiadAiit dctonnined by gv » 0 hml biia nnrTfl of* ■+ by? — ia 

P + y 1 

u*6- (a + ^ j ^ ^ " r 
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ADVANCED CALCLT^US 


ProT« ibe follijwipg rsmitB for iho ktom in tb& first qu^Ldruit boomlwl by ^ h 0 
12k 1 tbo ooTTBB gissn in ExampU* 11^19. 


113. Jii« ^ 


f{ c»-i - ^ > *' 

114 . jc* 1^* = i Jrta® 


lIS. + 


116. ir«H-= w'j «>»- 




117. *» + s/* = w*; 


2?r 

ovi® 


I l&fc *^ -|- y* =» n^jc" j g”*** 


119. dT+ y" 


Ai*(ni — 1) 


Si?i” am 


m 


J20. i^liu-w that (uauming a. &, y > 9) tbn utrii in. tliir Emt E|i 4 JMiTmiit 

LiJiiiicied by tliD GTirm sx^ « € intil tho iKi-crdtniil4.^ ax^ AfQ 




e* 

ProTc tbo fijl towing rwaila for tba mhhiii tltiC^nniiied in tbo (iirt c|iiiulriDl by tkw 
ct>^ordinaJte axei md tbe omra* in l£J-7. 




I2l» I™ + ^ = 8 


1J2. 1* + ^ — ft* 


.. {Ki)l‘.. 

■ Ml) 

O't^ 

— ■ ai 


12S. = ft* 


iib. ftV H-y'^a^p 
127. + y* 


V3tt“ 

a' 


HI)}' 

^{Kl)}’ 


12 a. Show ihiLl thft Tolmno in the first wtuit (x, *> 0)^ iMJUEHled by tbn 

BTir&ic* t* + -I- w 1+ is 




(a, fi.v> 
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WoTfl tbfl folkrtrinp^ nKtlillt for Iho approjdlDjlta vtiltiniH In tbe fint oQtaot 
dfll)«f'intiwd b^r thto tmrfiiM givoo \n Emmpl&^ 12S-37, 


I2ft. 

*■ + 

tf' 

+ 

r« « 

1: 

nesB 





130. 


F- 

+ 

!«■ - 

ft 

0«S73 

131. 

** + ¥*+;» 

~ti 

07^?3 

132. 

*■ + 



- 

15 

fr770 

133. 

** + S* 

1 i 


134. 

+ 


-L 

E* i- 

1 i 

ft-filft 

135. 

3C* y* -4^ I* 

= tj 


I3ft. 

** + 

!/■ 

+ 

- 

1; 

CV87fi 

137. 

J* + #*■ "f" ^ 

- 1: 


i3ft. 

Sbcn* 

r that 

the 

voiimm oncloAod by tho rorfaon a*^ 

+ <»V + *' 


■ tr 3» 


^(3h 


mn*inmv 

SVi.1U4 

134 u P^TQ t^ni Lbo distirncQ from « » 0 of 1 :^ cedtrold df t:h 4 Ynlu^md dmtrf- 
miPMl in tliD oatmit iha rarfuiB -j- = d m 


+5K’ +T+? 


f(‘+M 


■) 


>+3+^+p. 


(tt. fik Ft h, r, d> 0), 


14ft, .'Stiow the diuiEjuroe from ^ =■ 0 nf the frotroi^i of tba voliimo dislcf- 
tninnf in tha fint oc^i hj' thu iturfiwfl f * J ( j) ('^) 

3 


1 k 


‘4-1:) 


(in > CIJ. 


141. Show ibat Uio niucir» of tb& rtMliui of ^vnklk^a ivliont ibo s^ojiid of tbs 

Tolumo in tfan lifnt ootMl boandod by tur^ + ^ + cc? » d u 


fiyK' +IM'+I + J'<'p) 


+ 


sM'+DK 






j 1%/ 1 j '-■'■•■ A I" > "I- 

'^‘+?)''{'+:+j+;) 

t4i, PWtT« Miiiit. tha HiiMuraaf tliA ndiu»«>f(uni.tl(Hi about tbio :-iuuj» of tlm BoJid 


dutermbod by 1 


lia 




Piml IfFTtbr floJliln ill ibo ibnt uciluit lioLfinniiied by tbeffixrhccagjrmi in 

(i) tbo vc4umr» (li) tibe <lliid£ico Iitim f ^ o of tbs centiodii, (iii) th^ iqumt? 
Ilf tbo mUuN «f gyratiofl abcAst tbo s-aztiSL 

143, jrt + yl ^ *1 » ffl 144. -F + v^a = 

145. Jt* -H y* H- £* - fl< 

146. i^buw tbtt.t ibd voliiiAs tn tbs brat goliuit listsnpinsd by Lho cnifbco 


©%(?)%(!)’-©■ 


whcfo mt > In ii 

i 


alic 


{‘<^)y 










r 
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ADA'ANCBt) CALCULUS 


U7. Ficotb tlie Tnlumn oT Osn Rnlid boondnl by iT* + ^ * axip li Aa*. 

Ptovia the Toiultq givtiii In SxamjilM I4S-60. 

148, ifi(U =■ - y - |1(« 3 - ijiVa 
(p(j) = - y ^ I Jo^ a + Ja^3 

150. 7(1) = a J^sr^/3 

151. ^ y _ — i ksS — Slog 2 

— V + ijr^a — 3 log 3 — 2 log 2 


IMh 


^(l^) ~ + 2V3feg(V3 - 1) - — 


f*" 

IS 5 * I iln *.(log tin *)» df => (|» 2 - !)■ + 1 ~ Jgji* 

J ?l 

lift, Rm-lwlognipf df- “jiisfKa)} 0 


157 


* J It liW Will (It = W«) - lK=f + 


(ill, ^ > g) 


^ 4/‘(n+/*r 

ISB . Ain^ -1 X 1 x.kip Min af.kig cma f ££a< 

J 0 

r{.a)r\fii 

= ariTT/j/ - ¥<« + /»)! MPI - + (fu-- + /JU] (•. fixi) 



fiTr 

154. 

L 

^I— 

160, 



ki|j;Miiijr.loftcoB#iAe 1 


Hin afJcgeoBx 

¥ CKMJ X 

“ '^“^^“{1" + (D ^ 2J - J (ItigS)*]' 


I'tf! 



** ! 

1 1 


5 

' * 


i « 

1/ 

1 

1 8 

9 

IQ 

000(1 

I'WTB 

QOdI j 

1 

1 mma 

0lK)5 1 

mm 

f)Hfl2 

m-ii 

twai 

1 0H(j2 

i J 

! B7«3 

0755 

974K 

13731 

B7)5 

9B99 

OWM 

1HW9 

W155 

i 0542 

1 

13 

»6S0 

Win 

Q60& 

9594 

05K3 1 

9B73 

E154M 

9554 

0648 

n53K 

13 

!I€^J 

W123 

sai6 

95 IQ 

0505 

tMMXl 

94Uii 

t40l 

9487 

94^3 

14 


947M 

G476 

@475 

0473 

9473 


9473 

9473 

fM:74 

15 

0475 

9477 

0470 

1 9483 

0405 

Q19H 

was 

9490 

OWli 

95i>fl 

le 

05)1 

9517 

11523 

1 95^ 

OSWl 

9543 

0550 

' 0550 

9otiQ 

0575 

17 

0554 

9:m 

mm 

9013 

0023 

@033 

IH)44 

0055 

9867 

9070 

IS 

96111 

B704 

@717 

07341 

i 0743 

9757 

077) 

»7«0 

9806 

@815 


9^31 

U840 


0B78 j 

1 SftOS 

9912 1 

1 11020 1 

0048 

0WI4 

99S2 
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^a24ifioiu 

2. Ibj] z -k Dut t — U 2s 


5, z lime x=x^x— 


5. ©HIM* t ^ a} 6. + 1)- ^ - (is^ - J)“l - - I 

I ~ ^ 

7^ lDt<!||r4to— — OOti “ “^(afey! 

A, Find Iqg^EE^J Zfllnlii a ■= ^1-f i), 

p-Hi-.). “ « ^ 

9r til) ITms cwflujieqt of s®* in tbo piocluct ^ ^ 

-JF. / Jj _||_ Jl 

wnjtTi (m) UiKf Iho BcdcB aecs - “. 

' a t(tit + 1)^" j 

13. RQri«ii fur o»tt wlwi j — |x 

14. SflKefl for oott whm t * |4t, 

d 

tS. (wr — IMS i-J =■ it^ - Bui^) 

d 

16. |( I ^ £!!» e)| ^ |z DQt |z i= iin Z ^ ( |x mi !&:} 


17^ ifi i^iii ^ {dn eoi Iz) 


IS. £ odd £ « {din eKz ©otx} 


1 ^, 10 . If 4 -.inli^i.ii^-^j-j, + . 

i . I I y i' I* I» i* 4 “ \ 

B . «wti ^3 Jun + a* “ H 7t il! lit ' * • / 

J 

then A doth =- B. 


31^9 ool-z « (ooi £)(£ CQBOD c) 

I 3 i [Um sK^ 0 W<«’ x) = * Baa i 


23. liiif secz = likiux 


as. If5=1+^ + ^ + . . Jj(i"JJ = i+34 + ^ + .^^ = fii 
^t(*”i)= ^ + ^ + 7S+ ili. + * * ■' I ffhEui « 


37. 


n /(liJ-lifn) 

Lf H unven, 3^r} = i'‘Am)dx + lr/tB)+ ill — + 


oonaUjit 


1 


lit 


atnj £Firi = Ji"/'(i)dlj; + + £{- »)<-i + MiBtAni whwo 

=/(2i) t i.fc iyi2y> = + i/(it) + ^ - I)-- *-7&ji~ 

WtJj -/(aj +/(3)-/f») 

= - + ^t- (*>)}+OOMtallt. 

If n !• oAViaj ^/(aj + ... -/{flj = Jti) - F<a) + - J)T»tw>» 

FlF) =-/(a + 1). ((} — ts*(aii •{- SJ. » oifun! !(» ■!- l)*(a* - Hi a oAL 

(iiH-1)—4'<>»+JK»‘ + ^-H 

38-49. Uk tbo Multiplicaliua liVinnuU. M]4 tbp nlatiim 
ITIxjrHl — *) = B CQpee nz 







r 
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ADVANCED CALCULUS 


49' (•‘“D ’ 


SU Thn nluc ia 2 — 1-5 •!■ A wlicrn A uppwxtniBli'lv 

i.B. ^<4 - 8j--*ltig2)/Ci«'-8i. ’ 

B2 3) 

• I (4» +TW4ft - 3) 


“■?('-2i.TiX'+sr^)(‘+r.) 


70 a Vb& thc> Ag^'TOpintiq Fcirmiila for nip (wtt)f, (^mn}!. 

fJtn - ^ 2)(3« - 1)E3M 

7,, - 

(3t« + 

71. ExpTMriitifl in “ ^ ikw Asymj»&<rtii! frjimmU for (2*1.)! jttirf frtj 

7fl. Tjikq I =■ tanli* r. 


+ r 


L - jV I - f)«< < .h Wl.rn. - 

f * ^1^^“-* iir 1 

j, (1 =j, ‘ ‘ *-—\' 


83. Thkfi 


85* T<ikf ^ : 


I + - tan* 0^ 

el 

tl + 


84. Ta^ ^ = 0 >4-1.^' 


- jti iho ilit^gnil 


2(1 + *•) 

88. Tikkc r = 89. Tn-liejf = 


i- 


m 

+4, 

Jf (5 


■ tii. 


(u — hi «n* 


91. If r 


(tt -h h) aofl* 


, ] I* = 


90. TAk^ * » 0 + J.t* 

f ftf " •- ^ QM J* 

2 cSr 3 8 


i VZ 


6lH-0c«O n+An^^aO <(0 

91a Put « = 8, 5 = t aJid = I bi lipkcnplp Ol* 


(ti H- h ooa Sp 


a** , a (g+ t l 

»3, TttJrei^ - ^ gj‘ 


V5-1 tnpf 

fi.2S/» ‘ r(J) 

1 tn*))* 
tff/* anil 

r^-r 


95. 

97* 

1(15^ Take K 
111. Take u 
JlOa Take i» 




04. E^b «jqA|a 

V^3 4 1 tfKi)J* 


104 


Jty^ai 

ijr* 


V' 


a 

t V ■ 

e 


a 5 


ca?r 

M 

i;^ 


138. jE^mpIlM Jl, 
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Jill* 5 
143. m ; m j 

149. (1) 


ivjirii)) 

Mdi 


rt* . 30 *■ 

144. (D jijj, na) 

0‘B10d^ Approx. { 


Sititl 

(ili) ~ O spproxi 

-(|)"-'(er..-(f)-(|)-. 



1«- *(li+r - - »£ 

ISl. v<iJ^llv<*)+ lKllV+l<i8 2 

15^1 154. BtumvwrK /NjSiftiVa flh E^nt^ile: 4-3. 


J 


la j C) 




















INDBX 

(Tht itHW+frw'J tik 


Abc?u liunma, lift (HaquAadira)* 417 (in- 
u^nJn) i miatLip4iQat.ian uf 
02 f thocvrom (powm? l>3-4. 

anj^j -iiTpiSa, 44 m,46(i 
AtwJkji inL^ml, 12K 
AraurnulnlioUf jpoint Cif^ 27 
AodCHji!, fi7 

AJf^c^braic, nj.rvft#, il5-7^, l2n-HiP; fnnc- 
tkrtiA, S+-5p 120-30. m-tO 
Alt/t^mnlii^ wric^^, 9U, 417 
Amptitudi.', 32^ 

AmtiItTk pliminuilLT, 3t0 

Analytict Dcmtdiiualiufi. 383^4 ^ fiiortECHi 
(fiuicliy). M7-84. 420 8 
Aiiulytioal pcly^tm, 04-0 
Aiu;1^t niki* 

Aro, 237-0, 2^2. 207-ft 
Am, flin* tfiO* 37tt ; tBjj+ 100, 374, 370-7, 
+31-3 

Amu. 1150. 104-K, 222-3, 200 2, 207^3. 

274-9, 2S3, 2SW!^3Dtl 
Argiuirfi flie^gnvn, 32li 

Atiyrnj4jrjt*5. 13, *10 

AnvJttptfltlc ftppreniuiitioiiB, L2-13,401- 
fi. 40C(/T[xl) 

Bciftiunif Li. numbers, +7^-30 ; pt4y- 

nDtuialm J7. 2t,47D4^ 

Bt^rlrnhtl cuirv^tu, 5Wfi 
Bniuwl fiindtiErnn, 4^9 
Bet* fuDet'hmft, 4B7-tM1 
BiJlfMTnnuifl, )M 

Billnesr tt*tli]frjrtdllt.1r4is^ ^t02 4 
Rizu^t, ronniiltio, 403-0 
BiDoniLiil IBp S3, IS8-0, 374-ti. 

42K-D 

Hizu>rTnalt 330-1 
BiaeetifHi patmu, 2A-7 
tkinn-ot, thooremp 447 
tkmihd, iippcir buH Itrwuf, 27 
B<^iindod. EiEiaTfsxgDDRo, 425 ; 

7 i 30; vuikiirui, 143 
ItowmrkTip m^ymptotJc -Dipanuioaur 405 
HrnJiu1]> $0 i pomif 307 


Bi^mwiflip *lte<riiBiiEig HBrioa^ 4lii^ 
diiubb B#jrifa, 407 ; TMrw^y'i 
tlieoiem, 407; l(wt+ SS 


fjtutifjr, rm\ nuiuW, 4-5; tminy 
33 

i'flur^byi nl^brnii? fitnntiimft* 3WK; Jiiur 

lyUd run«ti.oiu 337-S4 ; cmitinullj* 
10; inofiUfiliLy^ 333; inkigrdk 
3S0; fi^raaiiidtr^ 44 1 
8S-9 j Ihwrvtn, 344- 9 
Ci^i^hj-Miu'liiijrm int«^l tat*;, 414 
Centml dcriTtliVB, 13 
Cctitrv oi patHBara, 310-13 
CiTnltoid^ 202. 304-6 
C4Wn>4 DDn-ccinVerr^tit Mria4, 463 
Chui|^ of rKdtUfs 44J, 42 (ili^tirntiviM^) i 
llSp J4fi, 161, 260-72, ^8-91 

(!ttiriat«3di ayinbiilHp 246-0 
C.'brint^lTi^l ^chworc tfnliKRjirtilali^hB, 
;j7Si^K3 

j;irf CQTIVTV^IlDe, 33 d 

Omtiinrp GV[mit.aiT-+ 226; ftmalacuifl, 
ifflKK :in>-l 

Closadi aun^a. 299+ 320, 33ft; intarvml. 
7; flet,2fl 
, 76 

CViimpleniciiituy 2ft 
CV»mp1ejE> integntiafip :S4l-0| numhem. 
327-33 

C^iu^Mjiumb, SI 8 
(k'fmlitiCHiiiily eonTej^gtnl, 89 
CutilbfttiKl jitpirsaanUtiof], 356-7 
Coiiift, 71-E, 120-30 

ConJiij^ta, fcnictiuijui, 340, 371-2; num- 
bcn. 320 ; point, 67 
C^mtAct tmuformnlLcind, 181^2 
Captinuity. nbsuliitP. 32 ; fanction, 
10-11, 32^, 333-4 ; seini-. 32; 
uiu rorm, 33 
C(mt|i3UiEn], fl 

Qqntour+ 73p 203, 338p 340-8; IntG^gmlB, 
^49^1+ 309-^ 


SID 
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xnvsmmy calculus 


GDHtranLicHi of 243 

Hb»c^]uk^, 8‘9-91* lift, 334 
(ss^riesj^ 43a (pnMJucitsfJp 15,1-4, >14£1 
{iutfljgrjUji); bounded, 4^*1 1 inte- 
griijfl, Jai-6^ 4-IS-6I ^ iMjn*ibba<;j|at>e, 

01 j 4;ia-Hi; BG- 

qneqeefl* 3-B. 82-3, HH, 333; 

Bprie^ «2 tifl, JOl 9, 3!M^p 413-33; 
nnifarm, 418-22 fhiquiraeqflj, 422-? 
430 (ivtixlucla), 448-^1 

{initgTi\hi 

CD-nMnmt«4i, 2J7 i 278 

CovMiftnt^ ireolarfl anrl (flneDrR> 241-2; 

(1iTiv*tiv«s, 24(i-4i* 250-1 
Crumida,. 57 
CuJHe-, 72. 120 
Curl, 237 

CurvuHlJll?, oireulnr, 229^ 232; »«|]lianc 3 J, 
2U 

Clirvea, jJj^bmLe, J|u-73 : okHonoLiLri'', 
200; quadrjkticip 250 00; iiijrL|.iat% 
250] Iwifttffli, ^7-35; uxuduts^]^ 
flO-73 

Cusp, 57, BO, 7rt 
CyHndricvaJ 255-6 

d'Alpmbprtp hiat, 87- 0 
Danif'Jl, nno-nnt iXhrrm[Kjudeiiq«p 27^ k 
dnnblfl 468 

DnrtKini, ^spLUniou* 4411; irnukinder, 

m 

Dodf^ldivi, red niifiiber, 5 
DnfiniPQpy, 7U- 3 
UftinislTTC'i tbuoft-ui, 330-2 
dci mi\ BarLmifaJ* teat^ «7-8 

Dei]«o ill ii*6lf, 29 

DpfHiigflniciK, 69-01 (SEri»): 43fl (pro- 
duiitfl) 

DoriT^itlvatf, cdMpkij variable^ 330-7, 
330- 3 I ctiTuxijuit, 246-8; dinw- 
llonuJ. 40+ 2,10; Dffdiiury, 13-13; 
paxtinb 39-42; veatcr, 228 
Derived sot, 28 
bliffrTontiiiiblo, 3S—iO 
DiifcrontiBJ+ 26^0^ 237 
DiiFenmtiKtiuii oiirdpr tllfr intE^J Hign, 
125-0, 150^7, 389, 455 
Dinsetionjd 40+ 236 

Directloii cinsblBcyi, 2-18 
I>Lricihl*rtp tisati 410, 423 [oeria*), 447, 
449 fra.t€®^ft}; intoi^ml, 500-1 
Disoonciniiityp 11-12, 77p 81-S (fu-pw- 
t^Dna), liO^SB, 204 
Diapliminefitp 310 
DkflBnlJvn pTinfs^p 328-9 
J>lv«TE!0lw^ (vectof), 227+ 248 
Dividtti dinfcretiec, 175 
JXijTiiiin^ 1 


IXln bla, ccHip, 57, 60-1 ; in|GgnilB+ 262- 
72 : 301 |MiiLt+ (56-OOp 

70-2; fl€Kiuefl™j!H 25-6; wrii^ 
10i-9p 4IS-I0 ] toDHur^ ;^4l-4 
iJkiubtftil 202-3 
du Bciia'Hoymoiid, dioufem, 447 

EIi5iiiiiiitfljy+ curve, 269 j aur^wiift, 273 
Eillpeis, 71 

Ellipbki, co-ordlnotceip 255; funettotLE 
arwl iriE^^ral's, 126p IJ 33 ; ptirwlKiEuid, 

n 

Entdro funoUciUL, 95 
Eoumcribbln id, 29 
EdHttfitiftl Mngul&Eiiy, 2,54 
i^ubir,^ Mmstaut* 161 p 415+ 486, 49,=! ; 
/' Oi487 i bfiinuj^nmM^iiii 
fuiwthonn, J2; iiurulMi% 300; 
pn>diie4t 491 
Kvrrywbfim denae-, 29 
KsfiJMik, fuiu}lJi]n> 2: timngfofnuijtmf^, 
lOO-tJO 

fnnatifHi, 96. 2TI>-I ] limii:+ 

m 

EALerkijr+dEHiofl curvii, 3118 ; munauru,. 3f> 

Fi niio djiE^cnfnrvflp 10 f - 2 
Fliyansde, 57 

Klutiiimtltui, 22 ! totoO, 144 
Fluid pnuaurc, 

Fcjn** linn of, :fll 

FrtXf aAixp 220 

Fnifust-^afaTRi rnrHUll(4n, 231 
Ertffirial'fl mt«gmlpi, 196 
Emilkni'E intejmils, 4S7, 493 
Fimetion+1-2, 34. 40, 51, 64+61 h 02, 101, 
S07, 235. it33, 937, 240. 207, 275 
Fiinr.Liun^t) nf runL-tion(i)p 14, 40, 170 
FuEidAmentrtl tihr^jnrln of nlg^hm, 353 

Gojiuela funetiiEin, 169, 4S7-50fi 
fiUEiss, i-functiubH, 494-5+ 439-500; 

, 294 ; thcnrrm, ,3 14 
OenwiiJiMcl jKmvA 97, 272 
251 

f]-«jPFt*trw fcirioff+ 6-i 
fbbb'i [il]ii£Lotiiannji+421 
Onidjnt, 74p £30, 241, 248 
QrAphieijJ nijinscutatinn* I.--2. 0+ 15-19^ 
63. 56-77+ nan 

Grettin, furmuliip 281—0,1 202-4; fuiM3CiQii+ 
296 £ tbooefmiBp 2ifl-6 
GreeoMIli Bubetiintion. 130 

HiliiMHJird, ihw. ni-n.ilw 1licMimnp407 
Hikidy (O, F+b nile. 173 
Eimniy fG. H j, itcribi, 422-2, 447^* 4E16 
HjLTinaiLic fnnctinni, 293, 3#)-l 
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UeiiHj. codnUnuity, LI 
Uolix, 232-^ 

KoniiiU^ ];N!i|yiii:>inia]^ 'll 
tlrjlatnurptue, 3^ 
llolou^LDUfUllii 43 

lly|Hirbulk, IW-lLiilp 371 ; 

iHLTiibuiU^i^jl p 70 
J[y|wf^'umrl4i(! iMiriw* 3$5 

IdtiCLtkuaJ rd^biuiirik 1^1-^ 

Tmii piikTir y, niiulliM'r, ^"£7^ 3^^ H pa-rt, 

Iniiiiit, 73 

Implicit, fiiiu^tiulk, 3, 1715- 

lmiiHf{:ftii]aUiiliit. 1-I 

(mpmpor uiU^aljii 191 
tnfiikiiitiktiuiiH 375 
lEHieUirmiaiit-Ef fofiitfl, 100'-300 
1 ikrlicmtTix^ sphLiHiiJtLl, !i£3l^ 

I nLlJtT^^ TaticrizukL 93-3, 331 -3 
iiilhkifcy+ poJjiL E&t, 351-2 
InJli^x Wp liln 4u 
lintiT prnduwU 34B 

[fJtAijiTul# Approximate, 1(10 -^ ; anmploXk 
duEiiite, liu-aTi m-u, 
375, awfi-HlOi dinible, 2133-72? 
iniMniiOp nti^34« 34lf^--9]: in5nili-v 
m fk 4413-fll ^ IjoboaHUlp, Uft-JVl ; 
llnp, 3d2 1 mdtiple. 2S8-9li 

|ii>wt‘r imrlM, 157-50,. 352 ; surOwT 

2UI-7i IripH S: ^filanH?+ 

liitrd?r»ttinEl by iMrta,. 12l1, 134-9, 191. 
rnfriiriorp I'luiwi curfH. 33tt j mfiiwon?, M 
Intfirp-ikUirti lorroniat (N'cwl^n), 

173 

IntritkHlr cifikliltiaflri, 333 
InvE&HAJiti, 217 k 23rk 
tpi-prvo, fulhiLifilili^p irJatlrHia, Iffil 

liiviiliiti.s 234 

I rrniiciniJ btiiii bttis 2 -1 

InulikLrdH l^criiltp 57ik ^^7 HillJ?i1 

lArily^ 

iliii'^fkbiaiUp J74p 17ft flOk )ft4-7 

Karal4;kM <ni«p, flO 
Kn^nMiknr (lultiUip 240 

La|^4kni{e^. maximjk niid mlniroak ; 

pri|yTK>miAl, 1721 +4; 

lyoheii, 440-2 
l^^i.HTi?', pciLynum lol, 21 
IjkpLii^r, oqijJititMi, 340 
LifpUtUkrik 230, 24M 
LuLifTdtp serieit* ;tn3-4* 430 
Luboagud, Intognil, 1411^ 5455 

p:ilyiiiimiii], L7,. 21, Iifl7-8p 442 


Idsabniz, Mh dfflTfttjvgp 14 ; rnki fcir 
eonVMReno*, IMl 
I^nuiirp, U«t, lOS, 447, 47fi 
L£V(4 ciinfcSj, 73r 390 
Last, pofLtoot tiiiiikrforniataonjf:h JOl-2 
ymifc,, fmiQtlons, 0-13* 3ft-ft+ ftl-2j 
infinite, 11-J2 : flflqnenfica, 3-9* 
3fi-G ; upp^J' Jtivrl kiwer* 27 
Xiimitinf; pjLnt* 27 

IJilCi ob?c3Dnt, 277-ft, 207-8 ; integralF, 
279-80^ 3tl2 

Liriroi^ri fLuiDtion, 74; hranformatifli3fl» 
240-1, tm-i 
l^icniviPeip tbwHwm* 332-3 
yItt^vDodp powCT 

Lcrgurithmin, functitm, 80-im), lOftk H71- 
4 1 U^-H I iNnirti, Oft* ISS, S73k 

420 

41^4 rniainH 24-1-S 

Lower limitB RPd boumlH, 27 

iWji.f3tattriJi, Bmmt 44r-G 
MaJny-vttJtioiJ intflgr^K. 280 
MrULiJSiH md imTifniiU 10, 32 t 

73, 32, 20(Mi; wt, S7 
Micxlmiiiii modulna thi^jcnm, 407 

Kmim, 304”d: nik iM>worwl 
rllAtrtfltm m-lii 
Memn VnliiDp 144, 2m, 310 
MuaJi Tultm 33^* 44-5 & 

inln^pTidfl, 447 

fimeCicint 
Mcffljium, 30-3 
MczomOrpliiu^ 3B4 
AilfTntimB, tlkouretn, 72 
MiTiiiEiEiXp 75, 203 
MlttftjJt-LtffUir', p.xiAfi^Mfmk 442-5 
Mixed temsoTr 243 

caitipliis ikiinilwr. 3Ms imUirr 

31b 

Momfnst ^kf iPHirtLiip SOfl 10 
MoruJgpn^k 384 

MikEkiktnfKip. sn^kM^iHrEi, 7-4^ : rum-'iiojl,* 

143 

Moviii|L ajTfyi* 2ft4-5 

jif-teat, iiitojpiiat 449; prcnilui^ta, 4:J0; 
MulUfumi, 3S4 

Miillipifi, cnntcrar, 34G-fl; ixttegnd. 

2SS-8I; pciiit, 155^1 
MiillipthCtkEliim of SETiEBp 01-2, 05, 330 
Mnllipli^nUve U 

Mii1tdply-c^fki3«ol«d4 2ftH 

NtajybbimfhjXhli, 9 
Niminuiii, Bphc're, 363 
Newhaix, AppmxlmAtian, 45 : Inter^ipplft- 
tkm rocitiulrt, 15f-7* pcdy^idifl, 64-9 
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advanced t^ALCULUe 


Nndfl, Q7, 511 

Ndfn-atHKiliitfj ouikvfir^piiie, WW* W1 
Nan-c^ijflv-efKEnt scrlefl, 445-tl 
^’fm^dfin9u, 211 

Nornmiit^ uurvp,, f p\ikjMy^ £22 ; 

audkcp, £:!15 
alIi rooLfl of uaiL^, 

Null f^UODL^, 3 

Namber, complE3[, 227 ft!; rtit4, 2~H 


ytliJ o- nnmiau. fuiiDtlonfl^ ^0; 
lioqDenjccA, ^ 

ObD-uDD corT^piruttii!iu-:c„ SflU, 27\-2^ 

3A2,Zn 

Open EQti 

UrdLiiATv iMiinl, 5B, 58 
OrtbuMDiiAl «Q-L]|\Jltulets, 2411-j, 249 ,27 K 
278- 284, 2m 

OHoilkliob, fuin^tiuri, ‘42, 82 : fcotriiciuAi, 
% 28 

OHCiUtiii^ plAhc, 22a-!|il 

rkppUK, tllljOrnm, ,1<ln-15 
PAra,bf^lm 72 

pAmbtr] pn, iu>-tn*ilirLutrtt, 255; rvltiuitir^ 
7 ft 

PiLralh 75 

PurtjAl derivutiTefl^ 3PH3 

Pa®, 75 

I'nioet iiL% 2il 

iVrir^lA tif inlt>gni{ik 548 

PhiitHT, :m 

PUntT, 74. 23U. 222 

Plftnimcirr, 

Pf>itlL ItBiuifiirTiKkttqfri*^ 1011 

PointVFiHD diBDcmtinucfiiiH 32 
PcplsaoJi^ IntrgTwl, 470 ^ thtHPrEnip 3 U 
PliIp, 3n4, 

Poi>(njiJiLaJ, ij, la iTi aa, m, 

»63. 357-0 
Poeiitkm ¥w?t4ir. 217 
Pot^^ntia], 312 IG, 34J 
Poi«ioi!Bi?rioii,22 6, lM-% 157-4», 235-7. 
:i52k 423, 428 

miinIpiUk ttSi^ 2(17-8; rnoctkcmta of 
308; Dbrmfil, 220; part.^ 
355 ^ VAlur, l52-3k 3SW {intognaK 
328 (aMplitudo] 

Piingsbdm, kprliu^ 02, ial»2, 4J3 
Prnbnbilitv^ 3ltl 

PfiMiuet, litartlA, 3117 s inJlufibQ, 435-8, 
444-6, 402 i bH, 28; Vector, 221, 
S23-8 

Progri3tt4iiro dBrivatlvr-. 13 
PmjcvUunT ™c?t«r+ 218 4.9, 233 
PbjiALe ilibiiroid,, 3.19 


QiiodrtkLbcip cun^., 250; fflrm* ; 

funrtHnip 74 ■ Farf^llMS, 273 
tAaiuirature^ IlHI 
QGinrliv^ 128 
QuidicTiL EnWi 243 

t4<ilp 87-8 

liudiuBp cimuluir <iiirv4lu»p 220; non- 
02, 335; j^ynUoiir :f 17 ; 
nphcricftj inirviituitf, 254; 

2341-1 

RumIijp iStand:c'B thforiFtihp 48ft 

Aiul luwiTUlp^ aIUjech-p 244-5 
RittkjTMip fiiru^1.i(3ii^ Jl, 18+ l7-i8^ 38, 
77, iaO-5* 3311, 269-04, 308 7; 
Lodicaa, 52-3 S ELuniboTBp ^-5^ 20 
Mctd, riumW, 2-li, 29; part^. 328 
l^cdorliou fcirmuliip, I20p 135 
KudiipJicmt4nn futmiilii, i^fTinriLiim, 480 

lierivitlivop 12 
Jk^obir ruriilicjn, 384 
EemovAble JiBoCiinlmuit.yp 8^ 

Rt!ptia{,K|, aflliEcfl, 24ft; Inlfigmlif,. 2ft5, 
4^-3; IJmJLB, 35-8 (pfnnMiaLftiB)* 37 
(ruui'>f-i^.itui); acriftflp lOi 2 
fldMkliU!., 356, 3fi^ft, 3H5 ft 
HtWitrEptrd maxima, and msnEnwi, 207-11 
KcVMlj0m of ioriffli^ HMl 
HliniMiGbold eijAp, ftO 
Rkljijt, 76 

RirniiLtiu, 14il ; iurSiw, 308-11 

Riciiidknn’CViui.by cir^niLUljFiEiB. 340 

Hi4mintin4?]mRti'i|fk4 260-3 

r.hi^»nfiiii. 3^1 
Hiitation (viwtorBiip 237 
Kalii:?hK>, Lhn^^rrrn^ 4pJ I 

l^«vddJo pridjii., 76. 2t.t2, 306 
HnJtuAi 82 

217; fuurtirjn. 235; pmii4L--lB, 
22U 248 

hkiblieht f3]ni;:Mi.iii. 370 
l8rJil6mili>h. n-nin-iutitir, 44 
Bebwara (OlimtufTcJ) Iriuiali^niwlJiibA, 
83; k-iiinia., 4110 ; pnriiill lieriv- 
alivw), 42 

i^uil-p ixmlinarjuB, ^12 ; ;i(ni?-L''rgiantK 80 
Sw^ueiniiup 3-0, 27-ii, 81^2. Jill, 

333; Ab^rB lc>mmA, 41ft; tuiJfLirm 

(icbVorgimBc, 4 18-22.. 436-7 

Reirica, cDiiFRcjifmdei 81-08,101-0, 334-ft+ 
413-33 

Ret* of |7uintflp 2ft~33 
Rimplfi, Diirvfnip 259; rum7Linn+ 370 
Rimply-ccmiv^ted, 286 
^t£dpH!iii, rule, IfiG'll 

P^^inlT, f^urve, 66-73* 203 1 mr- 
fax5s, 22H, 273 





fXDKX 
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Sinj^kflty (funvtm). 346, 353-4 
liiMA of, liu Hfifl 
fljkt jwiil iaurvijd+ 244 

Hplwricftl, curvAiurii. 264; iiidicAlriXk 
^9 } [ndftr c^iej-oTdLTiAteii, 249, 265 

{HtiiiDDB.ty vtuliQfM, 16-10, 2CI0-11 

BtApdt (CIrtuMitt), tihKirviin, 468 
Slop fuflutiritWi, 141 "3 
BMvuofp'iiphla puojn^tianT 381-2 
HUTlin|[t iHiridtv 4B8, 406 
Btokee, UiocMnatn, 298-7 
^tTfu^hl iiiw. SIB -SO, 25U 256 
^ulufirlpit.. 239 
BubBtitntiao apotmlPrp 242-3 
Burnt iHilt 26; vutfLoff, 218 

BummabiD iwriNp 486-6 
BummAlinn vonTonlioft, 239-48 
Hyfflmitp 73 
i4u|i«viHsnpik 238 

Siifrui»*. HTwit 274-9, 299-300 ; elementp 
277, 2H1 ; fikimoEit&fy, 273 1 inte- 
29l-7t of nvolutiont 

2T9- 9. 3rxi; [rim^K, 173 i 
223, 277* 291 

Tbni^nt. 18. ^ 226* 233 ? 236 

Tui^iitioJ trttntiforniatioTi, iQL-2 
Tanncrry, llbemrem, 467 (integrmlH), 473 

Tttubcr, jpowt-r 336 

TKylpf, Mien, 43-^ 9n\ 351-2t ^^6 
TmiiBur, 226, 241 -62; flprivEiivBp 248-8 
Tmwry ^ 

TheiTiiEHlyiiiLtnie, |jOU5ri tiuK 183 J n?- 
167-9, 196 
Thm^^KbthB rule, 186 
ITirW’iiwki vvmbtila, 24&'8 

Timrfon. 230-2 


TcitAl Ruetyitiii^D, vn.TiAtlnpp L44 
TotiJIy diaermlinuouii, |40 
TrEmcccEKlciiLAl functJcjneit Si, M-IOI, 
130-4, 378-6 

l^HfciriiUitioits, 189 92. 2M^I, 382-4, 
378^3 

Tnipexjaidiil rule, 164 
TTigonafnettic rutkillunH, 10f>-J, 379-1 
Tfipl^t iotqgi^L 286-S ; iKtiat, 66 
Trnoghi 7fi 

Tnclicbjnclu^K yppiT^jicim-ute inl^gntioo, 
174; polyccimiAl, 21 
Twi4t«d crurvfin, 227-36 

Unibrftl «6iK, 24(3 
Unlcurnol 80-73 

UyiTormT contlnuityt 32 ? conver^nee* 
418 27, 438p 448-67; dUFenunU^ 
ablUty* :4443| Hdd, 246; fyorcUoiit 
364 

UppeJ limits JiEwJ JlMsunda^ 27 

Variable, mJ, 2-8; (namphra^ 333 
VjuiAdoD, Wundod^ 14S; 144 

Veotort atkl ttowra^ 218-68 
Yolymo. 167p 273-4, ai>9-2 j iatc^, 
302; df wvulutkmi 360-1 

WqJlin, formula. 488 
VVecLdkH, ruin, 186 

Wokratnisft, ayalytk^ funcitkmo, 428; 
f^funrliuii, 4t)0 j If^mi Titian tbc!* 
□rumi 447; power 4firir«i 428; 
unif'iirni eofiwrl^elljrvp 422 p 427 

Voung, pwriuil doriv'atlvcd, 42 

Zero. 353, 358, 368 
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